Self-distributivity, braces, and the Yang-Baxter
equation

Anastasia Doikou

Abstract The theory of the set-theoretic Yang-Baxter equation is reviewed from a
purely algebraic point of view. We recall certain algebraic structures called shelves,
racks and quandles. These objects satisfy a self-distributivity condition and lead to
solutions of the Yang-Baxter equation. The quantum algebra as well as the integra-
bility associated to Baxterized involutive set-theoretic solutions is briefly discussed.
We then present the theory of the universal algebras associated to rack and gen-
eral set-theoretic solutions. We show that these are quasi-triangular Hopf algebras
and we derive the universal set-theoretic Drinfel’d twist. It is shown that this is an
admissible twist allowing the derivation of the universal set-theoretic Z-matrix.

1 Introduction

The Yang-Baxter equation (YBE) was first introduced in a purely physical con-
text in [64] as the main mathematical tool for the investigation of quantum sys-
tems with many particle interactions, and in [5] for the study of statistical model
known as the anisotropic Heisenberg magnet. The idea of set-theoretic solutions
to the Yang-Baxter equation was suggested in early 90’s by Drinfel’d [27] and
since then, set-theoretic solutions have been extensively investigated primarily by
means of representations of the braid group, but almost exclusively for the parame-
ter free Yang-Baxter equation (see for instance [30, 39, 55, 56]). The investigation
of set-theoretic solutions of the Yang-Baxter equation and the associated algebraic
structures is a highly active research field that has been particularly prolific, given
that a significant number of related studies has been produced over the past several
years (see for instance [6]-[10] [13]-[25],[35]-[38], [41, 42, 49, 50, 51, 59]). The

A. Doikou

Department of Mathematics, Heriot-Watt University, Edinburgh EH14 4AS, UK; and
Maxwell Institute for Mathematical Sciences, Edinburgh EH8 9BT, UK

e-mail: a.doikou@hw.ac.uk

39


a.doikou@hw.ac.uk

40 Anastasia Doikou

study of the set-theoretic Yang-Baxter equation has produced numerous significant
connections to distinct mathematical areas, such as group theory, algebraic number
theory, Hopf-Galois extensions, non-commutative rings, knot theory, Hopf algebras
and quantum groups, universal algebras, groupoids, heaps and trusses, pointed Hopf
algebras, Yetter-Drinfel’d modules and Nichols algebras (see for instance among
[3, 4, 6, 8,9, 10, 30], [41]-[43],[46]-[50], [56, 59]). Moreover, interesting links
between the set-theoretic Yang-Baxter equation and geometric crystals [7, 31], or
soliton cellular automatons [40, 61] have been shown. Concrete connections with
quantum spin-chain like systems were also made in [18, 19].

We note that set-theoretic solution for the parametric Yang-Baxter equation
(Yang-Baxter maps) have been primarily studied up to date only in the context of
classical discrete and continuous integrable systems connected also to the notion
of Darboux-Bicklund transformation or the discrete zero curvature condition in the
Lax pair formulation and the refactorization problem and soliton interactions (see
for instance [2, 53, 54, 63], [1, 12, 62]). The refactorization is also synonymous
to the so called Bianchi’s permutability, which describes the exchange of two con-
secutive Backlund transformations. Specifically, Figure 1 describes graphically the
construction of say a two-soliton solution for some integrable non-linear ODE or
PDE via two consecutive Bicklund transformations and the use of Bianchi’s per-
mutability.

1. Bianchi Permutability

The set-theoretic Yang-Baxter equation may be also seen as a cube or 3D consis-
tency condition in classical integrable discrete systems (discrete time evolution), see
Figure 2.
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2. The 3D consistency condition

In [25] an entirely algebraic analysis for the parametric set-theoretic Yang-Baxter
equation was undertaken and purely algebraic solutions were produced. Earlier
works on the algebraic structures as well as the associated admissible Drinfel’d
twists of the non-parametric, set-theoretic Yang-Baxter equation provided a basic
algebraic blueprint [20, 21, 24].

We introduce now the parameter free set-theoretic braid equation. Following
[27], given a non-empty set X, amap 7 : X X X — X X X is said to be a set-theoretic
solution of the braid equation, if F satisfies the braid identity

(¥ x idy) (idy x#) (Fx idy ) = (idy x#) (F x idy ) (idy x7). (1)

We call such a map ¥ simply a solution and write (X,F) to denote a solution ¥ on a
set X. Besides, if we write 7 (a,b) = (0, (), 1 (a)), with 0y, T, maps from X into
itself, then 7 is said to be left non-degenerate if o, is bijective for every a € X, right
non-degenerate if 7, is bijective for every a € X, and non-degenerate if 7 is both left
and right non-degenerate. Furthermore, if 7 is a solution such that ¥ = idy «x, then
7 is said to be involutive.
It is also worth recalling the connection between the set-theoretic braid equation (1)
and the set-theoretic Yang-Baxter equation (see also e.g. [44, 45]). We introduce
the map r: X x X — X x X, such that r = 77, where 7 : X x X — X x X is the flip
map: 7(x,y) = (y,x). Hence, r(y,x) = (0x(y), 7y(x)), and it satisfies the set-theoretic
Yang-Baxter equation:

F12 13 123 = 123 113 112, ()

where we denote r12(y,x,w) = (0x(y), Ty(x),w), r23(w,y,x) = (W, 0x(y), Ty(x)) and
ri3(y,w,x) = (0x(y),w, 7y(x)). If 7 is involutive then r satisfies r12r21 = idxxx and
is called reversible.

After having introduced the set-theoretic braid or Yang-Baxter equation, which
is the main mathematical object in the present work, we may state the main aim of
this paper, which is the review of basic algebraic structures associated to solutions
of the set-theoretic Yang-Baxter equation. Specifically, the key objectives of each of
the subsequent sections of this article are presented below.
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e In Section 2 we present basic definitions and examples of fundamental alge-
braic structures associated to solutions of the set-theoretic Yang-Baxter equation.
These structures are self distributive and are known as shelves, racks and quan-
dles [46, 52]. They also satisfy axioms analogous to the Reidemeister moves
used to manipulate knot diagrams and are associated to link invariants. Other
fundamental structures introduced more recently are the so-called (skew) braces
invented precisely for the study of generic solutions of the set-theoretic Yang-
Baxter equation [55, 56, 57, 39].

* In Section 3 we focus on Baxterized involutive set-theoretic solutions of the braid
equation coming from involutive set-theoretic solutions. We present some basic
properties of these solutions and we then construct the associated quantum al-
gebra via the FRT (Faddeev-Reshetikhin-Takhtajan) construction [32]. The Yan-
gian is a special case within this class of quantum algebras. We also present
information on the construction of a new class of integrable quantum spin chain-
like systems associated to set-theoretic solutions (see also [18, 19] for a more
detailed exposition).

* In Section 4 we present the new findings on Drinfel’d twists for involutive, non-
degenerate, set-theoretic solutions. We focus on a simple, but characteristic ex-
ample of set-theoretic solution of the YBE known as Lyubashenko’s solution. We
show that Lyubashenko’s solutions can be obtained from the permutation oper-
ator via a simple Drinfel’d twist. We derive the simple twist as well as explicit
expressions for the n-fold twist. We also present the action of the twist on the
Yangian coproducts and the derivation of the twisted co-products associated to
the Baxterized Lyubashenko solution.

e In Section 5, which is divided in three subsections, we focus on the Hopf al-
gebras associated to set-theoretic solutions [20, 21, 22, 24]. Specifically, in the
first subsection, we introduce the Yang-Baxter algebras of rack/quandle type as
quasi-triangular Hopf algebras (see also related results in [30, 3, 49, 4]). We first
introduce and study the rack and quandle algebras .7, we then show that these are
Hopf algebras and we systematically construct the associated universal invertible
(or non-degenerate) Z-matrix (i.e. A1 exists) [24]. In the second subsection,
we suitably extend the quandle algebra and present the set-theoretic Yang-Baxter
algebra, which is also a Hopf algebra. A suitable universal Drinfel’d twist is intro-
duced in the third subsection and it is shown to be admissible. Then the universal
set-theoretic Z-matrices are derived as twists, and we conclude that invertible,
universal set-theoretic Z-matrices are coming from universal rack %Z-matrices
via the admissible Drinfel’d twist. The fundamental representation of the univer-
sal Z-matrices are the linearized versions of rack and general set-theoretic solu-
tions, and it is consequently shown that all involutive set-theoretic solutions of
the braid equation are coming from the permutation operator via the set-theoretic
Drinfel’d twist. A detailed analysis on these results is presented in [20, 24].

* In Section 6 using the notion of the admissible Drinfel’d twist as well as a cer-
tain algebraic structure associated to any generic set-theoretic solution called the
structure group we are able to extract explicit invertible set-theoretic solutions
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from quandles. We provide several explicit examples of solutions emerging from
distinct quandles.

2 Preliminaries

Before we present the fundamental algebraic structures associated to set-theoretic
solutions we first introduce some simple examples of finite set-theoretic solutions
and the notion of linearization.

Example 2.1

1. Flipmap. Ler X = {1,2,...,n}, the map ¥ : X x X — X x X, such as ¥(a,b) =
(b,a) is set-theoretic solution of the braid equation. This is the simplest set-
theoretic solution.

2. Lyubashenko’s solution. Let X = {1,2,...,n},and the map ¥ : X x X — X x X,
such as ¥(a,b) = (b+c,a— c), where the addition is defined mod n and c €
{1,2,...,n—1}. Then F is a solution of the set-theoretic braid equation.

Notice that both solutions above are involutive, i.e. * = id.

Linearization. Via the linearization process we will be able to express the maps F :
X x X — X x X as n* x n> matrices ¥ € End(CX®?) (we slightly abuse the notation
and use the same symbol ¥ for the matrices). Specifically, consider a free vector
space V. = CX of dimension equal to the cardinality of X. Let B = {é,}4cx be the
basis of V and B* = {&} },cx be the dual basis: é;é, = 84, also eq ), := é,€;,. Then

any set-theoretic solution of the braid equation is expressed as an n> x n> matrix:
F= Z €a,0,(b) © €b,1y(a) (D
a,beX
Specifically, for a set X = {x1,x2,...,%, }, the canonical basis of the n-dimensional
1 0 0
0 1 0
vector space reads as expected: é,, = 0 , €xy = 0 e €, = |
: : 0
0 0 1

Remark 2.2 The action of the #-matrix on the tensor product of any two elements
of the basis é,é, €V, for all x,y € X reads as:

7 éGx(y) ®él’\(x) =&, ®éy & # ey ®éy = éGX(),) ®éry(x)7 2)
where T denotes total transposition. Or equivalently for any test function f(x,y),

x,y € X : (Ff)(x,y) = f(ox(y), Ty(x)). Similarly, the action of r = P¥, where & is
the permutation operator & =Y, ey exy®@ ey, 0onéx®é, € VRV is
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We consider for the purposes of this article only finite sets. The linerization process
can be formally generalized in the case of infinite countable sets as above. In the case
of compact sets the use of functional analysis and the study of kernels of integral
operators that represent the solution 7 is required.

We consider the simple, but non-trivial example of the Lyubashenko solution
[27].

2

Example 2.3 The Lyubashenko solution may be expressed as a n> x n*> matrix:

n
f(L) = Z €a,b+c X €pa—c- 4
a,b=1

The addition is defined mod n, and for all x,y € {1,2,...,n} and for a fixed ¢ €
{1,2,...,n—1},

MO n PN o) A X A A
) by Q=8R8 r(©) by Rl =8yRé,. ®))

We focus here on the case n = 3 and present the two distinct solutions below as
9 x 9 matrices:

1. c=1, ) = Yob€apr1 @epq1. We write all the nine non-zero terms:

AU = e1p®e13te3Rerte31QezptezQerster1®ess
+ei1Re31t+err®e1t+e3p®ernte33zRers.

2. c=2,/Y = Yo €api2®epq2, and explicitly,

H2) = e13®eipte1RezteznRes+e;1Qerr
+ep®e31+era®e3szt+er3z®erztezzerte3ieny.

The explicit 9 x 9 matrices are,

000001000 000000010
000000001 010000000
001000000 000010000
000100000 000000001

“=1000000100], ¥=]001000000
100000000 000001000
000010000 000000100
000000010 100000000
010000000 000100000

Notice that #?) = 2¥V) 2 where 2 is the permutation operator. In general, for

anyn € {1,2,...} we observe that ¥"%) = 2K 2 | € {L,2,...,[5]}.
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2.1 Self distributivity & special non-involutive solutions

To describe non-involutive solutions of the braid equation we introduce certain al-
gebraic structures that satisfy a self distributivity condition. Self-distributive struc-
tures, such as shelves, racks & quandles [11, 46, 52] satisfy axioms analogous to
the Reidemeister moves used to manipulate knot diagrams and are associated to
link invariants (see also biracks, biquandles), and the coloring of links, i.e. a knot
is tri-colored or not. According to Alexander’s theorem all links are closed braids,
hence these self distributive structures lead naturally to special non-involutive, set-
theoretic solutions of the braid equation. Other algebraic structures naturally con-
nected to bijective, non-degenerate solutions are the bi-racks. These are algebraic
structures that appear in low-dimensional topology that are associated to link dia-
grams, and are invariant under the generalized Reidemeister moves for virtual knots
and links, see [33]. We provide in what follows some preliminaries on left shelves,
racks and quandles. For the first systematic study of shelves, we refer the interested
reader to [11]. For recent reviews on self-distributive structures the interested reader
is referred to [48, 58, 29] and [34] for potential physical applications.

Definition 2.4 Let X be a non-empty set and > a binary operation on X. Then, the
pair (X, ) is said to be a left shelf if > is left self-distributive, namely, the identity

av>(b>c) = (avb)>(a>c) (6)

is satisfied, for all a,b,c € X. Moreover; a left shelf (X, ) is called

1. aleft spindle ifa>a = a, foralla € X;

2. a left rack if (X, ) is a left quasigroup, i.e., the maps L, : X — X defined by
L, (b) :=avb, forall b € X, are bijective, for every a € X.

3. a quandle if (X, ) is both a left spindle and a left rack.

We are mostly interested in racks and quandles here, given that we always re-
quire invertible solutions of the Yang-Baxter equation. We provide below some fun-
damental known cases of quandles and racks (see also [48, 58, 29]):

(a) Conjugate quandle. Let (X,-) be a group and define >: X x X — X, such that
avb=a"'-b-a. Then (X,>) is a quandle.

(b) Core quandle. Let (X,-) be a group and > : X X X — X, such that a>b =
a-b~'-a. Then (X,>) is a quandle.

(c) Alexander (affine) quandle. Let Q be a Z[t,7 '] ring module and >: Q x Q —
0, avb=(1—t)a+bt, then (Q,>) is a quandle.
Or, let X be a non empty set equipped with two group operations, + and o,
such that ao (b+c) =aob—a+aoc. This is a so-called left skew brace. The
precise definition is given later in the text. Then define > : X x X — X, such
that for a fixed z € X and for all a,b € X, abb=z7—aoz+boz—z+a and
(a+b)oz=aoz—z+aob.
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(d) Rack, but not quandle. Let (G,-) be a group and define > : G x G — G, such
that a>b =b-a~'-x-a, where x € G is fixed. Then (G,>) is a rack, but not a
quandle.

We also present below some concrete examples of finite quandles:
Example 2.5

1. The dihedral quandle. Let i, j € X = Z, and define > : X x X — X, such that
i>j=2i—jmodn: (X,>) is a quandle. This is a core quandle with an abelian

group. An explicit table of the action > is presented below for n =3 and X =
{x1 =0,x0=1,x3=2}:

> |X1[X2|X3
X1 |X1|X3 (X2
X2 |X3]X2 (X1
X3 | X2]X1|X3

Table 1

Although the table above comes from the dihedral quandle, another simple rep-
resentation exists, p : X — End(CX), such that

100 001 010
xi—1001), x—= {010, x3— (100
010 100 001

px>y) =p(x)~'ep(y) e p(x) for all x,y € X and e is the usual matrix multi-
plication.

2. The tetrahedron quandle. Let X = {1,2,3,4} and define>: X x X — X, such
that 1> = (234), 2> = (143), 3> = (124) and 4> = (132). This is also a cyclic
quandle. We construct below the explicit table of the action > :

> |X1|X2]X3|X4
X1 X11|X3|X4|X2
X2 X4|X21X1|X3
X3 X2 |X41X3|X1
X4 [X3]X1|X2|X4

Table 2

3. Example of affine quandle. Let X = U, denote the set of odd integers mod
2" m € N, and the two operation be +1, such that a4+1b=a—1+b and o,
where + and o are the usual addition and multiplication. Then a quandle is
obtained as in case (c) (Alexander’s quandle), i.e. for a fixed z € U,, define,
a>bb=z—1ao0z+1boz— 17+ a. Specifically, the sets are: 1. form=1,U, =
{1}, 2. form=2,U, ={1, 3}, 3. form=3,Us ={1, 3, 5, 7}, etc.
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Recalling that a+1b = a— 1+ b and that (X,+) in an abelian group we con-
clude that a>b = —aoz+boz+a. Forinstance form =3 (X ={x; =1, xp =
3, x3 =5, x4 =7}) and by choosing for example z = 3 we obtain the following
table

> (X1 [X2|X3|X4
X1 X1 |X4|X3|X2
X2 [x3]|X2|X1|X4
X3 X11|X4|X3|X2
X4 X3|X2|X1 | X4

Table 3

Notice here the distributivity rule between +; and o in case (3) of Example 2.5 of
an affine quandle. Indeed, we observe that for all a,b,c € X ao(b+1¢) =aob—
a+1aoc (see also later in the text the definition of skew braces, Definition 2.9).

We recall now a fundamental statement regarding shelves and solutions of the
set-theoretic Yang-Baxter equation.

Proposition 2.6 We define the binary operation>: X x X — X, (a,b) — a>b. Then
F:X xX — X xX, such that for all a,b € X, ¥(a,b) = (b,b>a) is a solution of the
set-theoretic braid equation if and only if (X ,>) is a shelf.

Proof. The proof is straightforward by direct substitution in the Yang-Baxter equa-
tion and comparison between LHS and RHS (a graphical depiction of the proof is
given below in Figure 4).

Remark 2.7 If¥: X x X — X x X, such that for all a,b € X, ¥(a,b) = (b,b>a) is
an invertible braid solution then (X ,1>) is a rack (or a quandle).

The graphical representation of the shelve solution #(a,b) = (b,b>a):

We are interested here in invertible solutions of the braid equation, so we are
focusing on rack solutions. We note that the inverse of 7 above is ¥ ! : X x X —
X x X, i Y(a,b) = (a>~! b,a), such that av (a>"'b) = av~! (a>b) = b for all
a,b € X. Notice also that a different map denoted as # : X x X — X x X, such that
¥(a,b) = (a>b,a) is also a solution of the braid equation. ¥ is graphically depicted
below in Figure 3 together with the braid relation in Figure 4.

The expressions in blue in Figure 4 indicate the left and right hand side of the self-
distributivity condition.
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4. Shelve solution of the braid equation

Example 2.8 We express the solution of the braid equation associated to the dihe-
dral and tetrahedron quandle of Example 2.5 as 9 x 9 and 16 x 16 matrices respec-
tively. Recall from linearization we obtain, i as a matrix, F =} ycx €xy @ €y yox,
where e,y are the elementary n X n matrices ey, = exeyT (T denotes transposition).
In our examples n = 3,4.

1. (A non-involutive solution from the dihedral quandle). More specifically, from
Table 1

3
r= Z Cxjx; @ €xjx; tCxp iy & €y xy oy ) D €xy x3 T €y 33 Dy xy
Jj=1
1 3 ®€xyx T lxyx3 @exyx, +xyx @y,

Then ¥ is explicitly expressed as a 9 X 9 matrix,
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100000000
000001000
000000010
001000000
000010000
000000100
010000000
000100000
000000001

~<
I

2. (A non-involutive solution from the tetrahedron quandle). More specifically,
from Table 2

4
r= Z Cxjx; & €yt €xyxy © €y xy + oy ) & €y ay oy vy Dxyxy
j=1

+ €X3 X2 ® ex2vxl + exl X3 ® ex3~,x2 + ex3:x1 ® exlvx4 + eXst4 ® em,xl

Ty ® €y x3 1 ey @ xyxy - ryay © gy T+ €xp iy @y 3+ xpxy Dy oy -

2.2 Skew braces & generic set-theoretic solutions

It is useful to recall at this point the definition of (skew) braces [55]-[57], [14, 39]
as this will allow us to derive generic solutions of the set-theoretic Yang-Baxter
equation of the type r : X x X — X X X, r(b,a) = (0,(b),Tp(a)).

Definition 2.9 A left skew brace is a set B together with two group operations +,0 :
B X B — B, the first is called addition and the second is called multiplication, such
that for all a,b,c € B,

ao(b+c)=aob—a+aoc. @)

If + is an abelian group operation, then B is called a left brace. Moreover, if B is a
left skew brace and for all a,b,c € B (b+c)oa=boa—a+coa, then B is called
a two sided skew brace. Analogously if + is abelian and B is a skew brace, then B
is called a two sided brace.

The additive identity of a skew brace B will be denoted by 0 and the multiplicative
identity by 1. In every skew brace 0 = 1.

From now on when we say skew brace we mean left skew brace. Some useful
examples of braces are presented below:

Example 2.10 (See [9] Corollary 3.14) Let U(Z/2™7Z) denote a set of invertible
integers modulo 2™, for some m € N. Then a triple (U(Z/2"Z),+1,0) is a brace,
where a+1b=a—1+b, forall a,b € U(Z/2™Z), + and o are addition and multi-
plication of integer numbers modulo 2", respectively.

Example 2.11 (See [10] Example 5.7) Consider a ring Z/8Z. A triple
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ab
<OM = {(C d> la,d €{1,3,5,7}, b,c € {0,2,4,6}} ,+]1,o)

is a brace, where (A, B) TA I+B, (A,B) 3 A-B, and +,- are addition and
multiplication of two by two matrices over Z/8Z, respectively.

Example 2.12 (See [10] Example 5.6 or [9] Example 3.15) Consider a set Odd :=

{%Zill | nk € Z} together with two binary operations (a,b) Y a—1+b and

(a,b) —sa- b, where +,- are addition and multiplication of rational numbers, re-
spectively. The triple (Odd,+,0) is a brace.

We recall now the basic conditions associated to any generic solution of the set-
theoretic Yang-Baxter equation, as they will be used in our analysis here.

Proposition 2.13 Let X be a nonempty set and define for all a,b € X, the maps
6, Ty : X = X, b 0,(b) and a — ty(a). Then r: X x X — X x X, such that for
all a,b € X, r(b,a) = (0,4(b),(a)) is a solution of the set-theoretic Yang-Baxter
equation if and only if for all a,b,c € X,

04(0p(¢)) = O, () (O, (a) (€)) ®)
T (T(a)) = Tr, () (Toy(c) (@) )
Grcb(r) (a) (TC (b)) = Tg‘rb(a)<") (Ga (b)) (]O)

Proof. Let r be a solution of the Yang-Baxter equation. We explicitly compute the
LHS and RHS of the parametric Yang-Baxter equation. The LHS of the Yang-Baxter
equation gives, a,b,c € X,

ri2 113 ra3(c,b,a) = (g, () (O, (a)(€)), Toy, () (0a (), T(t(a))), (D)
whereas the RHS gives
ra3 13 112(¢,b,a) = (04(05(¢)), 0%, (@) (Te (B); Ty (Toy0)(@). (12)

By equating (11) and (12) we arrive at (8)-(10). And conversely, if conditions (8)-
(10) are satisfied then r automatically satisfies the Yang-Baxter equation.

We may now prove a key proposition on generic set-theoretic solutions coming
from skew braces [55, 56, 14, 39].

Proposition 2.14 Let (X,+,0) be a skew brace and let 6,(b) :== —a+aob and
aob = o,(b)oty(a) for all a,b € X. Then the map r: X x X — X x X, r(b,a) =
(0a(b),tp(a)) is a solution of the set theoretic Yang-Baxter equation.

Proof. In order to prove that r is a solution of the Yang-Baxter equation, it suffices
to show that the three conditions (8)-(10) hold.

Before we proceed with the proof, we observe that the distributivity condition
in skew braces for all a,b,c € X, ao(b+c) =aob—a+aoc is equivalent to
ao(b—c+d)=aob—aoc+aod (see also [22]) for a detailed proof).
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We first show condition (8), indeed for a,b,c € X,

0,(0p(c)) = —a+aoop(c)=—a+ao(—b+boc)=—aob+aoboc = 0up(c)

= Og,(b)ory(a) (€) = Og,(b) (O, () (€))-
We show now condition (9),
T(75(a)) = Oy, (0) (€)' 0 Tp(a) 00 = Oy ) (¢) T 0 Gu(b) " 0@oboc.
But,

Ca(b) 0 0y, (4)(¢c) = Ou(b) o (—1p(a) + Tp(a) oc) = 04(b) —aob+aoboc
= —a+aoboc=o0,(boc) (13)

hence,
Te(T5(a)) = Tpoc(@) = To, (c)ore(b) = Tre(b) (Tay(c) (@))- (14)

Condition (10) follows from (8), (9) using aob = 0,(b) o 15(a), for all a,b € X.
And, this concludes our proof.

The group (X,o), such that for all a,b € X, aob = 0,(b) o 1(a) is called the
structure group of a set-theoretic solution. In the case that (X,+,0) is a brace we
obtain involutive solutions [55, 56, 57]. According to Rump all involutive solutions
are obtained from braces, therefore in this article we often call the involutive set-
theoretic solutions brace solutions.

The important fact that will be discussed in Section 3, is that all involutive solu-
tions are obtained from the permutation operator by a suitable Drinfel’d twist (see
also [20, 60, 50]), whereas all the non-involutive but invertible solutions are ob-
tained from rack solutions via a Drinfel’d twist (degenerate solutions are coming
from shelves) [22, 24].

3 Involutive solutions & Baxterization

We focus in this section on involutive set-theoretic solutions and derive Baxterized
solutions of the braid and Yang-Baxter equations. We then identify the quantum
algebras associated to these solutions (see also [18, 19]).

Recall the Yang-Baxter equation in the braid form in the presence of spectral
parameters A, A, (6 = A1 — Ap):

R12(8) Raz(A1) Ri2(A2) = Raz(A2) Rina(Ar) Ros(8), (D

where R: V®V — V@V, (V is an n dimensional space) and let in general R =
Y,;a;j®bj, then in the index notation R=Y,;a;®b;® 1y, Rz =¥ ;ly ®a; ®b;
andlé13 = Zjaj® 1y ®bj.

We focus here on Baxterized solutions of the form
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R(A) = AF+152, 2)
where 7 is an involutive solution of the braid equation. Let also, R = PR, then
RA)=Ar+ 2, (3)
and R is a solution of the Yang-Baxter equation,
R12(8) R13(A1) R23(A2) = Ro3(A2) R13(A1) R12(9). )

Remark 3.1 Ir would be useful for the following Proposition to define the partial
transposition. Let A € End((C” ® (C") expressed as: A = Z;l,j,k.,l:l Aiju eijQer. We
define the partial transposition as follows (in the index notation):

n n
no__ t n _ t
A=Y Ajue;®en A=Y Ajue@ey &)
i jhl=1 i jdl=1
o,
where e; ; =ej.;.

Proposition 3.2 The brace R-matrix satisfies the following fundamental properties:

Ri2(A) Ryy(—24) = (=A* + 1)1, Unitarity (6)
RY(A) RL(—A —n) =A(=A —n)1?,  Crossing-unitarity 7
Ry (A) =R (2), ®)

where ''2 denotes transposition on the first, second space respectively.

Proof. The proof follows immediately after a straightforward computation [19].

3.1 The quantum algebra associated to braces

We recall the definitions of two quadratic algebras 7 and 2 associated to solutions
of the Yang-Baxter equation, which arise from the FRT (Faddeev, Reshetikhin and
Takhtajan) construction [32]. Indeed, from the FRT construction we recall that given
a solution of the braid equation 7: V x V — V x V (henceforth we consider V = C")
the associated quantum algebra .o/ is a quotient of a free associative C-algebra,
generated by {L.,,| x,w € X}, and relations

Fio Ly Ly = Ly L 73, 9

where L=Y, cxexy®Lyy € End(V)® <. Recall the index notation: 12 = F® 1
and L1 =Y, pex ;w®@ly QL yw, Ly =Y, pex lv ez @ Ly .

From the fundamental relation (9) and by considering the set-theoretic solution
of the braid equation
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F= ) eoy) @€y (10)
x,yeX

we obtain [30]:

LysLys = Lo, (y),0¢(59) Ly (x),55(5) (1)

Recall that sometimes we call the involutive, set-theoretic solutions, brace solutions,
because they are all obtained from braces [55, 56]. Given a solution of the braid
equation 7: V®V — V @V, the quadratic algebra .2 is generated by {¢x| x € X}
and relations

F12 1 @2 = q1 92, (12)

where g=¢,®qg, € VR 2. Also, Flp =FR 1y, g1 = Yowexex®@ly®@qy, g2 =
Y .ex v ® ex ® gx. The quadratic relation (12) for the set-theoretic solution implies

4xqy = 9o, (y) 91y (x)> (13)

also obtained in [30].

We now consider the Baxterized solution R(1) = A7+ lygy, where 7 in our
analysis here is the set-theoretic solution of the braid equation (10). Given a para-
metric solution of the Yang-Baxter equation, the quantum algebra is defined via the
fundamental relation [32]:

Ria(M —2A2) Li (A1) Lo(A2) = L1 (A2) La(A1) Ria(A — Aa). (14)

R(A) € End(C"®C"), L(A) € End(C") ® A, where 2! is the quantum algebra de-
fined by (14). We shall focus henceforth on Baxterized solutions coming from invo-
lutive, set-theoretic solutions. The defining relations of the corresponding quantum
algebra were derived in [18, 19].

The quantum algebra associated to Baxterized solutions coming from braces is

defined by generators Lﬁffj, z,w € X, and defining relations (see also [19])

(n) ; (m) (m)y(n) __ 5 (m) (n+1) (m+1) +(n)
LiwLsy —Lewls o =L 5 o Ls o)~ Laoni) Lo ()
(n+1) 5 (m) n) (m+1)
~ Lok Lok 5)

The proof is based on the fundamental relation (14) and the form of the Baxter-
ized brace R-matrix (for the detailed proof see [18, 19]). Recall also that in the index
notation we define R, = R®idy:

LiA)= Y ew®ly@L W), LA)= ) ly®e,®L,(1).(16)

Z,weX Z,weX

The exchange relations among the various generators of the affine algebra are
derived below via (14). Let us express L as a formal power series expansion

! Notice that in L in addition to the indices 1 and 2 in (14) there is also an implicit “quantum index”
n associated to 2, which for now is omitted, i.e. one writes Ly,,, Ly,.
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LA) =YY", % Substituting expressions (2), and the A~ expansion in (14) we
obtain the defining relations of the quantum algebra associated to a brace R-matrix
(we focus on terms A; "4, ™):

leL(ln+1)Lém> _ ;lzL(ln)Lgm+1) + L(ln)Lgm)

— L Ly — L L, L LY. (17)

The latter relations immediately lead to the quantum algebra relations (15), after
recalling: Lgk) =Y yexry@ly ® L)(C]fy), L§k> =Yiyex lv ®ex, ® Lik}), and 7 =
F®idg, L)(Ck,) are the generators of the associated quantum algebra. The quantum
algebra is also equipped with a co-product A : A — AR A [32, 28]. Indeed, we
define

(id®A)L(A) := Li3(A)L12(A), (18)

which satisfies (14) and is expressed as (id® A)L(A) = ¥y yex €xy @ A(Lyy(4)).

Remark 3.3 In the special case ¥ = & the % (gl,,) algebra is recovered:

n+1 m n m+1 m) y (n n)y(m
L] = [, ] =y - . (19)

The next natural step is the classification of solutions of the fundamental rela-
tion (14), for the brace quantum algebra. A first step towards this goal will be to
examine the fundamental object L(1) = Lo + %Ll , and search for finite and infinite
representations of the respective elements. The classification of L-operators will al-
low the identification of new classes of quantum integrable systems, such as the
analogues of Toda chains or deformed boson models. A first obvious example to
consider is associated to Lyubashenko’s solution, which is further discussed later in
the manuscript.

3.2 Integrability: local Hamiltonians

Given any solution of the Yang-Baxter equation we define the so-called monodromy
matrix Tp,12..n(A) € End(C" @ (C")®N), which is a tensor representation of the
quantum group (14), [32]

To,12.N(A) :=Ron(A4)...Ro2(A) Ro1(A), (20)

recall R = ZR. We define also the transfer matrix tio, y(A) = tro(Tp,12..n(1)) €
End((C")®N ) . The monodromy matrix 7 satisfies (14), and hence one can show that

the transfer matrix provides mutually commuting quantities [32]: (¢(A) = AN ¥ %)

t(A), ()| =0 = [t V]| =o. Q1)
t(2), ()] [, ¢0]
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Note that historically the index 0 is called “auxiliary”, whereas the indices 1,2,...,N
are called “quantum”, and they are usually suppressed for simplicity, i.e. we simply
write Tp(A) and t(1).

The following Proposition 3.4 is quite general and holds for any R(A) = A ZF+
&, where F is an involutive solution of the braid equation and 7 is the permutation
operator. The key property that allows the derivation of local Hamiltonians is R(A =
0)=2.

Proposition 3.4 Consider the A-series expansion of the monodromy matrix: T (L) =
ANY M for any R(A) = APF+ P, where F is an involutive solution of the

braid equation. Let also H®) = t®N)=1 "k =o0,. —1 and HN) =),
where t%) = trg(T( >) Then the commuting quantities, H for k =1,...,N—1,
are expressed exclusively in terms of the elements ¥, 1, n=1,....N 1, and N1-

Proof. We refer the interested reader to [19] for the detailed proof.

The generic first neighbor Hamiltonian is given as ¢ = ):IJY:1 7jj+1. Higher com-
muting quantities can be found in [19] for periodic spin chains and in [18] for open
spin chains. In the special case of set-theoretic solutions (10) the local Hamiltonian

becomes
j+1)
H = ,Zm;x o6 (0) b ()" (22)

A simple example within this class is the Lyubashenko solution (see Example 2.1),
then the Hamiltonian (22) takes the simple form,

n

2 ] 1
a 17+C b ,a— C’
h:

||M2

where recall ¢ € {1,2,...,n— 1} is fixed.

The ultimate goal in the context of quantum integrable systems, or any quantum
system for that matter, is the identification of the eigenvalues and eigenvectors of
the corresponding Hamiltonian. In the frame of quantum integrable systems there
exists a set of mutually commuting “Hamiltonians”, guaranteed by the existence of
a quantum R-matrix that satisfies the Yang-Baxter equation. An exhaustive analy-
sis of the symmetries of periodic and open quantum spin chains constructed from
Baxterized involutive set-theoretic solutions is presented in [18, 19]. The hierarchy
of periodic and open mutually commuting Hamiltonians is also explicitly derived in
[18, 19] exclusively in terms of the elements of the symmetric group.

4 Set-theoretic solutions as Drinfel’d twists: an example

We recall in this section the Drinfel’d twist for set-theoretic solutions. It was shown
in [20] that all involutive, set-theoretic solutions can be obtained from the permu-
tation operator via suitable twists (see also [60] for an analogous non-local map),
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whereas non-involutive, invertible solutions are obtained via the same twist from
rack/quandle solutions [22, 24]. We consider here a simple example of set-theoretic
solution of the braid equation obtained as a simple twist of the permutation to pro-
vide a key motivation for the general results presented in the subsequent section.

Simple non-trivial case: Lyubashenko’s solution

We recall the Lyubashenko solution and show that is immediately obtained from
the permutation operator as a simple twist. Although the construction is simple it
has significant implications on the associated symmetries of the braid solutions.
Inspired by the isotropic case a similar construction for the g-deformed analogue of
Lyubashenko’s solution is provided in [19, 18].

Before we derive the Lyubashenko solution as a suitable twist we first introduce
a useful Lemma.

Lemma 1. Let ¥/ : V@V — V@V (V is an n dimensional vector space) satisfy the
braid relation and (¥)* = 1“%‘2. Let also u:V — 'V be an invertible map, such that
(u@u)¥ =7 (uxu). We define ¥ = (u@ 1y) (u '@ 1y) = (ly @u ¥ (ly Qu),
then:

L7 =17

2. 7 satisfies the braid relation.

Proof. The proof is straightforward [18].

Proposition 4.1 Let 7, 6 : X — X, X = {1,...,n} be isomorphisms, such that
o(t(x)) = t(o(x)) = x and let u =Y ey ex z() and ul =Y ex er(x) Then any
solution of the type (Lyubashenko’s solution)

F= Y ool @) M
x,yeX

is obtained from the permutation operator & =Y, \cx exy ey as
F= @e ) 2w ©1y) = (Iy ou ) 2(ly o). @)

Proof. The proof relies on the definitions of &2, u, u~!, the fundamental property
exyezw = Oy ey, and by straightforward computation.

Note that r = ¥, and consequently R = &R take a simple form for this class of
solutions:
r=u"'Qu = RA)=Au"'Qu+ 2. 3)

Before we present our findings on the symmetry of Lyubashenko’s F-matrix we
first introduce a useful Lemma [19, 18].
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Lemma 2. Let [,y be the generators of the gl,, algebra:

[l le] = Bcbiw = By )
The gl,, algebra is equipped with a coproduct A : gl, — gl,, ® gl,,, such that

A(lyy) =Ly Qid+id® |y . (5)
The N-coproduct is obtained by iteration AN) = (AN=D @ id)A = (id2 AN-)A
and is given as A(N)([x,y) =YV id®..® &,L ®...Qid.

n'h position

Let also FW) € al%N be an invertible element (F 2 =: .Z), and define

A;N) (Ley) := FMAMN (1 ) (F W)L then A;N) (lxy) also satisfy the gl,, algebraic

relations.

Proof. The N-coproducts satisfy the gl,, relations (4), i.e. [A M (L,),aW )([aw)] =
8, . AM (1) — 8, AM(L,,). By acting from the left with .Z ™) and with (#N)~!

from the right in the latter commutator we immediately obtain {A;N) (Ley)s A;N) ([w)}
814" (lew) — Bty ().

Corollary 4.2 Let p : gl,, — End(C") be the fundamental representation of gl,,, such

that [, — ey y, where recall ey y, are n x n matrices with elements (ex.y)zw = 8y ;Oy 0.
The special solution 7 (1) is gl,, symmetric, i.e.

7, Afery)] =0, x yex, ©
where we define the “twisted” co-products (i = 1,2):

A (ex,y) = €o(x),0(y) @ Iy +1y Qeyy,
Ay (ex,y) =ey® ly+1ly® €1(x),7(y)> (7

(A (er(x),r(y) ) =Az(exy))-

Proof. This can be shown using the form of the special class of solutions (1). The
permutation operator is gl, symmetric, i.e.

[@, A(ex,y)} -0, ®)

where the co-products A (e, ) are defined in Lemma (2) (L, — ex ).

Let u = Y. cx €y ¢(x) then (6) immediately follows from (8) and (2) after acting
(8) from the left and right with u® 1y, u~' ® 1y or 1y @ u™', 1y ® u respectively.
Aj(ex,y) are then defined as
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Aj(exy) = “ex,y’fl Qly+1ly ®ey,y,
Arery) = ey @1y +1y ® u_lex,yu 9)

and explicitly given by (7). Indeed, ue,yu™" = eq(x) 5(y) and u™ ey yu = e7(y) 1(y)-

According to Lemma 2 A;(ey ) also satisfy the gl, algebra relations, thus 7 (1)
is gl, symmetric. In this particular case, as is clear from the computation above,
two invertible linear maps are involved, F; € End(C" ® C"),i € {1,2}, such that
Fili=u®lyand F := ly ®@u ! and FiA(eX?y)E-_l = Aj(exy).

By iteration one derives the N co-products: A1(N> = (AI(N_I) ®id)A; and AéN) =

(id® Az(N_l) )A, which explicitly read as

N
A exy) = L VO @eqrsgy on-t) © - S 1, (10
k=1
() 3
A (exy) = Y v @ @egg ory) @ @ 1y, (b
k=1

The above expressions can be written in a compact form as:
A (ery) = KM AM () (F™) 1, where

1

AM(ey) =YY id®...® ey ®...®id, and we define F") := V=1 g
—
kh position
W2®...Qu®ly and F2<N) =1y Qu'@u?®...0u V1 (see also relevant

findings in [20, 21] ), where Fi(2> =: F;, i € {1,2}. Notice that co-associativity does
not hold in this case. In fact, it turns out that the quantum algebra associated to
generic set-theoretic solutions is a quasi-bialgebra (see e.g. [20, 21]).

We note that local open Hamiltonians for generic Baxterized solutions coming
from involutive solutions were systematically derived in [19]. Specifically, the open
Hamiltonian associated to Lyubashenko’s solution with special boundary conditions
is givens as

'%00 = Z eajl>1+ceé{;ilz" (]2)

ce{l,2,...,n—1}. This is a gl, symmetric Hamiltonian, i.e. [%, Ai(N) (y)] =0,
yegl,,i€{1,2}, as opposed to the periodic one, which is not gl,, symmetric. Recall
A™) are defined in (10),(11).

Motivated by the case of Lyubashenko’s solution and the suitable twist of gl,, (see
also [21]) we present in the subsequent section the full theory of quantum algebras
associated to set-theoretic solutions. These are new types of quasi-triangular Hopf
algebras introduced in [20, 22, 24]. The quantum algebras associated to the set-
theoretic solutions of the parametric Yang-Baxter equation were also introduced in
[25].
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5 Set-theoretic quasi-triangular Hopf algebras & Drinfel’d twists

In this section we discuss the Yang-Baxter algebras associated to rack type and
set-theoretic solutions as quasi-triangular Hopf algebras [20, 24]. The Hopf algebra
theory associated to set-theoretic solutions has been developed in [20, 22, 24] (see
also [30] and [3] in connection with pointed Hopf algebras and [49, 4] on Hopf alge-
bras in connection to braces [55]-[57], [39]). The associated universal Z%-matrices
are also derived in this frame. A full analysis of set-theoretic twists in the Yangian
gl,, is presented in [20, 21, 26].

We start our analysis with the rack and quandle algebras and the construction of
the associated universal %Z-matrix. We then extend the algebra to the decorated rack
algebra and via a suitable admissible Drinfel’d twist we construct the corresponding
universal Z—matrix. For a more detailed exposition on the proofs presented in this
section the interested reader is referred to [20, 24].

5.1 Rack & quandle algebras

We first define the rack and quandle algebras [24].

Definition 5.1 (Rack algebra) Let (X,>) be a finite magma, or such that a> is
surjective, for every a € X. We say that the unital, associative algebra <f , over
a field k generated by indeterminates 1., (the unit element), qqa, qgl, hy € o
(hg = hy < a = b) and relations, a,b € X :

42'9% =99, = 1oy Qs = @Givas  haho = Saphas  Gohisa = hagp, (1)

is a rack algebra.

Definition 5.2 (Quandle algebra) A rack algebra is called a quandle algebra if
there is a magma (X ,e), such that for all a,b € X, ae : X — X is a bijection and
aeb=be(bra).

The following proposition fully justifies the names rack and quandle algebras.

Proposition 5.3 Let <7 be a rack algebra, then for all a,b,c € X, c>(b>a) = (c>
b)>(c>a), and a> is bijective, i.e. (X,>) is a rack. If o/ is a quandle algebra, then
in addition, foralla € X, ava = a, i.e. (X,>) is a quandle.

Proof. We compute h,q,q. using the associativity of the rack algebra and due to
invertibility of g, for all a € X we conclude for all a,b,c € X,

hcb(bba) = h(cbb)b(cba) = c>(bra) = (cpb)>(cra).
We assume c>a = c> b, then gchesq = gchesp, by the fourth relation in 1, we get

haq. = hpq. and by the invertibility of q., h, = hp, hence a = b, i.e. a> is bijective
for all a € X and thus (X,>) is a rack.
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Moreover, we recall for the quandle algebra aeb = be (b>a), then for a = b
and by recalling bijectivity and hence left cancellation in (X,e) we conclude that
ava=aforalla € X,ie. (X,>) is a quandle.

Lemma 3. Let ¢ =Y ,cx ha, then c is a central element of the rack algebra o7 .

Proof. The proof is direct by means of the definition of the algebra <7 and Proposi-
tion 5.3. Without loss of generality let c = 1.

Having defined the rack algebra we are now in the position to identify the asso-
ciated universal Z-matrix (solution of the Yang-Baxter equation).

Proposition 5.4 Let of be a rack algebra and # € o/ @ of be an invertible element,
such that Z =Y qcx ha @ qa. Then Z satisfies the Yang-Baxter equation

KoK 13 %23 = K3 T3 %12,

where %12 = Y 4ex ha @ qa ® 17, #13 = Ypex ha @ 1oy @ qa, and %oz = Y pex 1oy @
ha®4qq.

Proof. The proof is a direct computation of the two sides of the Yang-Baxter equa-
tion (and use of the fundamental relations (1)):

LHS: Z hahh ® qghc D grgc Z ha oY qghc ®qaqc

a,b,ceX a,b,ceX
= Z ha @ gahase @ Gaqasc
a,b,ceX
RHS : Z hphg @ heqq @ qeqy, = Z ha @ Gahase @ Geqa,
a,b,ceX a,b,ceX

where we have used that a> is bijective. Then due to the basic relation q,g, = gpgpsa,
we show that LHS=RHS, and this concludes our proof.

Remark 5.5 The universal %—matrix is invertible, in fact, by Lemma 3, Y ,cx ha =
Ly, hence #~ ' =Y jex ha @q; .

Remark 5.6 Fundamental representation: Let .o/ be a rack algebra and p : of —
End(V') be the map defined by

Ga > Z €x,avx; hy = €a,a, ()
xeX

where (X ,>) is a rack. Then Z v+ r := Y abex €b.b @ €qpras IS the linearized version
of a rack solution of the Yang-Baxter equation. We note that r is invertible, because
a>: X — X is a bijection for all a € X, then = Yabex €hp D ehoaa-

Let & =Y, pex €ap @ €p,q be the permutation (flip) operator; then the solution of
the braid equation is the linearized version of rack solution, ¥ = Pr =Y., e, @

€h.ba-
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Note that in the special case where F is involutive, i.e. ¥ = id, then a>b = b, for
all a,b € X, which means that the rack algebra (Definition 5.1) becomes a commu-
tative algebra. In this case F = Y., pex €ap @ €pq, i.e. T reduces to the permutation
operator, whereas r reduces to the identity

Theorem 5.7 Let o/ be a quandle algebra (Definition 5.2). Let also # =Y ,cx ha ®

qa and for all a,b € X, qaqp = Gaep- If (X, 0,€) is a group, then (o ,A,€,S,%) is a

quasi-triangular Hopf algebra:

 Co-product. A : o — o @, AlgE") = q:' @ qF" and A(hy) = Lpcex hp @
he bec=a’

o Co-unit. €: =k, e(g:") =1, €(hy) = 8-

 Antipode. S: o — o, S(qt') = qF', S(hy) = ha+, where a* is the inverse in
(X,e) foralla e X.

Proof. 1t is straightforward to check that A is an algebra homomorphism. Indeed,
this can be explicitly checked via the distributivity condition at>(bec) = (a>b) e
(a>c), which readily follows from, abb =a*ebea.

We are now going to show that all the axioms of a quasi-triangular Hopf algebra
hold.

Given the co-products of the generators we have to check co-associativity and
also uniquely derive the counit € : &7 — k (homomorphism) and antipode S : &7/ —
&/ (anti-homomorphism).

(i) Co-associativity.:

(Id®A)A(qa) = (A®id)A(ga) = 9a ® Ga @ qa,

(i[d®A)A(he) = (A®id)A(ha) = ), hy®@hcDhy
b,c,deX

beced=a"

(ii) Counit: (¢ ®id)A(x) = (id®€)A(x) = x, for all x € {qa, q; ', ha}.
The generators g, are group-like elements, so €(q,) = 1, and

Y e(ha)hy, =Y hae(hp)| oy . = he = €(ha) = Bue. 3)
abeX a,b
(iii) Antipode: m((S®id)A(x)) =m((id®S)A(x)) = ¢€(x)1 forallx € {qa, g, ', ha}.

For gq,, we immediately have S(g,) = ¢, ' and (recall h,h, = Oupha and
ZaGX hu = 1&%)

Y S(ha)hy|pupo =} haS(hs)

a,beX a,beX

= 6061% = S(ha) :ha*a

aeb=c

where a* is the inverse in (X, ®) foralla € X. So (<7, A, €,S) is a Hopf algebra.
(iv) Moreover,
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%13%12: Zha@Qa@Qa: Zha®A(qa):(ld®A)%a (4)
acX acX

R3Bn =Y, ha®hy®qc|,,, =Y Alh)®q = (A®id)Z. (5)
a,beX ceX

(v) Itis also readily shown from the relations of the rack algebra that
AP )R = RA(qa) AP (ho) R = RA(ha), (©)

where A°P) = o A, 1 is the flip map.
We conclude that (<7, A, €,S,%) is a quasi-triangular Hopf algebra.

5.2 Set-theoretic YB algebras

In this subsection we suitably extend the rack and quandle algebras in order to con-
struct the universal % —matrix associated to general set-theoretic solutions of the
Yang-Baxter equation.

We define the decorated rack and the set-theoretic Yang-Baxter algebras.

Definition 5.8 (Decorated rack algebra.) Let </ be a rack algebra (Definition 1).
Let also o4, 1, : X — X, and o, be bijective for all a € X. We say that the uni-
tal, associative algebra </ over k, generated by indeterminates 1 ;,q4,q, U h,€of

(hg :h;,(:Mz:b)andwa,w;1 E,Q%A,aEX,andrelations, a,becX:

429 = 949" =1, quqp = Qqpoas hahy = Suphas qohpsa = haqp,
1

W, Wg= waw;1 =1, WaWb =We,(5)W1,(a) Walb = h,(b)Was Wadb = Go,(b)Wa
(7

is a decorated rack algebra.

Lemma 4. Let c =Y ,cx hy, then c is a central element of the decorated rack algebra

<.

Proof. The proof is straightforward by means of the definition of the algebra o .
We consider henceforth, without loss of generality, c =1 ; (see also Lemma 3).

Proposition 5.9 Let o be a decorated rack algebra, then for all a,b,c € X,
6a(0p(c)) = Gca(b)(crb(a)(c)) & o.(b)>oc(a) = o.(bra).

Proof. We compute w,wph. using the associativity of the algebra and the invertibil-
ity of w, for all a € X and we deduce for all a,b,c € X,

B3y (2 (0 (©)) = Pou(c)) = Ooa(b) (O, (a)(¢)) = Ou(Gp(c))-



Self-distributivity, braces, and the Yang-Baxter equation 63

We also compute h,q,w., via associativity and the invertibility of g,, w, for all
a € X, we obtain for all a,b,c € X,

hGLTl(h)DGEI(a) = hcfl(hba) = G;l(b)bﬁgl(a) = Gg%bDa)?

from the latter it immediately follows, o.(b)> o.(a) = o.(b>a).

Definition 5.10 (Set-theoretic Yang-Baxter algebra.) Let <7/ be a quandle algebra.
Let also oy, T, : X — X, and ©, be bijective for all a € X. We say that the uni-
tal, associative algebra a overk, generated by indeterminates lrﬁ;,qa,qa’l Jhe €
(hg =hy < a=0>b) and wa,wg1 S ,;zf, a € X, and relations, (7) is a set-theoretic
Yang-Baxter algebra.

Proposition 5.11 (Hopf algebra) Let 4 be a set-theoretic Yang-Baxter algebra,
X =Y pexhp@qpand (7 ,A,€,S,R) be the quasi-triangular Hopf algebra of The-
orem 5.7. If forall a,b,x € X,

Cyx(a) @ 0y(b) = Cx(aeb), ®)

then,

1. (4,A,€,S) is a Hopf algebra with A(w,) = wa @w,, foralla € X.
2. Awg)Z =ZA(wy), forallacX.

Proof. In our proof below we are using the Definition 5.10 and (8).

1. The coproduct A is an algebra homomorphism. It is sufficient to check below
the consistency of all algebraic relations of Definition 5.10 for the correspond-
ing coproducts and (8). Then we have for ¥;, € {hy, g, } and for all a,b € X,

Awa)A(wp) = A(We, 1)) AWe,(a)),  AWa)A(Y) = A(Ys,(5))A(Wa)-

Also, w, is a group-like element, thus the counit and antipode are given as:
g(w,) =1 and S(w,) = w,'. Recall that the coproducts, counits and antipodes
of the generators h,, g, are given in Theorem 5.7.

2. By adirect computation and using the algebraic relations of the Definition 5.10
we conclude for alla € X, A(w,)Z = ZA(wy).

5.3 Set-theoretic Drinfel’d twist

In this subsection we introduce the universal set-theoretic (or combinatorial)
Drinfel’d twist ([20, 21, 24] (see also, relevant construction in [60, 50]). Using
the twist, we will be able to obtain the universal 7-matrix associated with the set-
theoretic Yang-Baxter (YB) algebra.

Before we introduce the set-theoretic twist, we recall a general statement [28].
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Proposition 5.12 (Admissible Drinfel’d twist [28]) Let &/ be a unital, associative
algebra, F % € of @ o/ be invertible elements and X satisfies the Yang-Baxter
equation. Let also F1 3, F123 € /3, such that

1. yg3§1723 = «ngylZ,L where recall 1o = F Q1 and 3 =147 .F
2. PP = X3 F1 23 and Fo1 3% 12 = H12F 12,3

That is, F is an admissible Drinfel’d twist. Define also #* := F\°P) % F , F(°P) =
n(F) where m: o @ o — o @ is the flip map. Then #' also satisfies the
Yang-Baxter equation.

Proof. Tt is convenient to introduce some handy notation that can be used in the
following. First, let Fl23 = 91%?1723 = yg\gﬁ]yzy Letalso i, j,k € {1,2,3}, then
Fjik = mij(Fijk) and Fyj = mjr(Fiji), where 1 is the flip map. This notation de-
scribes all possible permutations of the indices 1, 2, 3.

The proof is quite straightforward [28], we just give a brief outline here. We
first prove that .7 i % ﬁl;k X; j, indeed via condition (2) of the proposition the
definition of %f and the notation introduced above we have

fﬂk%lr/ jk — Jﬂfﬂ k'%r/uk - /ﬂ'%r/u ka/k - '%F‘/UJU ka,k - %F
(9)
Similarly, it is shown that .Fy ;% jkﬁ;kl = %’fk
Then from the YBE we have, '

T\ RoR13%rs = Fion R B3Ry = R Rin Ty Fros = Bos R Ry Fr23.
But %53 is invertible, hence 22 indeed satisfies the Yang-Baxter equation.

Below we prove the main theorem on the set-theoretic Drinfel’d twist (see more
details on the proof in [20, 24]).

Theorem 5.13 (Set-theoretic Drinfel’d twist (20, 24]) Let =Y yexha®qq. € A R
o be the universal rack % —matrix. Let also .;af be a decomted rack algebra, F €

o @, such that F = Zbexhb@’wb and Xf; .= F ;i %; 521] ,i,j€{1,2,3}. We
also define:
Fiozi= Y ha@wr' @w,' = Fhyi= Y ha®hg,p@w, 'we!'. (10)
acX a,beX

Let also for every a,b € X, bra = Gb(TG_l(b) (a)). Then, the following statements
are true:

1. FuFy3=FnF123 = Fi3.
2. Fori,j,ke{1,2,3}: (i) Fy;Rji = Jkﬁjkand(ll)ﬁj,k%,]—% Tk

That is, . is an admissible Drinfel’d twist.

Proof. The proof is straightforward based on the underlying algebra o .
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1. Indeed, this is proved by a direct computation and use of the decorated rack

algebra. In fact, #1235 = ¥ pex ha @ hpyw; ' ® w;lwgl.

2. Given the notation introduced in the proof of Proposition 5.12 it suffices to show
that F130%23 = #L,F123 and T3 %12 = B F123.
(i) Due to the fact that for all a € X, A(w, )% = ZA(w,) (see Proposition 5.11)
we arrive at <9\173%@23 = %23]71,23, then

F
F130T03 = F30F1 30803 = Fndo3 Fi1 23 = Xy F123-

(ii) By means of the relations of the decorated rack algebra o we compute:

92*1,3%12 = Z ha®Qaha>c®(WcWO-;1(a))_la

a,ceX
R2Fr3 =Y, ha®qahe,p)® (wawp) .
abeX
Due to the fact that b>a = 0 (7;1 ®) (a)) and wawp, =W, )Wy, (q) WE conclude
that 775, ;%12 = #12F7, 3 and consequently (recall 513 = F21.75] 3)

* * F
Fo3%12 = Fo1 T3 3% = FnKiFir3 = FiF 123

Corollary 5.14 Let </ be a decorated rack algebra, F € of ® o , such that F =

Zbexhb®w;1 and%’g = fﬂfi;l, i,j€{1,2,3}. We also define:

Fioni= ) haow @w,' = Fhayi= Y ha®@hg,p@w, w11
acX a,beX

Let also for every a,b € X, 05,4)(Th(a)) = a. Then, the following statements are
true:

1. FnFy = F3F103 = Fi23.
2. Fori,j.ke{1,2,3}: (i) Fy; :%ﬁ%jk and (ii) F ji = Rf; Fiji.
3. %le.@ZFI =1 e, Le. F* is reversible.

Proof. This is an immediate consequence of Theorem 5.13. %' is reversible by
construction.

We now examine the twisted % —matrix as well as the twisted co-products of the
set-theoretic Yabg-Baxter algebra (see also [20, 22]).

Remark 5.15 (Twisted universal Z-matrix) We extract now the explicit expressions
of the twisted universal %—matrix and the twisted coproducts of the algebra. We
recall the admissible twist F =Y jcx hp ® w;l .

o The twisted Z—matrix:

%F :y(vp)%yfl = Z hbw;I ®htJQGa(h)wGa(h)'
a,beX
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e The twisted coproducts: Ap(y) = FA(y).F ',y e o (inthis Remark o denotes
the set-theoretic Yang-Baxter algebra) and we recall, for a € X,

Awa) =wa@wa, Alhd) =Y, hy®he
b,ceX

boc—ar A (9a) = 9a @ 4qa-

Then, the twisted coproducts read as: Arp(Wa) = Lpex ho,(b)Wa @ W (a)s
Ap(ha) = Ypex o @ W, hewp |y s AF(da) = Lpex dahash @ W), qaWash,

and it immediately follows that #" Ap(Y) = A}om(Y)(%’F, Yed.

Remark 5.16 Fundamental representation & the set-theoretic solution:
Let p : of — End(V), such that

9a — Z €x,a>xs hq €aa, Watr> Z €6,(b),b> (12)
xeX beX

then F — F := ¥ pex €aa ® €, (p)p and Bt = Y apeX €b,0,(b) © €a,ny(a)s
where we recall that for all a,b,c € X, 0,(5)(07,(4)(¢)) = 04(0p(c) and T,(a) :=
G;al(h)(ca(b) >a) and (X,>) is a rack (see also [60, 50, 22]). This is the linearized
version of the general set-theoretic solution of the Yang-Baxter equation.

Recall, & =Y, pex €ap @ epa is the permutation (flip) operator, then the so-
lution of the braid equation is the linearized set-theoretic solution, ¥ = 2rf =
Yibex €a,0,(b) ® €p,1(a)-

In the special case, where the set-theoretic solution of the braid equation is in-
vertible, i.e. (F)? = id, then O, (b)(T(@)) = a, which leads to a>b = b for all
a,b € X (see also Remark 5.6). That is to say that all involutive set-theoretic F-
matrices are coming from the permutation operator via the set-theoretic twist, i.e.
' =F2F~" (and r¥ = F\°P)F~") where recall 2 is the permutation operator and
F=Yapex €aa®ea,y, ,, such that for all a,b,c € X, 64(0p(c)) = O, (1) (Fz,(a) (¢))
and 64, (T(a)) = a (see also Corollary 5.14 and [24, 26]).

6 Solutions from Drinfel’d twists

The main aim of this section is the derivation of general invertible solutions of the
set-theoretic Yang-Baxter equation via an admissible Drinfel’d twist.

From the analysis of Section 5 we conclude that any admissible set-theoretic
twist satisfies two fundamental conditions, for all a,b,c € X,
04(0p(¢)) = O, (5)(O,(a)(€)); O, ) (Th(a)) = Ou(b)>a and (X,>) is a rack (see
also Theorem 5.13). It is thus convenient to introduce an alternative definition for
the admissible set-theoretic twist at the fundamental representation (see also Remark
5.16 and a similar definition first introduced in [24]).
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Definition 6.1 Let (X,>) be a rack and define F 1=}, \cx xx ® €, (y)y, Such that
oy : X — X is bijective. F is called an admissible set-theoretic Drinfel’d twist if for
all a,b,c € X (see also Theorem 5.13)

(a) 6a(0p(c)) = O, () (O, (a) (€))-

(b) 05, (Ts(a)) = 0u(b)>a.

Notice that in the involutive case the second condition above becomes G, () (Ty(a)) =
aforalla,beX.

6.1 Involutive case

We first focus on the systematic derivation of involutive, set-theoretic solutions of
the braid equation by exploiting the existence of an admissible Drinfel’d twist.
The following useful proposition can be now formulated (see also [56, 57, 23]).

Proposition 6.2 Ler (X,0,1) be a group and let 0,,7, : X — X, such that for all
a,b € X, o, is a bijection, acb = 0,(b) o tp(a) and o4, (Tp(a)) = a. Moreover,
define +: X x X — X, such that a-+b := ao o, ' (b) and assume that + is associative
and for all a,b,c € X,ao(b+c)=aob—a+aoc. Thenforall a,b,c € X,

1. (X,+,0) is a brace and 6,(b) = —a+aob.
2. 04(0(¢)) = 04, 1) (07, (a(c))-

Proof.

1. For the proof of (X,+) being a group we refer the interested reader to [23]
for a step by step constructive approach of the algebraic structure. Then due
to distributivity condition (X,+,0) is a skew brace (see the original works on
(skew) braces [55, 56, 57, 39]). To prove that (X,+,0) is a brace we need to
show that (X,+) is an abelian group.

Indeed, from condition 6, (5)(7,(a)) = a and the structure group condition a o
b= o,(b) o 15(a) we obtain for all a,b € X,

Gu(b)toaob= G;‘ll(b)(a) = aoc, '(b)=boo, '(a) = a+tb=b+a,
i.e. (X,+) is abelian. We used in the last part of the proof above the definition
a+b:=aoc, ' (b).

Moreover, for all a,b € X
aoc, '(b)=a+b = o, (b)=a'o(a+b)

and

o, (c.(b))=b = a'o(ato,b)=b = c,(b)=—a+aob.
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2. Condition (2) is condition (8) and its proof is given in the proof of Proposition
2.14.

Notice that in Proposition 6.2 we assume a non-standard distributivity condition
as the usual one does not apply (see for more details [23]). Indeed, let us assume
that the usual distributivity condition holds, then

ao(1+0)=a = aol4+ao0=a = ao0=0 = a=ac0 '=1, VacX.

The latter statement is false given that we consider sets with not just the unit element
1. In general, when a non-empty set X is equipped with two groups operation o
and +, then the non-standard distributivity condition of Proposition 6.2 (or slight
variations of it [23]) applies.

We conclude from Proposition 6.2 that the maps o, (b) and 1, (a) provide an invo-
lutive solution #(a,b) = (0,(b), T(a)) of the set-theoretic braid equation (Rump’s
solution, Proposition 2.14).

6.2 Non-involutive case

We recall from Section 4 (see also [24]) that invertible, non-involutive, set-theoretic
solutions, which are the main focus of this subsection, are constructed from the
rack-quandle solutions via an admissible Drinfel’d twist.

The following proposition is useful in describing general set-theoretic solutions.

Proposition 6.3 Let 6,,7, : X — X, such that for all a,b € X, 6, is a bijection and
Tp(a) = Ggal(b)(ﬁa(b) >a). Moreover, let (X,0,1) be a group, such that for all a,b €
X,aob=c,(b)o1(a) and define ® : X x X — X, such that aeb := aoc, ' (b)o&,
& € X is a fixed element. Then, for all a,b € X,
1. (a)aeb="Dbe(bra)
(b) aec,(b) =aobok.
2. Assume that (X,e) is a group and setaeb =:a+band & = 1.
a. Then, b>a= —b+a+b, where —b is the inverse of b in (X, +) (conjugate
quandle), and c,(b) = —a+aob.
b. If (X,+,0) is a skew brace, then 6,(0y(c)) = O, ()(Oy, () (¢)) and o4(b>
c) = 04(b)>0oy(c).

Proof.

1. (a) Using the definitions @b =aoo, ' (b)o& and b>a = b (Ty1() (@) for all
a,b € X, we compute

be(bra)=beo,(7, ) (a))=boo, " (Gb(rcygl(b) (a)))o& =boT, (b>(a)) o€.

But due to the condition aob = 0,(b) o 7, (a) we conclude thataeb = be (b>a).
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(b) From the definition of a @ b, and the fact that o, is bijection:
aec,(b)=aoc, (c,(b)o&E =aobok.

2. (a) The first part follows immediately from (1) (a). From (1) (b) we immediately
conclude that o,(b) = —a+aob.
(b) This is condition (8) and it is shown in the proof of Proposal 2.14.

Notice that the binary operation e such that it satisfies condition (1) (a) in Propo-
sition 6.3 is not uniquely defined (see [24] for a more detailed discussion). How-
ever, based on the definition of the operation e given in Proposition 6.3 we pro-
vide below a classification of non-involutive set-theoretic solutions given a specific
rack/quandle.

In what follows we assume the existence of the map o, : X — X being a bijection
and (X, o) is a group.

1. The conjugate quandle. This case corresponds to Part (2) of Proposition 6.3.
Recall that o, satisfies condition (a) of Definition 6.1 and provides a solution
to the Yang-Baxter equation. We also confirm that condition (b) of Definition
6.1 is equivalent to a o b = 0,(b) o 15(a). This corresponds to the Guarnieri-
Vendramin solution [39].

2. The affine quandle. We generalize the definition of an affine quandle as fol-
lows. Let f: X — X be a a bijection and

f(=a+b+c)=—f(a)+f(b)+ f(c) ey

forall a,b,c € X. Define also>: X x X — X, such that b>a = —f(b) + f(a) +b
then (X,>) is called an affine quandle. Note that, due to condition (1) it is shown
that (X,1>) is a quandle. We define for all a,b € X aeb := f(a)+b, and conclude
that f(a) +b = f(b) + (b>a). Then we obtain from the definition of o, ! of
Proposition 6.3, o, ' (b) = a~' o (f(a) +b) o £~ and consequently o,(b) =
—f(a)+aobo&. Note that o, satisfies condition (a) of Definition 6.1 if and
only if

ao f(b) —a+fla)o& ™" = ou(b) o f(Tp(a)) — 0u(b) + f(0a(b)) 0 E~". (2)

For instance, let (X, +,0) be a skew brace and consider f(a) :=aoz—z,z€X
is a fixed element and & = 1, then conditions (1) and (2) are satisfied. We also
confirm that condition (b) of Definition 6.1 is equivalent to aob = o, (b) o T (a),
(see also [22, 24]).

3. The core quandle. Recall the core quandle. Recall that (X,+) is a group and
we define for all a,b € X, bra = b —a+ b. We also define for all a,b € X,
aeb:=—a+b,then —a+b=—b+ (b>a). Then according to Proposition 6.3
for & =1, 0,(b) = a+aob. We confirm that o, satisfies condition (a) and (b) of
Definition 6.1. Notice, in particular that 6,(0p(c)) = O40p(c), forall a,b,c € X,
if and only if (X,+,0) is a brace, i.e. (X, +) is abelian.



70 Anastasia Doikou

And with this we conclude our discussion on the derivation of generic solutions of
the set-theoretic Yang-Baxter equation from admissible twists. A more exhaustive
analysis of admissible twists and general set-theoretic solutions in accordance to
Proposition 6.3 will be presented in a forthcoming publication.
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