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Abstract We consider the A series and exceptional E6 Restricted Solid-On-Solid

lattice models as prototypical examples of the critical Yang-Baxter integrable

two-dimensional A-D-E lattice models. We focus on type I theories which are

characterized by the existence of an extended chiral symmetry in the continuum

scaling limit. Starting with the commuting family of column transfer matrices on

the torus, we build matrix representations of the Ocneanu graph fusion algebra

as integrable seams for arbitrary finite-size lattices. In the A cases, the Ocneanu

algebra coincides with the Verlinde algebra. In the other cases, the seam algebra

contains the fused adjacency and graph fusion algebras as subalgebras. Our matrix

representation of the Ocneanu algebra encapsulates the quantum symmetry of the

commuting family of transfer matrices. In the continuum scaling limit, the integrable

seams realize the topological defects of the associated conformal field theory and the

known toric matrices encode the twisted conformal partition functions of Petkova

and Zuber.

1 Introduction

In this short article, we are concerned with two-dimensional critical Restricted

Solid-On-Solid (RSOS) lattice models built on the Dynkin diagrams of simply-

laced sl(2) A-D-E Lie algebras as in Figure 1. These models are Yang-Baxter
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integrable [1]. The first such models were built on the A-type Dynkin diagrams

and solved off-criticality in 1984 by Andrews, Baxter and Forrester [2]. The full

family of critical A-D-E lattice models was subsequently introduced and studied

by Pasquier [3–5]. In the continuum scaling limit, the thermodynamic behaviour

of these models is described by Conformal Field Theory (CFT) [6]. The A series

is associated with the conformal unitary minimal models M (g−1,g) of Belavin,

Polyakov and Zamolodchikov [7]. The unitary A-D-E CFTs are in fact (A,G) coset

models [8, 6]

(Ag−2,G) =





(Ag−2,Ag−1), g = 4,5,6, . . .

(Ag−2,D(g+2)/2), g = 6,8,10, . . .

(A10,E6), g = 12

(A16,E7), g = 18

(A28,E8), g = 30

c = 1− 6

g(g− 1)
(1.1)

where g is the Coxeter number of G and c is the central charge. These theories are

rational [9], admitting a finite number of irreducible representations of the Virasoro

algebra which close under fusion.

Much effort within CFT has been focussed on the study of boundary conditions.

On the cylinder, the boundary conditions of unitary minimal CFTs and their

conformal cylinder partition functions are understood [10, 11] in terms of

nonnegative integer matrix representations (nimreps) of the Verlinde [12] and graph

fusion [4] algebras. The irreducible representations are conjugate to conformal

boundary conditions [13] labelled by the coset graph nodes (r,a) ∈ (A,G). Much

of this structure is common [14, 15] between the finite lattice models and the

associated CFT. On the torus with periodic boundary conditions in both directions,

the modular invariant partition functions [16] with c < 1 are exhausted by the

A-D-E classification of Cappelli, Itzykson and Zuber [17]. Incorporating the left

and right chiral copies of the Virasoro algebra, the conformal partition functions are

given as sesquilinear forms in Virasoro characters. Twisted boundary conditions

are imposed by inserting topological defect seams into the bulk. The resulting

twisted partition functions on the torus are understood in terms of the Ocneanu [18]

fusion algebra which describes the quantum symmetry and how the left and right

chiral halves of the theory are glued together. Indeed, working within CFT, Petkova

and Zuber [19] have obtained explicit expressions for the toric matrices and the

associated twisted conformal partition functions. The algebraic structure behind

these results has been elucidated by Coquereaux and collaborators [20–23] who,

following Ocneanu [18], identified the Ocneanu algebra with the quotient algebra

G⊗T G := (G⊗G)/T where G denotes the graph algebra of type A,D,E and where

T is the ambichiral subalgebra of G specified in [19]. In particular, the authors

of [20, 21] give a detailed account of the prototypical type I example of E6.

In parallel to the developments coming from CFT, twisted boundary conditions

on the torus have also been studied from a purely lattice perspective [24–26]

by inserting integrable seam segments into the commuting row transfer matrices.
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These segments give rise to commuting integrable vertical seams on the square

lattice which, in the continuum scaling limit, become the topological defects of

the associated CFT. In this picture, the fusion of the integrable seams is simply

implemented by matrix products of the integrable seams. This picture was implicitly

confirmed in [26] by numerical studies of the conformal spectra of the commuting

row transfer matrices.

Graph G g Exp(G) Type/H ΓLie Algebra

AL • • ••
1 2 3 ··· L

L+1 1,2, . . . ,L I Z2

DL (L even) ��

❅❅
• • •

•

•

•
1 2 3 ··· L−2

L−1

L

2L−2 1,3, . . . ,2L−3,L−1 I Z2/S3

DL (L odd) ��

❅❅
• • • •

•
1 2 3 ··· L−2

L−1

L•

2L−2 1,3, . . . ,2L−3,L−1 II/A2L−3 Z2

E6 • • • •

•

•
1 2

3

4 5

6

12 1,4,5,7,8,11 I Z2

E7 • • • • •

•
1 2 3

4

5 6

7

• 18 1,5,7,9,11,13,17 II/D10 1

E8 • • • • • •

•

•
1 2 3 4

5

6 7

8

30 1,7,11,13,17,19,23,29 I 1

Fig. 1 Dynkin diagrams of the classical simply-laced sl(2) A-D-E Lie algebras. The nodes

associated with the identity and the fundamental are labelled 1 and 2 respectively. The fundamental

is the unique neighbour of the identity. Also shown are the Coxeter numbers g, exponents

Exp(G), the type I or II and the so-called parent graphs H 6= G. The diagram automorphism

group Γ is generated by a single Z2 automorphism σ . The D4 graph is an exception having the

noncommutative automorphism group S3. The eigenvalues of G are 2cos sπ
g

with s ∈ Exp(G). By

abuse of notation, we use G to denote the graph, the set of its vertices with cardinality |G| and

its adjacency matrix so that 2I −G is the Cartan matrix. The meaning of G should be clear from

context.

The aim of this article is to develop further the lattice approach to fusion of

integrable seams on the lattice. As in [27, 28], we turn our attention to the “cross-

channel”, but here we use the commuting family of column transfer matrices to build

the various types of integrable seams on the torus. Modifying the notation of [19,

26], the composite integrable seams are labelled by x = (r,κ ,a,b). The associated

column transfer matrices are constructed by matrix products of elementary seam

transfer matrices
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Tx(u) = Tr(u,ξ )σκ N̂a N̂b, x = (r,κ ,a,b), r ∈ Ag−2, κ = 0,1, a,b ∈ G (1.2)

as shown in Figure 2. Here Tr(u,ξ ) is the column transfer matrix for an r-type

seam, ξ is a column inhomogeneity, N̂a, N̂b are graph fusion seams labelled by

a,b ∈ G (as defined in Section 4) and σκ = I or σ where the σ -parity κ = 0,1
labels respectively the identity I and the Z2 graph automorphism seam σ . The seam

labels κ do not need to be explicitly added in x except for the DL (L even) series of

lattice models.

As pointed out in [26], due to the coset factorization structure [29], the r-type

seams (with r ∈ Ag−2) play a somewhat trivial role. We will therefore usually set

r = 1 (no r-type seam) and focus on the so-called Wess-Zumino-Witten (WZW)

factor associated with the graph G. For x = (a,b), we assert that the integrable

seams P̂a,b = N̂a N̂b yield matrix representations of the Ocneanu fusion algebra

for arbitrary system sizes. In particular, for the critical A-D-E lattice models, the

Ocneanu algebra encodes the quantum symmetries possessed by the commuting

families of column transfer matrices on a finite lattice. Following [20], we focus

here on the A series and the prototypical type I example of E6. Our full findings for

the D and other E critical RSOS lattice models will appear elsewhere.

2 Critical RSOS models on the torus

2.1 Critical A-D-E lattice models

Defining quantum dimensions by Sa = [a]x =
xa−x−a

x−x−1 with x= eiλ , the nondegenerate

largest eigenvalue of the adjacency matrix G is [2]x = 2cosλ and the associated

(unnormalized) Perron-Frobenius eigenvector ψ = (ψa)1≤a≤|G| is

Gψ = [2]x ψ , ψ =





(
[1]x, [2]x, . . . , [L]x

)
, G = AL

(
[1]x, [2]x, . . . , [ℓ]x,

[ℓ]x
[2]x

, [ℓ]x
[2]x

)
, G = Dℓ+2

(
[1]x, [2]x, [3]x, [2]x, [1]x,

[3]x
[2]x

)
, G = E6

(
[1]x, [2]x, [3]x, [4]x,

[6]x
[2]x

, [4]x[3]x
, [4]x[2]x

)
, G = E7

(
[1]x, [2]x, [3]x, [4]x, [5]x,

[7]x
[2]x

, [5]x[3]x
, [5]x[2]x

)
, G = E8

(2.1)

The allowed face weights of the critical A-D-E lattice models are then given by

W
(

d c

a b

∣∣∣u
)
=

a b

cd

u =
sin(λ − u)

sinλ
δac+

sinu

sinλ

√
ψaψc

ψbψd

δbd , λ =
π

g
, 0≤ u≤ λ

(2.2)

where u is the spectral parameter, λ is the crossing parameter and the face

orientation is marked by an arc in the bottom-left corner. It is understood that the
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Fig. 2 An N ×M periodic lattice with (N,M) = (10,8) showing (i) the row transfer matrix Tx
h(u)

with seam segment x = (κ ,a,b), (ii) the column/seam transfer matrices T(u), B = n2, N̂a and N̂b

as explained in Section 4 and (iii) the Z2 diagram automorphism seam σκ . The composite seam

is the matrix product Tx = σκ N̂a N̂b. The seam Tx has the same twisted partition function as the

seam N̂a N̂b σκ . We assume r = 1 so there is no r-type seam shown. The labels Wκ ,Wa and Wb

indicate that special face weights are assigned to these faces.

face weights vanish if GabGbcGcdGda = 0. The face weights are invariant under

reflections in the two diagonals and satisfy the crossing symmetry

W

(
d c

a b

∣∣∣u

)
=

a b

cd

u =

√
ψaψc

ψbψd
a b

cd

λ−u =

√
ψaψc

ψbψd

W

(
c b

d a

∣∣∣λ−u

)
(2.3)

2.2 Transfer matrices, braid limit and Hamiltonians

The row and column families of commuting transfer matrices Th(u),T(u) of the

critical A-D-E models on an N ×M periodic lattice are defined by

Th(u) = u u u . . . u

N

(2.4)
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T(u) = Tv(u) = u u u . . . u

M

(2.5)

where, for convenience, the column transfer matrix is rotated clockwise by 90

degrees. The equality Tv(u) = Th(λ −u) holds when N = M. Since [T(u),T(v)] = 0

and T(u)T = T(λ−u) by crossing symmetry, the family of normal matrices T(u) is

simultaneously diagonalizable by a unitary matrix. The corresponding eigenvectors

are independent of u and in general complex. Other column transfer matrices

corresponding to integrable seams are shown in Figure 2.

The braid limits of the allowed A-D-E face weights are

B
(

d c

a b

)
=

a b

cd

=− lim
u→−i∞

x
1
2

ρ(u)
W
(

d c

a b

∣∣∣u
)
= i

(
−x−

1
2 δac + x

1
2

√
ψaψc

ψbψd

δbd

)

(2.6a)

B
(

d c

a b

)
=

a b

cd

=− lim
u→i∞

x−
1
2

ρ(u)
W
(

d c

a b

∣∣∣u
)
= i

(
x

1
2 δac − x−

1
2

√
ψaψc

ψbψd

δbd

)

(2.6b)

where x = eiλ and ρ(u) = sin(λ −u)sin(λ +u). These braid limits relate to the

left and right chiral halves of the theory and are related to each other by complex

conjugation. Taking the action of the face transfer operators X j(u) to be diagonal

and using the Temperley-Lieb generators e j, these expressions become

b j = =− lim
u→−i∞

x
1
2

ρ(u)
X j(u) = i

(
−x−

1
2 I + x

1
2 e j

)
(2.7a)

b j = =− lim
u→i∞

x−
1
2

ρ(u)
X j(u) = i

(
x

1
2 I− x−

1
2 e j

)
= b−1

j (2.7b)

The Hamiltonian limit of the horizontal transfer matrix Th(u) (2.4) gives rise to

periodic anyonic chains

H =−sinλ
d

du
logTh(u)

∣∣∣
u=0

=−
N

∑
j=1

e j (2.8)

The simplest case is the Hamiltonian limit of the tricritical Ising A4 RSOS

model [30] corresponding to the Fibonacci golden chain [31, 32].
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3 Ocneanu fusion algebra

Most of the content in this section is known [18–23]. We review some material

to establish notation and to develop a more economical picture using new smaller

extended toric matrices rather than the known larger (unextended) toric matrices.

This extended picture holds for type I and also type II cases when the parent graph

H is of type I.

3.1 Fusion matrices and structure constants

The fused adjacency matrices (intertwiners) ni and graph fusion matrices N̂a are

defined by the finitely truncated recursions

n1 = I, n2 = G, nin2 = ni−1 + ni+1, ng = 0, i ∈ Ag−1 (3.1)

N̂1 = I, N̂2 = G, GN̂a = ∑
b∈G

Gab N̂b, a ∈ G (3.2)

For G = Ag−1, the fused adjacency matrices ni are in fact the Verlinde [12] fusion

matrices Ni. The fused adjacency and graph fusion matrices satisfy the commutative

associative fusion algebras

ni n j =
g−1

∑
k=1

Ni j
k nk, N̂a N̂b = ∑

c∈G

N̂ab
c N̂c, ni N̂a = ∑

b∈G

nia
b N̂b (3.3)

where the structure constants are

Ni j
k = (Ni) j

k ∈N, N̂ab
c = (N̂a)b

c ∈
{
N, type I

Z, type II
, nia

b = (ni)a
b ∈N (3.4)

For type I theories, the Ni, N̂a and ni form nimreps (nonnegative integer matrix

representations) of these fusion algebras. The type II theories do not admit proper

graph fusion algebras.

Denoting the complex unitary matrices of eigenvectors of N2, N̂2 by Si
ℓ (modular

matrix) and Ψa
ℓ with S1

ℓ,Ψ1
ℓ > 0, the corresponding Verlinde and Verlinde-type

formulas are

Ni j
k =

g−1

∑
ℓ=1

Si
ℓ S j

ℓ Sk
ℓ

S1
ℓ

, N̂ab
c = ∑

ℓ∈Exp(G)

Ψa
ℓΨb

ℓΨc
ℓ

Ψ1
ℓ

, nia
b = ∑

ℓ∈Exp(G)

Si
ℓΨa

ℓΨb
ℓ

S1
ℓ

(3.5)

Here bars denote complex conjugation and the sum in the first expression is over

ℓ ∈ Exp(Ag−1). For structure constants larger than 1, it is necessary to introduce so-

called bond variables (fusion graphs with multiple edges). Explicit fusion adjacency
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matrices for A4 and E6 are

N1 =




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


, N2 =




0 1 0 0

1 0 1 0

0 1 0 1

0 0 1 0


, N3 =




0 0 1 0

0 1 0 1

1 0 1 0

0 1 0 0


, N4 =




0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0


 (3.6)

N̂1 =




1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1



, N̂2 =




0 1 0 0 0 0

1 0 1 0 0 0

0 1 0 1 0 1

0 0 1 0 1 0

0 0 0 1 0 0

0 0 1 0 0 0



, N̂3 =




0 0 1 0 0 0

0 1 0 1 0 1

1 0 2 0 1 0

0 1 0 1 0 1

0 0 1 0 0 0

0 1 0 1 0 0




N̂4 =




0 0 0 1 0 0

0 0 1 0 1 0

0 1 0 1 0 1

1 0 1 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0



, N̂5 =




0 0 0 0 1 0

0 0 0 1 0 0

0 0 1 0 0 0

0 1 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 1



, N̂6 =




0 0 0 0 0 1

0 0 1 0 0 0

0 1 0 1 0 0

0 0 1 0 0 0

0 0 0 0 0 1

1 0 0 0 1 0




(3.7)

where N4 and N̂5 encode the Z2 graph automorphism of A4 and E6. For type I

theories, there exists an extended conformal chiral algebra with extended Virasoro

characters encoded by the fundamental intertwiner C = (ni1
a). Accordingly, for the

type I graphs, we have

ni = ∑
a∈G

ni1
aN̂a, χ̂r,a(q) =

g−1

∑
s=1

ns1
aχr,s(q) (3.8)

The first of these decompositions follows by specializing the compatibility condition

in (3.3). For E6:

C = (ni1
a) =




1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 1

0 0 1 0 1 0

0 1 0 1 0 0

1 0 1 0 0 0

0 1 0 0 0 1

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0




;

χ̂r,1(q) = χr,1(q)+ χr,7(q)

χ̂r,2(q) = χr,2(q)+ χr,6(q)+ χr,8(q)

χ̂r,3(q) = χr,3(q)+ χr,5(q)+ χr,7(q)+ χr,9(q)

χ̂r,4(q) = χr,4(q)+ χr,6(q)+ χr,10(q)

χ̂r,5(q) = χr,5(q)+ χr,11(q)

χ̂r,6(q) = χr,4(q)+ χr,8(q)
(3.9)

3.2 Twisted conformal partition functions

The twisted partition functions of the A-D-E theories are given by Petkova and

Zuber [19]. For the A series, with i, j,k ∈ Ag−1, the Ocneanu fusion matrices are

simply the Verlinde fusion matrices Ni with conformal partition functions

Zi(q) = ∑
j,k∈Ag−1

Ni j
kχ j(q)χk(q̄) (3.10)
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More generally, for (Ag−2,G) cosets with G of type I, the twisted partition functions

are given by the sesquilinear forms

Z(r,a,b,κ)(q) = ∑
(r′,s′),(r′′,s′′)

Nr,r′
r′′ [P

(κ)
a,b ]s′s′′χr′,s′(q)χr′′,s′′(q) (3.11a)

= ∑
(r′,a′),(r′′,a′′)

Nr,r′
r′′ [P̂

(κ)
a,b ]a′a′′ χ̂r′,a′(q) χ̂r′′,a′′(q) (3.11b)

where the second form is new. Here r,r′,r′′ ∈ Ag−2; s,s′,s′′ ∈ Ag−1; a,a′,a′′,b ∈ G

and the toric and extended toric matrices are

[P
(κ)
a,b ]s′s′′ = ∑

c∈Tκ

ns′a
c ns′′b

c, [P̂
(κ)
a,b ]a′a′′ = ∑

c∈Tκ

N̂ac
a′ N̂bc

a′′ , κ = 0,1 (3.12)

The label κ = 0,1 is only needed for the DL (L even) series and indicates the absence

or presence of the Z2 automorphism. The ambichiral vertices T0 (common to both

left and right chiral subalgebras) and T1 are

T0 =





{1,2, . . . ,L}, G = AL

{1,3,5, . . . ,2ℓ− 1,2ℓ}, G = D2ℓ

{1,5,6}, G = E6

{1,7}, G = E8

T1 =

{
{2,4, . . . ,2ℓ− 2}, G = D2ℓ

T0, otherwise

(3.13)

3.3 Extended toric matrices and quantum symmetry

In the following, we fix r = 1 and consider type 1 theories with κ = 0. Taking

x = (a,b), the extended toric matrices can be written as

P̂a,b = (N̂a)
T N̂b, x = (a,b) (3.14)

where the superscript T denotes transpose and, in accord with the tensor structure

G ⊗T0
G, the rows of the rectangular matrices N̂a are restricted to those labelled

by the vertices of T0. Alternatively, working with the full |G| × |G| matrices, the

extended toric matrices are given by the bilinear map

P̂a,b = (N̂a, N̂b) = N̂aP̂ N̂b, (L,R) = LP̂R = L⊗T0
R, P̂ = P̂1,1 = (I, I) (3.15)

The projection P̂ = P̂1,1 joins the left and right chiral components through the

ambichiral nodes T0.

For E6, the 6× 6 array of extended toric matrices P̂a,b is shown in Figure 3.

In accord with the quantum symmetry exhibited in Figure 3 and (3.17), the 36

extended toric matrices lie in a convex cone K consisting of nonnegative-integer

linear (conical) combinations of the (ordered) Hilbert basis [33]
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{P̂1, P̂2, . . . , P̂12}={P̂1,1, P̂2,1, P̂3,1, P̂4,1, P̂5,1, P̂6,1, P̂1,2, P̂2,2, P̂3,2, P̂4,2, P̂5,2, P̂6,2} (3.16)

The 12 basis elements are in bijection with the vertices of the Ocneanu graph in

Figure 4. They are conjugate to the 12 E6 irreducible representations of Vir⊗Vir.

The remaining 24 extended toric matrices are expressed as the conical linear

combinations

P̂5,5 = P̂1,1, P̂4,5 = P̂2,1, P̂2,6 = P̂3,5 = P̂4,6 = P̂3,1 (3.17a)

P̂2,5 = P̂4,1, P̂1,5 = P̂5,1, P̂1,6 = P̂5,6 = P̂6,5 = P̂6,1 (3.17b)

P̂5,4 = P̂1,2, P̂4,4 = P̂2,2, P̂2,3 = P̂3,4 = P̂4,3 = P̂3,2 (3.17c)

P̂2,4 = P̂4,2, P̂1,4 = P̂5,2, P̂1,3 = P̂5,3 = P̂6,4 = P̂6,2 (3.17d)

P̂3,3 = P̂2,2 + P̂4,2, P̂3,6 = P̂2,1 + P̂4,1, P̂6,3 = P̂1,2 + P̂5,2, P̂6,6 = P̂1,1 + P̂5,1

(3.17e)




1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1







0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0







0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 1 0 0







0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0







0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 1







0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
1 0 0 0 1 0







0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 0 0 0 0 1
1 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 0 0 0 0 1
1 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 1 0 1 0 0
0 0 2 0 0 0
0 1 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 0 0 0 0 1
1 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
1 0 0 0 1 0
0 0 0 0 0 2
1 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 0 0
0 0 0 0 0 1
1 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0







0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 1







0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0







0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 1 0 0







0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0







1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1







0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
1 0 0 0 1 0







0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
1 0 0 0 1 0







0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 1 0 0







0 1 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 1 0 0
0 0 2 0 0 0







0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 1 0 0







0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
1 0 0 0 1 0







1 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 1 0
0 0 0 0 0 2




Fig. 3 The 6× 6 array of the extended toric matrices P̂a,b of E6. The 12 basis matrices (3.16) are

linearly independent. The other 24 matrices are given by the quantum symmetry (3.17).



Ocneanu algebra of seams: Critical unitary E6 RSOS lattice model 123

The Hilbert basis of extended toric matrices is unique up to these quantum symmetry

equivalences.

It is useful to define the fusion product ⋆ of two extended toric matrices for type

I theories by

P̂a,a′ ⋆ P̂b,b′ = (N̂a, N̂a′)⋆ (N̂b, N̂b′) := (N̂aN̂b, N̂a′ N̂b′)

= ∑
c,c′∈G

N̂ab
cN̂a′b′

c′ P̂c,c′ , a,a′,b,b′ ∈ G (3.18)

This defines the double graph fusion algebra. As we discuss in the next subsection,

it reduces to the Ocneanu algebra when the right side is expressed in terms of

the Hilbert basis using the quantum symmetry (3.17). In our notation, the left and

right fundamentals are P̂2,1 = (N̂2, N̂1) = (N̂2, I) and P̂1,2 = (N̂1, N̂2) = (I, N̂2). For

example, for E6, straightforward calculation yields

P̂3,2 ⋆ P̂2,1 = (N̂3, N̂2)⋆ (N̂2, N̂1) = (N̂3N̂2, N̂2N̂1)

= (N̂2 + N̂4 + N̂6, N̂2) = P̂2,2 + P̂4,2 + P̂6,2 (3.19)

P̂1,2 ⋆ P̂3,3 = (N̂1, N̂2)⋆ (N̂3, N̂3) = (N̂1N̂3, N̂2N̂3) = (N̂3, N̂2 + N̂4 + N̂6)

= (N̂3, N̂2)+ (N̂3, N̂4)+ (N̂3, N̂6) = P̂3,2 + P̂3,4+ P̂3,6 = P̂2,1 + 2P̂3,2+ P̂4,1

(3.20)

3.4 E6 Ocneanu algebra and quantum symmetry

The Ocneanu graph Ẽ6 of E6 is shown in Figure 4. The known twelve 12× 12 E6

Ocneanu graph fusion matrices (nimreps) Ñη with η = 1,2, . . . ,12 are shown in

Figure 5. These fusion matrices satisfy the Ocneanu graph fusion algebra

Ñη Ñµ =
12

∑
ν=1

Ñηµ
ν Ñν , η ,µ = 1,2, . . . ,12 (3.21)

and can be expressed compactly as

Ñη =





N̂η ⊕ N̂η , η = 1,2, . . . ,6

Σ Ñη̄ Σ , η = 7

Ñ7Ñη−6, η = 8,9, . . . ,12

Σ =




1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0




(3.22)
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The Z2 chiral conjugation Σ implements the interchanges η ↔ η̄ with

2 ↔ 7, 3 ↔ 12, 4 ↔ 11 and η̄ = η for η = 1,5,6,8,9,10.

It is readily verified that the basis toric matrices (3.16) satisfy the Ocneanu

algebra

P̂η ⋆ P̂µ =
12

∑
ν=1

Ñηµ
ν P̂ν , η ,µ = 1,2, . . . ,12 (3.23)

Due to the chiral action of the ⋆ fusion product, which multiplies left with left chiral

components and right with right chiral components, this realization of the Ocneanu

algebra does not yield simple matrix product representations of the algebra. If we

now combine left and right chiral components we obtain

P̂η ⋆ P̂µ̄ =
12

∑
ν=1

Ñηµ̄
ν P̂ν , η ,µ = 1,2, . . . ,12 (3.24)

For 1 ≤ η ,µ ≤ 6, P̂η ⋆ P̂µ̄ = P̂η,µ̄ and restricting to 3 ≤ µ ≤ 6 in the right side above

reproduces the quantum symmetry relations (3.17).

1

2

3

4

5

6
7

8

9

10

11

12Ẽ6:

P̂1,1

P̂6,1

P̂5,1

P̂2,1

P̂3,1

P̂4,1

P̂2,2

P̂3,2

P̂4,2

P̂1,2

P̂6,2

P̂5,2

Fig. 4 Ocneanu fusion graph Ẽ6 of E6 with 12 vertices and two alternative labellings of nodes.

The 12 vertices are in bijection with (i) the Hilbert basis P̂η (3.16) with η = 1,2, . . .,12 and (ii)

the linearly independent integrable seams P̂η with η = 1,2, . . . ,12 as in (4.10). The red and blue

lines (solid or dashed) show the action of the fundamental seams P̂2 = P̂2,1 with P̂7 = P̂2̄ = P̂1,2

respectively. This action interlocks four copies of the E6 graph. The seams satisfy P̂η = P̂η̄ where

P̂a = P̂a,1 and P̂a+6 = P̂a,2 with a = 1,2, . . . ,6.
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


1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1







0 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
0 1 0 1 0 1 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0
0 0 0 0 0 0 0 1 0 1 0 1
0 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0







0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 1 0 1 0 0 0 0 0 0
1 0 2 0 1 0 0 0 0 0 0 0
0 1 0 1 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 1 0 1
0 0 0 0 0 0 1 0 2 0 1 0
0 0 0 0 0 0 0 1 0 1 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0







0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0
0 1 0 1 0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 1 0 1 0 1
0 0 0 0 0 0 1 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0







0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1







0 0 0 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0 1 0







0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 1 0 1 0 0
0 0 0 1 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0 1
0 0 0 0 0 1 1 0 0 0 1 0







0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0
0 0 0 0 0 0 0 1 0 1 0 1
0 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 1 0 1 0 1
0 1 0 1 0 1 1 0 2 0 1 0
0 0 1 0 1 0 0 1 0 1 0 1
0 0 0 1 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 1 0 1 0 0







0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 1 0 1
0 0 0 0 0 0 1 0 2 0 1 0
0 0 0 0 0 0 0 1 0 1 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0
0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 1 0 1 1 0 2 0 1 0
1 0 2 0 1 0 0 2 0 2 0 2
0 1 0 1 0 1 1 0 2 0 1 0
0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 1 0 0 0 0 2 0 0 0







0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 1 0 1 0 1
0 0 0 0 0 0 1 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 1 0 0 0
0 0 1 0 1 0 0 1 0 1 0 1
0 1 0 1 0 1 1 0 2 0 1 0
1 0 1 0 0 0 0 1 0 1 0 1
0 1 0 0 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 1 0 1 0 0







0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 1 1 0 0 0 1 0







0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 1 1 0 0 0 1 0
0 0 1 0 0 0 0 1 0 1 0 0
0 1 0 1 0 0 0 0 2 0 0 0
0 0 1 0 0 0 0 1 0 1 0 0
0 0 0 0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0 0 2




Fig. 5 The twelve 12×12 E6 Ocneanu graph fusion matrices (nimreps) Ñη with η = 1,2, . . .,12.

4 A-D-E integrable seams

In this section we use bold face symbols ns, N̂a, N̂b to denote integrable seams with

system size M (see Figure 2). This distinguishes them from their associated nimreps

such as ns, N̂a, N̂b. The nimreps give the adjacency conditions on the horizontal

bonds of the vertical integrable seams ns, N̂a, N̂b.

4.1 Construction of s-type seams

The fundamental braid seams B,B are built analogously to the transfer matrix T(u)
in (2.5) but with the face weights replaced by the complex weights (2.6a) and (2.6b)

respectively. These are just the braid limits of the commuting family T(u), suitably

normalized, so B and B commute with T(u) and with each other. Since B = BT , B is
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Hermitian. It also has the same real eigenvalues as G. The fused s-type braid seams

ns, n̄s are defined recursively by the analog of (3.1)

n0 = 0, n1 = I, n2 = B, nsn2 = ns−1 +ns+1 (4.1a)

n̄0 = 0, n̄1 = I, n̄2 = B, n̄sn̄2 = n̄s−1 + n̄s+1 (4.1b)

Alternatively, these braid seams are constructed [34] using Wenzl-Jones projectors

to build the fused transfer matrices T1,s(u) and then taking the braid limits. The

fused braid matrices ns, n̄s share the same real eigenvalues which are a subset of

the eigenvalues of the Verlinde matrices Ns. The ns, n̄s integrable seams are called

s-type seams because they are associated with the s label in the (r,s) Kac labelling

of the irreps of Vir.

If G = Ag−1 then, for arbitrary system size M, Ns = Ns = ns give matrix

representations of the Verlinde algebra

Ni N j =
g−1

∑
k=1

Ni j
k Nk (4.2)

In these cases, the Ocneanu algebra reduces to the Verlinde algebra.

4.2 Construction of a-type and b-type seams

For D and E theories, we now extend the decomposition (3.8) to relate fused seams

of types s, a and b

ns = ∑
a∈G

ns1
a N̂a, n̄s = ∑

b∈G

ns1
b N̂b, s = 1,2, . . . ,g− 1 (4.3)

The face weights of the fused seams N̂a, N̂b can be calculated systematically as

explained in [26]. However, the form of these face weights is not unique. Indeed,

they depend on a choice of gauge. Here we will work in a different gauge to [26]. For

arbitrary system size M, the fused seam matrices constructed here provide matrix

representations of the same fused adjacency and graph fusion algebras as in (3.3)

with the same structure constants:

ni n j =
g−1

∑
k=1

Ni j
k nk, N̂a N̂b = ∑

c∈G

N̂ab
c N̂c, ni N̂a = ∑

b∈G

nia
b N̂b (4.4a)

n̄i n̄ j =
g−1

∑
k=1

Ni j
k n̄k, N̂a N̂b = ∑

c∈G

N̂ab
c N̂c, n̄i N̂b = ∑

c∈G

nib
c N̂c (4.4b)

For E6, the rectangular intertwiner C = (ns1
b) in (3.9) admits a generalized left

inverse C−1
left such that C−1

leftC = I. So (4.3) can be inverted to give the graph fusion
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seam matrices as

N̂a = na, a = 1,2,3; N̂4 = n6−n2, N̂5 = n5−n3, N̂6 = n2+n4−n6 (4.5a)

N̂b = n̄b, b = 1,2,3; N̂4 = n̄6−n̄2, N̂5 = n̄5−n̄3, N̂6 = n̄2+n̄4−n̄6 (4.5b)

With these, it is readily verified using Mathematica [35] that, for even system sizes

up to M = 12, all of the relations (4.4) are satisfied and that all of these matrices

commute. In fact these relations hold for all M by construction.

The local face weights of N̂a = na with a = 1,2,3 follow from [34]. For a = 3,

these face weights involve bond variables. For N̂a with a = 4,5,6, we find that the

allowed face weights are given by

N̂4 :

1 4

32

=
2 3

41

=
4 1

23

=
3 2

14

= (
√

3− 1)
1
4 ,

4 1

25

=
5 2

14

=
2 5

41

=
1 4

52

= (2−
√

3)
1
4 ,

2 3

43

=
3 4

32

=
3 2

34

=
4 3

23

=
(

1
2
(7− 4

√
3)
) 1

4 ,

2 3

23

=
4 3

43

= 2−
1
4 e3π i/4,

3 2

32

=
3 4

34

= 2−
1
4 e−3π i/4

2 3

63

=
3 6

32

=
3 2

36

=
6 3

23

=
3 4

36

=
6 3

43

=
4 3

63

=
3 6

34

=
(

1
2
(
√

3− 1)
) 1

4

2 5

43

=
3 4

52

=
5 2

34

=
4 3

25

=−(
√

3− 1)
1
4 ,

6 3

63

= e5π i/12(2−
√

3)
1
4 ,

3 6

36

= e−5π i/12(2−
√

3)
1
4 (4.6)

N̂5 :

1 5

42

=
2 4

51

=
5 1

24

=
4 2

15

=
3 3

66

=
6 6

33

= 1

3 3

42

=
2 4

33

=
4 2

33

=
3 3

24

= 1 (4.7)
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N̂6 :

1 6

32

=
2 3

61

=
3 2

16

=
6 1

23

=
3 4

56

=
6 5

43

=
4 3

65

=
5 6

34

= 1

3 4

32

=
2 3

43

=
3 2

34

=
4 3

23

=
2 3

23

=
3 2

32

= 2−
1
4

3 4

34

=
4 3

43

=−2−
1
4 (4.8)

The face weights not explicitly listed vanish. Here N̂5 = σ is the Z2 E6 graph

automorphism seam. For N̂a with a = 4,5,6, the face weights are obtained by

complex conjugation. Reflection in the horizontal implements complex conjugation.

We note that N̂a = N̂a is real for the ambichiral vertices a = 1,5,6.

4.3 E6 Ocneanu algebra of seams and quantum symmetry

For even system sizes up to M = 12, it is now readily confirmed that the E6

integrable seams satisfy the double graph fusion algebra

P̂a,b = Ña,b = N̂a N̂b, Ñab Ña′b′ =
6

∑
a′′,b′′=1

N̂aa′
a′′N̂bb′

b′′Ña′′b′′ , (4.9)

with P̂a,b = P̂b,a. Alternatively, using ordered sets, we can define

{P̂1, P̂2, . . . , P̂12}= {P̂1,1, P̂2,1, . . . , P̂6,1, P̂1,2, P̂2,2, . . . , P̂6,2} (4.10)

with P̂η = P̂η̄ . For M ≤ 12, it is verified that these integrable seams satisfy the

Ocneanu algebra

P̂η P̂µ =
12

∑
ν=1

Ñηµ
ν P̂ν , η ,µ = 1,2, . . . ,12 (4.11)

In this realization involving fusion of seams, the fusion product ⋆ is replaced with

the usual matrix product. In a sense, the decomposition of fusion products of seams

on the lattice is an analog of the local operator product expansion in CFT.

In accord with the quantum symmetry (3.17) exhibited by the 36 “extended toric

seams” (see Figure 3), the Hilbert basis of composite seams (4.10) is in bijection

with the 12 nodes of the Ocneanu graph in Figure 4. The remaining 24 “extended

toric seams” are given by the conical linear combinations

P̂5,5 = P̂1,1, P̂4,5 = P̂2,1, P̂2,6 = P̂3,5 = P̂4,6 = P̂3,1 (4.12a)

P̂2,5 = P̂4,1, P̂1,5 = P̂5,1, P̂1,6 = P̂5,6 = P̂6,5 = P̂6,1 (4.12b)
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P̂5,4 = P̂1,2, P̂4,4 = P̂2,2, P̂2,3 = P̂3,4 = P̂4,3 = P̂3,2 (4.12c)

P̂2,4 = P̂4,2, P̂1,4 = P̂5,2, P̂1,3 = P̂5,3 = P̂6,4 = P̂6,2 (4.12d)

P̂3,3 = P̂2,2 + P̂4,2, P̂3,6 = P̂2,1 + P̂4,1, P̂6,3 = P̂1,2 + P̂5,2, P̂6,6 = P̂1,1 + P̂5,1

(4.12e)

where again this was checked in Mathematica out to even system sizes M = 12.

Replacing µ with µ̄ in (4.11) gives

P̂η,µ = N̂η N̂µ = N̂η N̂µ̄ =
12

∑
ν=1

Ñηµ̄
ν P̂ν , η ,µ = 1,2, . . . ,12 (4.13)

For 1 ≤ η ≤ 6 and 3 ≤ µ ≤ 6, this reproduces the quantum symmetry (4.12). Using

this to express the right side of the double graph fusion algebra (4.9) in the basis

seams (4.10) reproduces the Ocneanu algebra (4.11).

In general, the representations may not be faithful for small values of M. For

E6, the representations are not faithful for M < 6. The quantum symmetry encodes

the rules for fusing left and right chiral seams. The E6 Cayley table of the Ocneanu

algebra of seams is shown in Figure 6.

1 2 3 4 5 6 7 8 9 10 11 12

1 1 2 3 4 5 6 7 8 9 10 11 12

2 2 1+3 2+4+6 3+5 4 3 8 7+9 8+10+12 9+11 10 9

3 3 2+4+6 1+2(3)+5 2+4+6 3 2+4 9 8+10+12 7+2(9)+11 8+10+12 9 8+10

4 4 3+5 2+4+6 1+3 2 3 10 9+11 8+10+12 7+9 8 9

5 5 4 3 2 1 6 11 10 9 8 7 12

6 6 3 2+4 3 6 1+5 12 9 8+10 9 12 7+11

7 7 8 9 10 11 12 1+12 2+9 3+8+10 4+9 5+12 6+7+11

8 8 7+9 8+10+12 9+11 10 9 2+9
1+3+8

+10+12

2+4+6+7

+2(9)+11

3+5+8

+10+12
4+9 3+8+10

9 9 8+10+12 7+2(9)+11 8+10+12 9 8+10 3+8+10
2+4+6+7

+2(9)+11

1+2(3)+5+2(8)

+2(10)+2(12)

2+4+6+7

+2(9)+11
3+8+10 2+4+2(9)

10 10 9+11 8+10+12 7+9 8 9 4+9
3+5+8

+10+12

2+4+6+7

+2(9)+11

1+3+8

+10+12
2+9 3+8+10

11 11 10 9 8 7 12 5+12 4+9 3+8+10 2+9 1+12 6+7+11

12 12 9 8+10 9 12 7+11 6+7+11 3+8+10 2+4+2(9) 3+8+10 6+7+11 1+5+2(12)

Fig. 6 Cayley table of the (commutative) E6 Ocneanu algebra of seams with the compact notation

η = P̂η for η = 1,2, . . .,12. The fusion of these seams reproduces the known E6 Ocneanu Cayley

table [22]. The top-left quadrant is the Cayley table of the E6 graph fusion algebra.

4.4 E6 Ocneanu algebra: quotient ring and quantum dimensions

There is an injective ring homomorphism
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φ :
〈
P̂a,1, P̂a,2 |a = 1, . . . ,6

〉
→ Z[x,y]

/〈
p1(x), p2(x,y)

〉
(4.14)

where

p1(x) = ∏
ℓ∈Exp(E6)

(
x− 2cos ℓπ

g

)
= x6 − 5x4 + 5x2 − 1

p2(x,y) = y2 +(x5 − 5x3 + 4x)y− 1, p2(y,y) = p1(y) (4.15)

and

P̂1,1 7→ 1, P̂2,1 7→ x, P̂3,1 7→ x2 − 1, P̂4,1 7→ x5 − 4x3 + 2x (4.16a)

P̂5,1 7→ x4 − 4x2 + 2, P̂6,1 7→ −x5 + 5x3 − 4x, P̂a,2 7→ φ(P̂a,1)y, a = 1,2, . . . ,6
(4.16b)

The E6 integrable seams all mutually commute and are simultaneously

diagonalizable. The eigenvalues therefore yield a 1-dimensional representation of

the E6 Ocneanu algebra in terms of sℓ(2) quantum dimensions on Vir⊗Vir. For the

spin- 1
2

fundamentals, let us set x = qs + q−s, y = qs̄ + q−s̄ with q = eπ i/12 to ensure

the fusion rules truncate correctly. We then need to solve

p1(x) = 0, p2(x,y) = 0 (4.17)

These equations admit 6× 2 = 12 solutions for x = qs + q−s = 2cos sπ
12

and y =
qs̄ + q−s̄ = 2cos s̄π

12
where, explicitly,

(s, s̄) ∈ S = {(1,1),(4,4),(5,5),(7,7),(8,8),(11,11),

(1,7),(7,1),(4,8),(8,4),(5,11),(11,5)} (4.18)

These indices coincide with the operator content of the E6 modular invariant

partition function Z(q) = ∑
g−2
r=1 ∑(s,s̄)∈S χr,s(q)χr,s̄(q̄) for which the conformal

weights satisfy ∆r,s−∆r,s̄ ∈Z. As required, the set S is symmetric under interchange

of s and s̄. In the (s, s̄) sector, the corresponding quantum dimensions are

(1,1) : 1

(2,1) : qs + q−s

(3,1) : q2s+ 1+ q−2s

(4,1) : q5s+q3s+q−3s+q−5s

(5,1) : q4s+ q−4s

(6,1) : −q5s+qs+q−s−q−5s

(1,2) : qs̄ + q−s̄

(2,2) : qs+s̄+ qs−s̄+ q−s+s̄+ q−s−s̄

(3,2) : q2s+s̄+ q2s−s̄+ qs̄ + q−s̄+ q−2s+s̄+ q−2s−s̄

(4,2) : q5s+s̄+q5s−s̄+q3s+s̄+q3s−s̄+q−3s+s̄+q−3s−s̄+q−5s+s̄+q−5s−s̄

(5,2) : q4s+s̄+ q4s−s̄+ q−4s+s̄+ q−4s−s̄

(6,2) : −q5s+s̄−q5s−s̄+qs+s̄+qs−s̄+q−s+s̄+q−s−s̄−q−5s+s̄−q−5s−s̄

(4.19)
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Taking the union over the 12 sectors (4.18), we thus find that the distinct eigenvalues

of the integrable seams are given by the roots of the minimal polynomials

(1,1) : λ − 1 (1,2) : p1(λ )
(2,1) : p1(λ ) (2,2) : λ 4 − 4λ 3 + 4λ − 1

(3,1) : λ 3 − 2λ 2 − 2λ (3,2) : λ 7 − 30λ 5 + 60λ 3− 8λ
(4,1) : p1(λ ) (4,2) : λ 4 − 4λ 3 + 4λ − 1

(5,1) : λ 2 − 1 (5,2) : p1(λ )
(6,1) : λ 3 − 2λ (6,2) : λ 3 − 2λ 2 − 2λ

(4.20)

The toric seam matrices satisfy the polynomial equations obtained by setting the

associated minimal polynomial to zero. We observe that some integrable seams have

a zero eigenvalue and so are not invertible. Strictly speaking, in this sense, these

seams are not symmetries — they are “non-invertible symmetries” [36].

4.5 E6 Ocneanu algebra of seams and structure constants

For E6, it follows from (4.15) and Cayley-Hamilton that

p1(B) = p1(B) = 0 (4.21)

Additionally, for system sizes M ≤ 12, we have verified in Mathematica that

p2(B,B) = B
2 − P̂6,1B− I = 0 (4.22)

From (4.15) and (4.16b), B only enters this polynomial equation via the combination

P̂6,1 = N̂6 =−B5 + 5B3 − 4B (4.23)

so (4.22) can be rewritten as

N̂
2

2 = I+ N̂6N̂2 (4.24)

This is in accord with the product 7 ∗ 7 = 1+ 12 in the Cayley table of Figure 6.

Let a,b,c = 1,2, . . . ,6 and a′,b′,c′ = 1,2. Armed with the reduction (4.24), the

product of any two seams P̂a,a′ and P̂b,b′ can now be obtained using commutativity

and associativity. We can do this separately for the four quadrants (a′,b′) of the

Cayley table Figure 6 with a′,b′ = 1,2. But, since by commutativity the (1,2) and

(2,1) quadrants agree, we only need to consider the three cases a′b′ = 1,2,4:

a′b′ = 1 : N̂aN̂b = ∑
c

N̂ab
c N̂c = ∑

c

N̂ab
c P̂c,1 (4.25)

a′b′ = 2 : (N̂aN̂2)N̂b = N̂a(N̂bN̂2) = ∑
c

N̂ab
c(N̂cN̂2) = ∑

c

N̂ab
c P̂c,2 (4.26)
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a′b′ = 4 : (N̂aN̂2)(N̂bN̂2) = ∑
c

N̂ab
c N̂c N̂

2

2 = ∑
c

N̂ab
c N̂c (I+ N̂6N̂2) (4.27)

= ∑
c

N̂ab
c N̂c +∑

c,d

N̂ab
c N̂c6

d(N̂dN̂2) = ∑
c

N̂ab
c P̂c,1 +∑

c,d

N̂ab
c N̂c6

dP̂d,2

This observation gives explicitly the structure constants Ñη of the E6 Ocneanu

algebra, as in Figure 5, in terms of the graph fusion and double graph fusion structure

constants

Ña,a′;b,b′
c,c′ = (δa′,b′δc′,1 + δa′b′,2δc′,2)N̂ab

c + δa′b′,4δc′,2

6

∑
d=1

N̂ab
dN̂d6

c (4.28)

We deduce that the integrable seams P̂a,b in (3.16) satisfy the E6 Ocneanu algebra

for arbitrary system sizes M once the seam relation p2(B,B) = 0 is established. This

proof follows from (4.19). For a given eigenvector of T(u), the eigenvalues of B,B
are 2cos sπ

12
, 2cos s̄π

12
with (s, s̄) ∈S as in (4.18). But again, it is readily verified that

p2(2cos sπ
12
,2cos s̄π

12
) = 0, (s, s̄) ∈ S (4.29)

Essentially, the proof that the integrable seams satisfy the E6 Ocneanu algebra for

arbitrary system sizes M follows by simultaneous diagonalization since the seam

eigenvalues, in the form of the quantum dimensions, satisfy the E6 Ocneanu algebra.

5 Conclusion

In this short article, we have developed further the lattice approach to fusion in

critical unitary RSOS lattice models. Using Yang-Baxter integrability, it is now

possible to construct column transfer matrices (seams) for topological defects

that appear in the associated CFT in the continuum scaling limit. Like CFT

topological defects, the lattice seams commute and propagate freely along the

lattice. Remarkably, the lattice seams satisfy the Verlinde algebra, for A theories,

and the graph fusion and Ocneanu algebras for D and E theories. In addition, the

CFT quantum symmetry is already exhibited by the finite size integrable seams

on the lattice. Importantly, fusion is implemented by simple matrix multiplication

of square matrices associated with the integrable seams. Solving the boundary

inversion relations for Th(u) as in [26], it is seen that the boundary free energies

of the s,a and b-type seams vanish whereas this is not the case for the general r-type

seams. It would be of interest to find the boundary entropies of the seams as well as

to find projectors onto the (s, s̄) and (a,b) sectors of T(u).
Here we only considered type I theories and focussed on the A series and the

exceptional E6 theory of the critical unitary RSOS models on the torus. Crucially,

we have identified the E6 Ocneanu algebra as a quotient polynomial ring in two

indeterminates (4.14). We will publish details for all the critical A-D-E RSOS

models elsewhere.
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Our new methods provide powerful tools to investigate the Ocneanu algebra of

seams for other critical lattice models including models of higher spin or higher rank

as well as models defined on the cylinder. Indeed, it would be of interest to apply the

new methods to critical nonunitary A-D-E RSOS models [37], fused A-D-E RSOS

models [38] such as the superconformal series [39, 40], as well as the critical dilute

A-D-E RSOS lattice models [41–43] including the critical (A,G) series in branch 2

and tricritical (G,A) series in branch 1 [44].

Acknowledgements The Australian Research Council (ARC) is acknowledged for support

under Discovery Project DP200102316. We thank Jean-Bernard Zuber for comments and Robert

Coquereaux for detailed comments on the manuscript. Work on this project was carried out as part

of the MATRIX workshop Mathematics and Physics of Integrability (MPI2024):

https://www.matrix-inst.org.au/events/mathematics-and-physics-of-integrability

References

1. R.J. Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press (1982).

2. G.E. Andrews, R.J. Baxter, P.J. Forrester, Eight-vertex SOS model and generalized Rogers-

Ramanujan-type identities, J. Stat. Phys. 35 (1984) 193–266.

3. V. Pasquier, Two-dimensional critical systems labelled by Dynkin diagrams, Nucl. Phys. B285

(1987) 162–172.

4. V. Pasquier, Operator content of the ADE lattice models, J. Phys. A: Math. Gen. 20 (1987)

5707–5717.

5. V. Pasquier, Lattice derivation of modular invariant partition functions on the torus, J. Phys.

A: Math. Gen. 20 (1987) L1229–L1237.
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