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Abstract We study the Hulek-Verril families of Calabi-Yau threefolds[4, 5]. They
are birationally equivalent to fibred products of elliptic surfaces so we expect to
be able to compute periods on these threefolds by integrating products of elliptic
periods over a contour on a P1. We numerically verify this in several examples. The
Hulek-Verril threefolds are interesting because some of them are attractor varieties
of rank two. These are modular threefolds where the Hodge structure splits over the
rational numbers in a specific way. This note is part of an ongoing effort to better
understand attractor varieties of rank two.

1 Hulek-Verril family of 1-folds E1,1, 1
ϕ

The Hulek-Verril elliptic surface Ea,b,c is the hypersurface in P2 ×P1, defined by

P(X ,λ ) = (X1 +X2 +X3)(aX2X3 +bX1X3 + cX1X2)λ 0 −λ
1X1X2X3 = 0 (1)

where [X1,X2,X3] ∈ P2, [λ 0,λ 1] = P1 and (a,b,c) ∈ C3 are parameters.[4]

We are interested in the elliptic surface with parameters E1,1, 1
ϕ

. We choose the affine

coordinate λ = λ 0

λ 1 on P1 and work on the coordinate patch X3 = 1 on P2. With these
choices, the holomorphic 1-form on the elliptic fibre at λ is given by
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1
2πi

∮
C

dX1 ∧dX2

P(X ,λ )
(2)

where C is a “small contour” that encircles the P(X ,λ ) = 0 locus.

The holomorphic period at λ = 0 is given by

1
2πi

∮
|X1|=ε

∮
|X2|=δ

dX1 ∧dX2

P(X ,λ )
= (2πi) f0(λ ,ϕ) (3)

for sufficiently small ε and δ . The function f0(λ ,ϕ) given by

f0(λ ,ϕ) =
∞

∑
n=0

(
n

∑
k=0

(
n
k

)2(2k
k

)
ϕ
−n+k

)
λ

n (4)

and the coefficient of λ n is given by the constant term of[
(X1 +X2 +1)

(
1

X1 +
1

X2 +
1
ϕ

)]n

. (5)

Both periods of the elliptic curve at λ are annihilated by the Picard-Fuchs differen-
tial operator

L = R2(λ ,ϕ)(θ +1)2 +R1(λ ,ϕ)(θ +1)+R0(λ ,ϕ) (6)

where θ = λ
d

dλ
and

R2(λ ,ϕ) =

(
3+λ

(
1
ϕ
−4
))(

1− λ

ϕ

)(
1−2λ

(
1
ϕ
+4
)
+λ

2
(

1
ϕ
−4
)2
)

R1(λ ,ϕ) =−6+6λ

(
1
ϕ
+6
)
+

2λ
2
(

1
ϕ
−4
)(

3
ϕ
+8
)
−2λ

3
(

1
ϕ
−4
)(

8− 6
ϕ
+

3
ϕ2

)
R0(λ ,ϕ) = 3−λ

(
1
ϕ
+14

)
−

λ
2
(

1
ϕ
+2
)(

3
ϕ
−10

)
+λ

3
(

1
ϕ
−4
)(

4− 2
ϕ
+

1
ϕ2

)
(7)

This differential operator L is implicitly given by the recursion relations of Verril
in [5] and it has the Riemann symbol
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P


3ϕ

4ϕ−1 0 ϕ
ϕ

(1±2
√

ϕ)2 ∞

0 0 0 0 1
2 0 0 0 1

; λ

 . (8)

For generic values of ϕ , the elliptic periods ω(s,ϕ) are annhilated by the Picard-
Fuchs operator (6). However, at ϕ = 1, some of the singularities of (6) coalesce and
ω(λ ,1) is annihilated by a Picard-Fuchs operator with Riemann symbol

P


0 1

9 1 ∞

0 0 0 1
0 0 0 1

; λ

 . (9)

This will be important in the following section. We will will also need a basis of
periods with integral symplectic monodromy. After some experimentation, we make
the following conjecture.

Conjecture: The basis of periods

ω(λ ,ϕ) = (2πi)

(
1 0

− log(ϕ)
2πi

3
2πi

)(
f0(λ ,ϕ)

f0(λ ,ϕ) log(λ )+ f1(λ ,ϕ)

)
(10)

has monodromy in SL2(Z) for all ϕ ∈ C∗, where f0(λ ,ϕ) is given in (4) and
f1(λ ,ϕ) is computed from the Picard-Fuchs equation (6) and is normalised so that
f1(0,ϕ) = 0. 1

2 Hulek-Verril family of threefolds as a fibred product of elliptic
surfaces

AESZ 34 describes the variation of the Hodge structure of (a quotient of) the one-
parameter fibred products of elliptic surfaces

P1(X ,λ ) = (X1 +X2 +X3)(X2X3 +X1X3 +X1X2)λ 0 −λ
1X1X2X3 = 0

P2(Y,λ ) = (Y 1 +Y 2 +Y 3)

(
Y 2Y 3 +Y 1Y 3 +

1
ϕ

Y 1Y 2
)

λ
0 −λ

1Y 1Y 2Y 3 = 0
(11)

where ϕ ∈ C is a parameter. These equations describe the fibred product of Hulek-
Verril elliptic surfaces E1,1,1 ×P1 E1,1, 1

ϕ

. Equivalently, these equations describe a

one-parameter family of complete intersections with configuration matrix

1 We are grateful to Joseph McGovern for helpful discussions related to this choice of basis.
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P2

P2

P1

3 0
0 3
1 1

 . (12)

On the X3 = Y 3 = λ 1 = 1 coordinate patch, the holomorphic 3-form takes the form

Ω =
1

(2πi)2

∫
C

dX1 ∧dX2 ∧dY1 ∧dY2 ∧dλ0

P1(X ,λ )P2(Y,λ )
, (13)

where C is a “small contour” that encircles the P1(X ,λ ) = P2(Y,λ ) = 0 locus.

Let λ = λ 0

λ 1 and Gi ∈ H1(E1,Z)⊗H1(E2,Z) where E1 and E2 are the elliptic fibres
defined by P1(X ,λ ) = 0 and P2(Y,λ ) = 0 respectively. For suitably chosen Gi and
contours ℓi (closed or open with ends on the singularities) in the complex λ plane,
we expect an identify

Γ
T

Σ4Π(ϕ) =
N

∑
i=1

GT
i Σ2,2

∫
ℓi

ω(λ ,1)⊗ω(λ ,ϕ) dλ , (14)

for some Γ ∈ Q4 and Π that is, up a gauge transformation, a solution of AESZ 34
with integral symplectic monodromy [1]. We have identified G with a vector of its
periods in Z4 and defined

Σn =

(
0 I n

2
−I n

2
0

)
(15)

and
Σm,n = Σm ⊗Σn. (16)

An integral symplectic basis of solutions of AESZ34 is given by

Π(ϕ) = (2πi)3


ζ (3)
(2πi)3 χ

c2·H
24 0 H3

3!
c2·H
24

σ

2 −H3

2! 0
1 0 0 0
0 1 0 0




1 0 0 0
0 (2πi)−1 0 0
0 0 (2πi)−2 0
0 0 0 (2πi)−3

ϖ(ϕ) ,

(17)
where (H3,c2 ·H,χ) = (12,12,−8), σ = H3 mod 2 = 0 and ϖ = (ϖ0,ϖ1,ϖ2,ϖ3).
The components of ϖ are

ϖ j(ϕ) = ϕ

3

∑
k

(
j
k

)
Fk(ϕ) log j−k(ϕ) , (18)

where Fj(ϕ) are power series that are computed from the Picard-Fuchs equation.
They are normalised so that Fj(0) = δ j,0.

We should stress that, when we work with the choice of integral symplectic basis
and topological data in (17), we are implicitly working on a free quotient of (11).
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As a result of this quotient, we will find that Γ ∈Q4 instead of Z in identities of the
form (14).

2.1 Normalisation of Π?

Note that the periods in (18) have been normalised in such a way that

ϖ0(ϕ) = ϕ +O(ϕ2). (19)

In other words, the Picard-Fuchs equation has indices (1,1,1,1) at the large com-
plex structure point ϕ = 0. This normalisation has been included with the benefit of
hindsight.

Recall that the holomorphic 3-form at a given value of ϕ is only defined up to mul-
tiplication by a non-zero constant. We are usually free to multiply the periods Π by
any non-vanishing holomorphic function of ϕ without changing anything of conse-
quence. However, a normalisation is implicitly determined by Equation (14), which
we can find by analytically computing a single identity of the form (14) as a func-
tion of ϕ . Alternatively, we may fix a number of values of ϕ , numerically compute
a number of identities of the form (14) and then guess what the normalisation of Π

must be. This is the quick and dirty approach that has been taken here.

3 Identities

We identify solutions of AESZ34 with identities of the form (14). We compute both
Π(ϕ) and the right hand side of (14) and then identify the appropriate Γ ∈ Q4 by
using the LLL-algorithm to look for a relation between the numerical values on
the left and right hand sides of the identity. All identities in this section are found
numerically at the fixed value of ϕ = 1

64 . However, we expect that they continue to
hold as ϕ is varied.

3.1 Monodromy of elliptic periods

We expect identities of the form (14) when we can argue that the 3-chain on the
right-hand side is really a 3-cycle. In order to argue that this is the case, we need the
monodromy matrices of ω(λ ,1)⊗ω(λ ,ϕ) around the various singularities in the
complex λ plane.

We use (10) to fix a basis of elliptic periods at λ = 0 and ϕ = 1
64 . We then analyti-

cally continue to the various singularities along the upper half λ -plane and compute
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anti-clockwise monodromy matrices around the various singularities. Around a sin-
gularity λ∗, the elliptic periods transform as

ω(λ ,1)⊗ω(λ ,ϕ)→ µλ∗ ω(λ ,1)⊗ω(λ ,ϕ) . (20)

We find that

µ0 =

(
1 0
3 1

)
⊗
(

1 0
3 1

)
(21)

µ ϕ

(1+2
√

ϕ)2
= I2 ⊗

(
1 −2
0 1

)
(22)

µϕ = I2 ⊗
(

5 −4
4 −3

)
(23)

µ ϕ

(1−2
√

ϕ)2
= I2 ⊗

(
5 −2
8 −3

)
(24)

µ 1
9
=

(
1 −2
0 1

)
⊗ I2 (25)

µ1 =

(
7 −6
6 −5

)
⊗ I2 . (26)

3.2 Vanishing cycle at ϕ = 1
9

We expect that the (non-trivial) invariant 1-cycle of a 2×2 monodromy matrix is the
vanishing cycle at the associated singularity. As with Hadamard products, we can
use this to identify 3-cycles in the fibred product of elliptic surfaces.[3] For example(

1 −2
0 1

)(
1
0

)
=

(
1
0

)
, (27)

which tells us that (1,0)T is a vanishing cycle of the first elliptic curve at λ = 1
9 .

Similarly, the second elliptic curve has vanishing cycle (1,1)T at λ = ϕ . This leads
us to the identity

1
2
(1,0,−5,1)Σ4Π(ϕ) = (1,0)⊗ (1,1)Σ2,2

∫ 1
9

ϕ

ω(λ ,1)⊗ω(λ ,ϕ)dλ . (28)

As ϕ → 1
9 , the integration contour in the above identity vanishes, so we expect that

(1,0,−5,1)T is a vanishing cycle at ϕ = 1
9 . This is indeed the case. However, we

must be careful. The precise vanishing cycle we compute depends on the branch that
we approach the singularity on. Different choices of branches simply multiply the



Some identities for periods of Hulek-Verrill threefolds 385

vanishing cycle by a monodromy matrix. In this case, the vanishing cycle computed
in [2] is (1,0,5,1)T , which is simply

1
0
5
1

= M 1
25


1
0
−5
1

 , (29)

where M 1
25

is the monodromy matrix around ϕ = 1
25 that was also computed in [2].

3.3 Vanishing cycle at ϕ = 1
25

Similarly, we find that

1
2
(0,0,−5,0)Σ4Π(ϕ) = (1,0)⊗ (1,2)Σ2,2

∫ 1
9

ϕ

(1−2
√

ϕ)2

ω(λ ,1)⊗ω(λ ,ϕ)dλ . (30)

Again, the contour of integration vanishes as ϕ → 1
25 , so we would expect that

(0,0,−5,0)T is a vanishing cycle at 1
25 . This is indeed the case. It is just a multiple

of the vanishing cycle computed in [2].

3.4 Holomorphic period at ϕ = 0 and T 3

As was the case with Hadamard products, we can identify non-trivial 3-cycles by
taking the union of some monodromy invariant 2-cycle in the fibre over a contour
on the base.[3] In this way, we can identify a 3-torus (T 3) that can be integrated over
to obtain the holomorphic period at ϕ = 0. More precisely, we find that

(−1,0,0,0)Σ4Π(ϕ)= (0,1)⊗(0,1)Σ2,2

∮
ℓ0 ℓ ϕ

(1+2
√

ϕ)2
ℓϕ ℓ ϕ

(1−2
√

ϕ)2

ω(λ ,1)⊗ω(λ ,ϕ)dλ ,

(31)
where the integration contour

ℓ0 ℓ ϕ

(1+2
√

ϕ)2
ℓϕ ℓ ϕ

(1−2
√

ϕ)2

is a closed contour on the λ plane that first encircles λ = 0 in an anti-clockwise fash-
ion, then encircles λ = ϕ

(1+2
√

ϕ)2 in an anti-clockwise fashion, then encircles... . We

see from the above monodromy matrices that (0,1)⊗ (0,1) is invariant under mon-
odromy around this contour. We have therefore identified a T 3 we can integrate over
and obtain the holomorphic period at the point of maximal unipotent monodromy
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ϕ = 0. The results of [3] suggest that this family of T 3s defines an SYZ-like fibration
by constant phase contours on the λ -plane.
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