Maximum likelihood estimation under
inequality constraints in univariate linear
models
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Abstract This paper determines maximum likelihood estimates under general uni-
variate linear models with a priori information related to maximum effects in the
models. The negative log-likelihood functions and the constraints are convex func-
tions, so convex optimization theory can be utilized to obtain relevant estimates.
In particular, the complementary slackness condition, common in convex optimiza-
tion, implies two alternative types of solutions, strongly dependent on the data and
the restriction.

1 Introduction

Estimation techniques for estimating regression parameters are often based on pe-
nalized fitting functions with the ultimate goal to find estimators with desirable prop-
erties and also sometimes simultaneously include appropriate covariables. Several
methods have been proposed; for example, [3] proposed bridge regression, [6] in-
troduced LASSO, [2] came up with SCAD, [8] proposed the elastic net and [7]
introduced the adaptive LASSO. However, if the variable selection is not of main
concern, the ridge regression method [5] is also commonly used (see also Tikhonov
regularization) and can be viewed as a penalized estimation method. In fact, the

Katarzyna Filipiak

Poznan University of Technology, Institute of Mathematics, Piotrowo 3A, PL-60965 Poznar,
Poland

e-mail: katarzyna.filipiak @put.poznan.pl

Dietrich von Rosen
Linkoping University, Department of Mathematics, SE-581 83 Linkoping, Sweden
e-mail: dietrich.von.rosen @liu.se

Martin Singull
Link6ping University, Department of Mathematics, SE-581 83 Linkodping, Sweden
e-mail: martin.singull@liu.se

149



150 Katarzyna Filipiak, Dietrich von Rosen, Martin Singull

above given references connect to ridge regression which appeared earlier. All the
approaches modify the estimation function and the usual scenario is that the knowl-
edge between data and the statistical model is vague.

In this work it will be utilized that there is specific knowledge (a priori infor-
mation) about the maximum effects in a model which will be studied; for example,
in physical and chemical processes one often knows the “bounds” of the processes.
This knowledge is supposed to be quantifiable and then it can be built into the mod-
els via inequality constraints leading to a model closer to reality.

So far these ideas have not been implemented in statistics. In this article it will
be shown how it can be carried out in linear models. We will stand on convex opti-
mization theory. This means that the estimation functions (least squares function and
negative log-likelihood function) should be convex functions with respect to the pa-
rameters in the model, which sometimes requires a model reparametrization. More-
over, the function which quantifies the prior information should also be convex. The
approach in the present work also demands the functions to be differentiable which
except ridge regression, usually is not the case with the above-mentioned variable
selection methods.

In the article bold lower cases denote vectors whereas bold upper cases denote
matrices. Other notations will be defined when they are introduced in the main body
of the text.

2 Safety belt estimates and the general univariate linear model

Maximum likelihood estimation will be applied, mainly because estimation of the
mean parameters and estimation of the variance can be handled simultaneously.

Lety: nx 1, be the response vector. We will not distinguish between the observa-
tion vector y, which is thought of being a realization of a random vector y, and the
random vector y itself. This should however not lead to any confusion. Moreover, let
X: n x k, represent the usual known design matrix in a linear model (usually of full
column rank, with the first column consisting of vector of ones) with corresponding
unknown mean effects §: k x 1, and let €: n x 1, be the vector of unobservable in-
dependently normally distributed variables with mean 0 and common variance 2.
These assumptions can be summarized as

y ~ M(XB,0%L,), (1)

where I, stands for the n X n identity matrix. A crucial assumption is that there exist
a priori information about f so that it makes sense to assume that 8 ' B <  for some
given ¢ > 0, “"” denotes the transpose, or a bit more general ﬁTHB <t, for some
positive semi-definite matrix H. The matrix H can be used to select components

from S, for example via H= (g (I)) , where 0 stands for a matrix with elements equal
to 0. Obviously H = I is another choice. However it can also be written that for H =
(hij) and B = (B), B'HB =Y, ;hijBiB; indicating the effect of choice of elements
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in H. The use of an H-matrix in ridge regression analysis has been considered in the
literature (e.g., see [4, p.113]) and for example by choosing H = X " X one obtains
the James-Stein estimator of f3.

Since the a priori information is quantified via inequality constrains on the pa-
rameter space (squares of the parameters), we do not deal with linear subspaces and
therefore cannot refer to the usual linear models theory. Moreover, in many applica-
tions BTHB <t makes sense. For example, if using linear regression for the study
of a human body height over time we usually know pretty precisely what the max-
imum growth intensity will be. In fact, in most planned experiments one has the
knowledge about maximum effects. In particular, measurement instruments have to
be calibrated within certain ranges. However, in observational studies with many
interacting variables, the upper bound ¢ can be more difficult to set.

A general rule in statistics is to include a priori information when building a
model as long as it is mathematical motivated and one does not lose interpretability.
The next proposition balances inclusion of information and interpretability.

The proposition presents maximum likelihood estimates under inequality restric-
tions on ﬁTH[S, where H is supposed to be non-random known positive semi-
definite matrix. Moreover, it is supposed that the design matrix X is of full rank.

Proposition 1. In model (1) with a priori information B "HB <t, where t > 0 is a
known constant and H is a known non-random positive semi-definite matrix, maxi-

mum likelihood estimates B and 62 of B and &2, respectively, are presented:
G iy X(X'X)T'H(XTX) ' Xy <1 then
B=X"X)"'XTy,  n&=(y-Xp)'(y-Xp):
G iy X(XTX)TTHXTX) !XTy > ¢ then
P=(X'X+2H) Xy, n=(y-Xp)'(y-Xp), @
where /i is the solution to the non-linear equation in A,
Yy X(X'X+2AH) THX'X+AH) Xy =1.

Proof. First, we find an upper bound of a likelihood with respect to 62 and thereafter
convex optimization with respect to B takes place. Thus, we put @ = 6> and then the
negative log-likelihood function equals

£(B.6) = $log(21) + 410g(8) + 16~ (y ~ XB) T (v Xp).

Note, that the above function is convex with respect to ' with minimum for 0~ =
n/((y—XB) " (y—XPB)). Therefore

f(B.6) > f(B.(y—XB)" (y—XB)/n)
= 2log(2m) + 4log((y—XB) " (y—XB)/n) + 4 3)
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and

min  f(B,6)= min f(B,(y—XPB) (y—Xp)/n).

BTHB<.0 B HB<

Finding a minimizer of (3) under the a priori information ﬁTHﬁ <t is equivalent
10 finding a minimizer of (y — XB)T (y — XB) under the condition B HpB < 1.

The mathematical problem can be introduced by estimating B, under a priori
information on B, using a linear model and applying the least squares approach,
ie.,

Hbin (y_Xﬁ)T(y_Xﬁ)a ﬁTHﬁ <t

where t > 0 is given. To study this problem a well known approach is to set up the
Lagrangian function:

L(B,A) = (y—XB) (y—XB)+A(B HB —1), 4)

where A > 0 is the Lagrangian multiplier.

Note that (y—XB) " (y—XB) and B "HB are convex functions in B which follows
by differentiating the functions twice. Therefore the Karush-Kuhn-Tucker (KKT)
conditions give necessary and sufficient conditions for solving (4) (e.g., see [1]).
The KKT-conditions equal

dL(B,A
fﬁ’) —0, BHB-1<0, 2>0, A(B'HB-1)=0.  (5)
The derivative in (5) is a vector derivative.
Spelling out the derivative implies that the following system of equations has to
be solved:

—2X"(y—XB)+2AHB =0, (6)
B'HB—1<0, A12>0, )
A(BTHB —1) =0. ®)

Condition (8) is usually called the complementary slackness condition and is very
important in our approach. The condition implies that either A =0 or TH[3 —t=
0. If A = 0 then from (6) it appears that

B=(X"X)"'X"y,

which is the usual least squares estimator. However if & > 0 then B HB —t = 0 and
then the task is to choose B and A so that (6) —(8) are true. Usually this problem has
to be solved numerically. Hence the two results for B of the proposition have been
established. Coming to 0 = (y —XB) " (y — XB) /n and inequality (3) it follows that
02 is obtained.
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In our approach, which is mathematically optimal, if the least squares estimates
are too far from what can be assumed through the a priori information, the esti-
mates are shrunk via the Lagrangian multiplier. Thus, on top of the usual estimation
approach, a “safety belt” has been put so that in particular a “bad” X matrix can
be handled, i.e., when the eigenvalues of (X' X)~! become large, or if there exist
influential observations. In these cases B and 62 in (2) can be used.

The next proposition, which is presented, with sketch of a proof, includes a dif-
ferent type of restriction. It is the kind of restriction which will be possible to handle
in a straightforward manner when finding maximum likelihood estimates in the gen-
eral multivariate linear model (MANOVA model). In the univariate case this restric-
tion is of the form (62) !B THP < 1, where as before 7 is a positive known constant
and H is a known positive semi-definite matrix. This kind of restriction has been dis-
cussed in, e.g., [4, Corollary 3.2.2], when comparing ridge regression estimates with
least squares estimates. However, our motivation for considering (62)~'fTHB <1
is different. In this article one of the main ideas is to rely on convex optimization
when finding estimators. The approach in this paper is inspired by the fact that the
normal distribution (univariate and multivariate) belongs to an exponential family.

Proposition 2. In model (1) with a priori information (6%)"' "HPB <t, wheret >0
is a known constant and H is a known non-random positive semi-definite matrix,

maximum likelihood estimates B and G* of B and G2, respectively, are presented.
Put

p=(X"X)'XTy, 06’ =(y-Xp) (v—Xp).
1) Azlf l:);szE < 6°t, then maximum likelihood estimates are given by E = B and
o~ =0".
Gy If ETHE > &2t then maximum likelihood estimates of B and o? satisfy
B=(X'X+2H) X"y, 16’ =(y-XB) (v—XB)+AB HB,
where . is the solution to Yy X(X'X+AH)'HX'X+AH) Xy =162

Proof. (sketch of the proof) Let us introduce the canonical parameters 01 =
(62)7'B and 6, = (6%)~\. Then, the negative log-likelihood function can be ex-
pressed as

£(61,6,) = 2log(2m) — 2log 6+ 56>y 'y —y ' X601+ 16,10/ X X6,

which is a convex function of 0 and 6,. Moreover, since the condition g(B,0%) =
(62)"'B"HP — ¢ can be also expressed in terms of canonical variables, i.e.,
g(01,6,) = 9{191TH91 —1t, it can be checked that this is also a convex function
of 01 and 6,. Therefore applying the KKT conditions for solving

L(91,92) :f(91’92)+kg(61762)7

where A > 0 is the Lagrangian multiplier, we obtain
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—

6,'0) = (X"X+1H)'X"y

and

— - ———

n0; ' =y y—6,'6/X"X6,'6, 16,6/ H6, 6.

Coming back to original notation we obtain the results.
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