
Analytic continuation in the sinh-Gordon model

Patrick Dorey and Brandon Morrison

Abstract We study the analytic continuation of the finite-volume energy levels of
the sinh-Gordon model. The structure is surprisingly rich, and in the small-coupling
limit we find systematic patterns which suggest that a complete picture may be
possible.

1 Introduction

The idea that different states in a quantum theory might be linked by a process
of analytic continuation in a parameter is an old one, perhaps most spectacularly
realised in Bender and Wu’s analysis of the quantum anharmonic oscillator [2]. It
is natural to ask whether a similar level of understanding could be attained for a
quantum field theory, and in this short note we describe some steps in this direction.

Our main focus will be the quantum sinh-Gordon model, an integrable quantum
field theory in 1+1 dimensions. But to illustrate the main idea we start with a much
simpler example, discussed in [6]: the finite volume spectrum of the 1+1 dimen-
sional Ising field theory. With the spatial dimension curled up to form a circle of
circumference R, the ground state energy can be written as [9]

E0(M,R) = Ebulk(M,R)− π

6R
c(Ising)

0 (MR) ,

where M the inverse of the bulk correlation length, Ebulk(M,R) contains the bulk
contribution, and c(Ising)

0 (MR), the so-called effective central charge for the Ising
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field theory, is given in closed form by the following expression:

c(Ising)
0 (r) =

1
2
− 3r2

2π2

(
log

1
r
+

1
2
+ lnπ − γE

)
+

6
π

∞

∑
k=1

(√
r2 +(2k−1)2π2 − (2k−1)π − r2

2(2k−1)π

)
with r = MR and γE = 0.57721566.. . Apart from the logarithmic singularity at the
origin, c0(r) has a sequence of square-root singularities in the complex r plane,
at odd-integer multiples of iπ . If R (or equivalently r) is continued along a closed
path from the positive real axis, around the singularities with k = k1, k2. . . kn and
back, then the corresponding square roots will flip signs from positive to negative,
decreasing c0(r), and thereby increasing E0(R) to

Ek1,k2...kn(M,R) = E0(M,R)+
2
R

n

∑
i=1

√
r2 +(2k−1)2π2

which is the energy of an excited state of the model, containing 2n Bethe-quantised
particles in the infrared.

In more general, interacting cases, an explicit representation of the finite-volume
ground state energy is not available, and so the analysis above cannot be applied
directly. However, when the quantum field theory in question is integrable with a
known exact S-matrix, E0(R) can be expressed in terms of solutions the relevant
thermodynamic Bethe Ansatz (TBA) equations [11]. For a theory with a single
scalar particle of mass M and exact scattering matrix S(θ) (where θ is the rapid-
ity), confined to live on a circle of circumference R, the recipe is as follows. First,
find the so-called pseudoenergy ε(θ) by solving the following non-linear integral
equation (the TBA equation)

ε(θ) = r coshθ −φ ∗L(θ) ,

where r = MR is the system size in units of the correlation length, and

L(θ) = log
(

1+ e−ε(θ)
)
,

f ∗g(θ) =
1

2π

∫
R

f (θ−θ
′)g(θ ′)dθ

′ ,

φ(θ) =−i
∂

∂θ
logS(θ) .

Next, evaluate the effective central charge, also sometimes called a scaling function:

c0(r) =
3

π2

∫
R

r coshθL(θ)dθ .

In terms of this scaling function we have
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E0(R) = Ebulk(M,R)− π

6R
c0(r) .

(Here Ebulk(M,R) is a possible bulk term which will not play a role in the continu-
ations we discuss below.) For the Ising case, S(θ) =−1, so φ(θ) = 0 and the TBA
equation is easily solved to yield the following alternative formula for c(Ising)

0 (r):

c(Ising)
0 (r) =

3
π2

∫
R

r coshθ log
(

1+ e−r coshθ

)
dθ .

In the more interesting cases of interacting quantum field theories, φ(θ) will be
nontrivial and it won’t be possible to solve for ε(θ) explicitly. Nevertheless, it is
possible to track how the TBA equation itself changes under analytic continuation.
This was studied in detail in [6], taking the Yang-Lee model (a perturbation of the
M2,5 minimal model) as the initial example. The key is to keep track of the zeros of
1+ e−ε(θ), the argument of the logarithm in the definition of L(θ), in the complex
θ plane. (By a small abuse of language we will sometimes refer to such points as
singularities of the pseudoenergies, even though they are really only singularities of
the associated functions L(θ).) For general r these will all be clear of the real axis.
But if a pair of these zeros, say at θ0 and −θ0, approach the real axis as r varies
along some path1, the TBA convolution risks becoming ill-defined. The solution is
to distort the contour away from the real axis and around the singularities to allow
them to cross over, which yields the correct analytic continuation of the equation.
Returning the contour to the real axis generates a pair of residue terms, one each for
the singularities at θ0 and −θ0, which can be found explicitly via an integration by
parts, as explained in [6]. The net result is that the TBA equation becomes

ε(θ) = r coshθ + log
S(θ −θ0)

S(θ +θ0)
−φ ∗L(θ) .

Likewise, the expression for c0(r) acquires an extra term, becoming

c(r) =
12r
π

isinhθ0 +
3

π2

∫
R

r coshθL(θ)dθ .

This is no longer the effective central charge, but rather a scaling function associ-
ated with an excited state of the model. The new excited-state TBA equation might
appear to have an extra unknown, θ0, the location of the singularity which has
crossed the integration contour. This is fixed by the self-consistency requirement
that 1+ eε(θ0) = 0, or equivalently ε(θ0) = (2N +1)πi with N ∈ Z.

In principle, this process can now be repeated, varying r again in the complex
plane and looking for occasions when θ -plane singularities for the excited-state
TBA equation cross the real axis, which will generate more complicated TBA equa-
tions corresponding to further excited states. At each stage the TBA equations found
are exact, and some of their asymptotics can be evaluated exactly in small and large

1 Since the TBA equation is symmetric in θ , the zeros in question are always paired in this way.
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r limits. However, the ‘connectivity’ of these equations depends on how, and in
what order, singularities of the pseudoenergies cross the TBA integration contour.
This relies on the behaviour of solutions of the TBA equations at finite (and indeed
complex) values of r, something which needs to be found numerically. In [6] (for the
Yang-Lee model) and then [7] (for a further series of perturbed minimal models),
the first few sheets of the Riemann surface of energy levels and the structure of the
branch points linking them were found. However, and in spite of some further work
with Lorenz Hilfiker and István Szécsényi [5], a complete picture for these theories
has proved elusive: the arrangements of the low-lying levels do not show any clear
patterns, and gathering more extensive data is made difficult by the fact that, even
with the addition of damping factors, the numerical iteration of the TBA equations
tends not to converge near branch points.

Instead, in the following we will report on some work on a different theory with
more structure in the form of a tunable coupling, which will allow us to see evidence
of a more uniform behaviour in the limit where this coupling is small: the sinh-
Gordon model.

2 The sinh-Gordon model and its TBA equation

The infrared description of the sinh-Gordon model as a scattering theory is particu-
larly simple: it is a theory of a single massive scalar particle, with an exact scattering
matrix S(θ) which depends on a real parameter p lying between 0 and 1:

S(θ) =
sinh(θ)− isin(π p)
sinh(θ)+ isin(π p)

This has physical strip zeros at iπ p and iπ(1−p). In the conventions of [13], p is
related to the coupling b in the Euclidean action

AShG =
∫ [ 1

4π
(∂µ φ)2 +2µ cosh2bφ

]
d2x

by

p =
b2

1+b2 .

The strong-weak coupling duality of the model under b → 1/b is reflected in the
symmetry of S(θ) under p → 1− p, allowing p to be restricted to 0 < p ≤ 1/2.

The TBA equation for this model assumes the standard form given in the last
section:

ε(θ) = r coshθ −φ ∗L(θ) .

Since S(θ) has zeros at θ = iπ p and θ = iπ(1−p), and simple poles at θ = −iπ p
and θ =−iπ(1−p), φ(θ) =−i ∂

∂θ
logS(θ) has simple poles at these same locations.

Once the pseudoenergy has been found on the real axis, for example by numerical
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iteration of the TBA equation, allowing θ to become complex provides a represen-
tation for the same function in the complex plane. However, due to the poles in the
kernel φ(θ), this only holds on the strip −π p < Imθ < π p. To extend further, we
can follow Aliosha Zamolodchikov [13] and define an associated pair of functions,
Y (θ)

Y (θ) = e−ε(θ) = exp
(
−r cosh(θ)+

1
2π

∫
R

φ(θ −θ
′)L(θ ′)dθ

′
)

and X(θ)

X(θ) = exp
(
− r

2sin(π p)
cosh(θ)+

1
2π

∫
R

1
cosh(θ −θ ′)

L(θ ′)dθ
′
)
.

The kernel in the convolution defining X(θ) is 1/coshθ =−i ∂

∂θ
logSX (θ), where

SX (θ) =
1
i

1+ ieθ

1− ieθ
.

Note that SX (0) = 1, SX (θ)SX (−θ) = 1, and its nearest poles and zeros to the real
axis are at ±iπ/2. This means that while the initial definition of Y (θ) holds in the
strip −π p < Imθ < π p, that of X(θ) holds in the wider strip −π/2 < Imθ < π/2.

In [13] Zamolodchikov further showed that the X and Y functions just defined
satisfy a number of functional relations, most succinctly expressed using an alterna-
tive parameter a = 1−2p . These are an X-system:

X
(

θ +
iπ
2

)
X
(

θ − iπ
2

)
= 1+X

(
θ +

iaπ

2

)
X
(

θ − iaπ

2

)
;

a Y -system:

Y
(

θ +
iπ
2

)
Y
(

θ − iπ
2

)
=

(
1+Y

(
θ +

iaπ

2

))(
1+Y

(
θ − iaπ

2

))
;

and a couple of ‘X-Y -systems’:

X
(

θ +
iaπ

2

)
X
(

θ − iaπ

2

)
= Y (θ) ;

X
(

θ +
iπ
2

)
X
(

θ − iπ
2

)
= 1+Y (θ) .

Under duality, a maps to −a and all of these relations map to themselves.
Unlike the more familiar Y -systems associated with relevant perturbations of

many rational conformal field theories (see for example [12, 10]), these functional
equations do not imply any straightforward periodicity properties for their solutions.
As discussed in [13], this is associated with the subtleties of the UV behaviour of
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the sinh-Gordon model. Here we just add two further remarks. First, at the self-
dual point p = 1/2, the X-system reduces to X

(
θ + iπ

2

)
X
(
θ − iπ

2

)
= 1+X(θ)2 .

After a trivial relabeling this is the recurrence relation associated with the simplest
cluster algebra of infinite type, namely A(1)

1 , a (non-periodic) closed form solution
to which was found in [14]. Second, in the small-coupling, p → 0 limit we have
a = 1−2p → 1 and the two X-Y systems might appear to come into conflict. How-
ever this is not the case: for X(θ), the factor of exp(− r

2sin(π p) cosh(θ)) in its initial
definition comes to dominate in the p → 0 limit, so that

X(θ)→

{
0 | Imθ |< π/2
∞ π/2 < | Imθ |< 3π/2

and so on. This explains the apparent disagreement between the two X-Y -systems
at p = 0: the left-hand sides of these equations cease to be well-defined in this
limit. It is possible to get finer control of this limit, and get to an X-Y -system which
continues to make sense when p → 0, by defining, for | Im(θ)|< π

2 ,

X̃(θ) = exp
(

1
2π

∫
R

1
cosh(θ −θ ′)

L(θ ′)dθ
′
)

so that
X(θ) = e−

r
2sin(π p) cosh(θ)X̃(θ) .

The X and X-Y systems become the following X̃ and X̃-Y systems:

X̃
(

θ +
iπ
2

)
X̃
(

θ − iπ
2

)
= 1+ e−r coshθ X̃

(
θ +

iaπ

2

)
X̃
(

θ − iaπ

2

)

X̃
(

θ +
iaπ

2

)
X̃
(

θ − iaπ

2

)
= er coshθY (θ)

X̃
(

θ +
iπ
2

)
X̃
(

θ − iπ
2

)
= 1+Y (θ)

For p = 0, a = 1 these equations become

X̃
(

θ +
iπ
2

)
X̃
(

θ − iπ
2

)
= 1+ e−r coshθ X̃

(
θ +

iπ
2

)
X̃
(

θ − iπ
2

)

X̃
(

θ +
iπ
2

)
X̃
(

θ − iπ
2

)
= er coshθY (θ)

X̃
(

θ +
iπ
2

)
X̃
(

θ − iπ
2

)
= 1+Y (θ)

and are no longer inconsistent. Indeed, equating the right-hand sides of the second
and third equations implies that, in this limit, Y (θ) = 1/(er coshθ −1) , a result which
will be found by other means in the next section. However we should add a caveat
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that this is only consistently the limiting form of Y (θ) in the region | Imθ | < π/2.
For π/2 < | Imθ |< π , our numerical results show that Y (θ) develops singularities
along a zig-zag pattern of lines as p → 0, as illustrated in Figs. 3 and 4 below.

3 A subtlety in the small-p limit

As p → 0 the kernel φ(θ) becomes increasingly concentrated near θ = 0. Taking
the limit, φ(θ −θ ′) can be replaced by 2πδ (θ −θ ′) in the convolution term in the
TBA equation, which becomes

ε(θ) = r coshθ −
∫
R

δ (θ −θ
′)L(θ ′)dθ

′ = r coshθ −L(θ) .

Exponentiating and solving recovers the formula for Y (θ) given at the end of the
previous section:

Y (θ) = e−ε(θ) = 1/(er coshθ −1) .

Substituting into the formula for c(r),

c(r) =− 3
π2

∫
R

r coshθ log
(
1− e−r coshθ

)
dθ .

Apart from some signs, this is very similar to the integral formula for c(Ising)
0 (r)

reported in the introduction. In fact, and perhaps unsurprisingly, it precisely matches
c(boson)

0 (r), the effective central charge for a single free boson [9]. Just as for the Ising
field theory, an alternative formula exists which makes its analytic structure clear:

c(boson)
0 (r) = 1− 3r

π
+

3r2

2π2

(
log

1
r
+

1
2
+ ln4π − γE

)
− 6

π

∞

∑
k=1

(√
r2 +(2kπ)2 −2kπ − r2

4kπ

)
.

This time, the predicted branch points are at even integer multiples of iπ , in con-
trast to the odd integer multiples seen for the Ising field theory. But more crucially,
the signs of the square root terms are reversed. When continuing c(Ising)

0 (r) around
branch points from the ground state, the resulting flips in signs of square roots led
to an increase in E(m,R), and excited state energies which were higher than that
of the ground state. But with the square roots in the formula for c(boson)

0 (r) starting
with the opposite signs, any flips will decrease the corresponding E(m,R), leading
to ‘states’ with lower energy than the ground state. Since this cannot be correct, the
whole analytic continuation programme might be questioned. Fortunately, it can be
argued that the case of the free boson is genuinely exceptional.
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Consider first a (rather standard) toy example: the quantum mechanical simple
harmonic oscillator, which can be thought of as a free boson in a universe with just
one point. The eigenvalue problem is(

− d2

dx2 +ν
2x2
)

ψ(x)≡ Hν ψ(x) = Eψ(x)

with ν a real parameter, and the energy levels, found by imposing ψ ∈ L2(R), are

En = (2n+1)ν n = 0,1,2 . . . .

Now, in analogy with the continuations performed earlier, set ν = reiφ , with r and φ

real, and continue φ from 0 to π . Then ν continues to −ν and all the energies change
sign (and thus decrease), even though under the continuation Hν → H−ν = Hν ,
so the eigenvalue problem might appear to be unchanged. The resolution of this
apparent paradox comes from realising that eigenvalue problems associated with
differential operators are specified not only by the differential operator, but also by
the boundary conditions that are imposed. For the simple harmonic oscillator, the
continuation just described rotates the associated Stokes sectors by ninety degrees,
which in turn moves the contour along which the wavefunction must be square in-
tegrable from R to iR – and for this revised eigenvalue problem, the eigenvalues are
indeed the negatives of their more usual values.

The same phenomenon occurs for two simple harmonic oscillators, coupled to-
gether, when the continuation is in their coupling [1]. This corresponds to a free
boson in a universe with two points, with the ‘size’ of this universe relating to the
strength of the coupling. Continuation on a closed path from the decoupling point
and back can flip the boundary conditions and send energies to their negatives. How-
ever, this interference in the boundary conditions is only possible because the cou-
pling between the oscillators is of the same quadratic order at infinity as the potential
for each single oscillator. For more severely confining potentials such as the hyper-
bolic cosine found in the sinh-Gordon model, this is not the case and a continuation
in system size would not be expected to flip boundary conditions from their start-
ing configurations. In the absence of a detailed theory of the Stokes sectors for the
relevant functions of many variables, the reasoning just given is far from being rig-
orous. However our numerical work has confirmed that for the sinh-Gordon model,
continuation in r at fixed but nonzero p, no matter how small p is taken to be, al-
ways leads to states of higher, not lower, energies. This implies that the process of
analytic continuation in r does not commute with the taking of the p → 0 limit, and
so the surprising (and unfortunate) continuation of the ground state energy when p
is strictly zero should not deter us from its study for p > 0.

As a last remark we note that the at first sight surprising continuation proper-
ties of the free boson ground state energy have an analogue in the behaviour of
T T̄ -deformed conformal field theories with ceff > 0 [4]. In that context the branch
point occurs for physical values of R and is interpreted as a Hagedorn singularity.
It would be interesting to investigate whether the considerations just given might be
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relevant for understanding the otherwise mysterious level that is found on continua-
tion around this point.

4 Numerical results

In this section, we outline some of the results we have obtained from numerical work
on the sinh-Gordon TBA, focusing on small but non-zero values of p. The picture
we find is not yet complete, and we hope to be able to give a more comprehensive
description elsewhere.

The procedure we followed is as described in the introduction. First we solved the
ground state TBA to find the effective central charge c0(r) in the complex r plane2.
A typical plot, for p = 0.04, is shown in Fig. 1 (a). For sufficiently negative values
of Re(r), iteration of the TBA equation failed to converge no matter how strongly it
was damped, and these regions are left blank on the figure3. Along the edge of this
region lies a sequence of branch points, labeled on the figure with the letters A. . . D
and A′. . . D′, all of which turn out to be of square root type. As p → 0, the locations
of these branch points tend to even multiples of 2πi: those at A and A′ to 2πi, those
at B and B′ to 4πi, and so on. As the TBA system is continued around these branch
points, pairs of points in the complex θ plane at which e−ε(θ) =−1 cross the contour
of integration, converting the equation into an excited-state equation in the manner
reviewed in the introduction. Continuation back to the real axis results in excited
states which in the infrared, that is for large real values of r, contain two particles
with equal and opposite momenta, and Bethe quantum numbers ±1 for A and A′,
±2 for B and B′, and so on. It is worth noting that continuation about paired branch
points such as A and A′ leads to the same excited state; given that all branch points
are square roots, this means that continuation along a loop encircling both but no
others is monodromy free.

Once the relevant excited state TBA equations have been identified, plots can be
made of the scaling functions implied by these equations. One such plot is shown
in Fig. 1 (b), again for p = 0.04, and two more are in Figs. 2 (a) and (b). The branch
points on these plots which connect back to the ‘parent’ ground state energy level
are indicated with the corresponding letters; there are also further branch points,
which connect not with the ground state, but rather with more highly-excited levels,
with more than two particles in the infrared. Continuing around these points, we
have been able to connect with states containing 4 and then 6 particles, and there
seem to be no obstacles to going further. Given that the θ →−θ symmetry of the
ground-state TBA is preserved under continuation, the states we find are always

2 We should note that, as done in previous work [6, 7], even for the ground state it was necessary
to deform the contour of integration in the convolution term to lie a little below the real axis at +∞,
and above it at −∞, in order to extend to values of r with argument larger than π/2 .
3 In the p → 0 limit this convergence failure can be understood analytically, as will be explained
in the next section.
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(a) (b)

Fig. 1 Contour plots of the real and imaginary parts of the p = 0.04 sinh-Gordon effective central
charge c0(r) (a), and of the scaling function c(r) for the lowest two-particle excited state (b).
Horizontal and vertical axes correspond to the real and imaginary parts of r, while the letters
A. . . D and A′. . . D′ label selected square-root branch points, described further in the main text.

symmetrical with respect to a negation of all momenta, but we did not observe any
other restrictions on the set of states that can be reached.

To perform these continuations, it is important to keep track of the places where
singularities (in the sense given in the introduction) of the pseudoenegies approach
the real axis. For this purpose we used the X-system to continue X(θ) beyond the
strip −π/2 < Imθ < π/2 on which it is initially defined, and then the X-Y system
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(a) (b)

Fig. 2 Contour plots of the real and imaginary parts of the scaling function c(r) for the second-
and third-lowest symmetrical two-particle excited states of the p = 0.04 sinh-Gordon model, with
Bethe quantum numbers N =±2 (a) and N =±3 (b).

to reconstruct Y (θ). For small values of p, high precision is needed in order to
eliminate numerical artifacts; we used the Advanpix toolbox in Matlab [8].

The plots shown in Figs. 3 and 4, all computed for r = 1, illustrate the surprising
behaviour of the ground state pseudoenergy as the small-p limit is taken at real val-
ues of r. They show contours of Z(θ)/(1+Z(θ)), where Z(θ) = |1+Y (θ)|. This
function lies between zero and one and its zeros are the ‘singularities’ of the pseu-
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p=0.5

p=0.1

p=0.05

Fig. 3 Contour plots of Z(θ)/(1+ Z(θ)) in the complex θ plane, where Z(θ) = |1+Y (θ)|, at
various values of p, with r = 1 . The horizontal lines lie at Imθ =−pπ , 0, pπ , π/2 and π .
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p=0.01

p=0.001

p=0.0

Fig. 4 Contour plots of Z(θ)/(1+Z(θ)) for further values of p, again with r = 1. For the final
plot, Y (θ) is the function 1/(er coshθ −1) found in the formal p → 0 limit, as discussed in the main
text. The labels a. . . d, a′. . . d′ on the plot for p = 0.01 indicate zeros of Z(θ) which cross the real
axis under continuation around the branch points A. . . D, A′. . . D′, respectively.
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doenergy, that is the points at which Y (θ) =−1. In a central strip −π/2 < Im(θ)<
π/2, we found that as p→ 0, the pseudoenergy tends smoothly to the p= 0 solution,
shown in the final plot of Fig. 4, and Z(θ) is free of zeros. However, further from the
real θ axis the situation becomes more complicated: zeros accumulate along a set
of curves in the strip π/2 < Im(θ) < π , resulting in a sequence of inverted Y-like
structures in the upper half plane which spread out from a central pair of ‘cat ears’,
while their mirror images are formed in the lower half plane. Though not visible on
the plots, this pattern repeats itself at larger values of | Im(θ)|.

During continuation around one of the ground state branch points shown in
Fig. 1 (a), the pattern of zeros distorts, and a zero from the tip of one of the struc-
tures in the upper half plane crosses the integration contour into the lower half plane,
while its negative makes the opposite journey. Together, they become the pair of
‘activated’ singularities at θ0 and −θ0 in the excited-state TBA equation. The rel-
evant singularities are indicated on the p = 0.01 plot of Fig. 4, and their pairing
matches the pairing of ground state branch points seen in Fig. 1 (a): under continua-
tion around branch point A, the singularity at a crosses to the lower half plane, while
under continuation about A′, it is its neighbour at a′ which crosses, and likewise for
b and b′, c and c′, and d and d′. A similar picture is found for continuation of the
excited state TBA equations.

5 TBA iteration in the small-p limit

One feature of the scaling function plots shown in the last section was the presence
of regions of the complex r plane where iteration of the TBA equation failed to
converge. In the small-p limit their boundary acquires a characteristic, somewhat
sinusoidal, shape, which can be understood analytically.

We begin by writing the TBA equation as ε = F [ε] where

F [ε] = r coshθ − 1
2π

∫
R

φ(θ −θ
′) log(1+ e−ε(θ ′))dθ

′ .

This can be solved numerically by iteration: εn+1 = F [εn]. To help convergence
it is useful to introduce a damping factor λ with 0 < λ ≤ 1 and instead iterate
εn+1 = Gλ [εn] with Gλ [ε] = (1−λ )ε +λF [ε]. However even this does not always
converge. In the limit p → 0, we have F [ε] = r coshθ − log(1+ e−ε(θ)), the iter-
ations at different values of θ decouple, and the lack of convergence can be un-
derstood as follows. Setting r coshθ = r̂, the fixed point ε∞ for both the F and G
iterations is the p = 0 TBA solution found earlier, satisfying eε∞ = er̂ −1 . For this
to be stable for εn+1 = Gλ [εn] we need |G′

λ
(ε∞)|< 1, that is

|1−λ +λe−r̂|< 1 ,

or, with r̂ = x+ iy,



Analytic continuation in the sinh-Gordon model 87

Fig. 5 Convergence regions
for the p = 0 TBA equation
in the complex r = x+ iy
plane, for various values of
the damping factor λ . For the
leftmost curve, λ = 0.01; for
the rightmost, λ = 0.32. In all
cases the convergence region
is to the right of the curve
shown.
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|1−λ +λe−x−iy|2 = (1−λ )2 +2λ (1−λ )e−x cos(y)+λ
2e−2x < 1

which implies
λe−2x +2(1−λ )e−x cos(y)−2+λ < 0 .

This is the region of the complex x+ iy plane to the right of the curve

x(y) =− log

(
−(1−λ )cos(y)+

√
(1−λ )2 cos2(y)+(2−λ )λ

λ

)
.

The point θ = 0, for which r̂ = r, always lies on the integration contour and so for
convergence r must certainly lie in this region, which is shown for various values of
λ in Fig. 5. The smaller the value of λ , the stronger the damping, and the larger the
convergence region becomes. However, for cos(y) ̸= 0 and λ → 0 we have

x(y) =− log

(
(1−λ )|cos(y)|

λ

(√
1+

(2−λ )λ

(1−λ )2 cos2(y)
−σ

))

∼

{
log(cos(y)) σ =+1

log(λ/2)− log |cos(y)| σ =−1



88 Patrick Dorey and Brandon Morrison

where σ = sgn(cos(y)). The fact that the limiting curve for σ =+1 is independent
of λ means that in the p → 0 limit there are ‘forbidden zones’ lying in the strips
| Im(r)− 2nπ | < π/2, n ∈ Z, where the iterative algorithm does not converge no
matter how strong the damping. This picture is consistent with our numerical results
at small but nonzero values of p.

6 Conclusions

In this article we have shown that the analytic continuation of energy levels in the
finite volume sinh-Gordon model simplifies significantly in the p → 0 limit. How-
ever, much work remains to be done before we can claim to have a complete picture.
In particular, it turns out that the branch points labeled in Fig. 1 (a) are not the only
ones which are accessible from the ground state: there are others, hidden in the re-
gion where the numerical methods we have presented so far do not converge. Some
of these can be glimpsed by allowing the convergence factor λ to become complex4,
though we suspect that their detailed study will require a more sophisticated ap-
proach, possibly along the lines of that used in [3]. Our preliminary results indicate
that these extra branch points lie on curves in the complex r plane terminating on
the ground state branch points that were already discussed, condensing in the p → 0
limit much as did the zeros of Z(θ) for the pseudoenergy. If so, this condensation
should be relevant to a deeper understanding of the subtleties that were described in
section 3, and shed light on the mechanism by which continuation to states of higher
energy for nonzero values of p is flipped to a continuation to a shadow sector with
lower energies when p is exactly equal to zero.
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4. Cavaglià, A., Negro, S., Szécsényi, I.M., Tateo, R.: T T̄ -deformed 2D Quantum Field Theories.
JHEP 10, 112 (2016). doi:10.1007/JHEP10(2016)112

5. Dorey, P., Hilfiker, L., Szécsényi, I.: Unpublished
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