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Carlos Pérez

Abstract This article will explore the connections between ”Harmonic Analysis”
and several fundamental estimates, including the ”Poincaré-Sobolev”, ”Trudinger”,
and ”John-Nirenberg inequalities”. Our central theme is the ”self-improving prop-
erty” of generalized Poincaré-type inequalities. Through this exploration, we’ll
show how these connections eliminate the need to rely on ”Potential Operators”,
offering a more flexible approach that yields more precise estimates, especially for
singular measures. We’ll also outline how certain older results can be modernized,
including fractional-type results that improve upon celebrated findings by Bourgain-
Brezis-Mironescu.

1 Introduction

The basic theme we will outline is to provide a different perspective for proving clas-
sical and non-classical Poincaré-Sobolev type estimates. In this section, we present
a brief historical overview that motivates our distinct perspective by showing its
intimate connection with Harmonic Analysis

1.1 Motivation: functions with controlled oscillation

We start by recalling that a function f satisfies the Hölder-Lipschitz condition in
Rn with exponent α , 0<α ≤ 1, if there exists a constant c such that for any x,y∈Rn
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| f (x)− f (y)| ≤ c|x− y|α

A simple estimate yields that there is a constant c such that the oscillation of f
satisfies

1
|Q|

∫
Q
| f (y)− fQ|dy ≤ cℓ(Q)α Q ∈ Q. (1)

Q denotes the the family of cubes with sides parallel to the axes in Rn. We will
be using standard notation like fQ := 1

|Q|
∫

Q f (x)dx, the average of f over the cube
Q and ℓ(Q) as the sidelength of the cube of Q. Actually, it was shown by S. Cam-
panato around 60 years ago that the (natural) point-wise definition and the averaging
type estimate using the concept of oscillation (the left hand side of (1)) are equiva-
lent. This is a very interesting fact that was extended by B. Franchi, G. Lu and R. L.
Wheeden in [FLW]. They established the following equivalence between the follow-
ing two conditions, given α > 0, a locally integrable function f , and a nonnegative
locally integrable function g:

• 1) There exists a constant C such that for all cubes Q:

1
|Q|

∫
Q
| f − fQ| ≤ c

ℓ(Q)α

|Q|

∫
Q

g, (2)

• 2) There exists a constant C such that for all cubes Q:

| f (x)− fQ| ≤ cIα(gχQ)(x) a.e. x ∈ Q (3)

where Iα , 0 < α < n, denotes the fractional integral or Riesz potentials of order α

and it is defined by

Iα f (x) =
∫
Rn

f (y)
|x− y|n−α

dy.

Of course, the case g = |∇ f | above with α = 1 is a classical result and it is
specially interesting since yields the classical local (1,1) Poincaré inequality: there
exists a dimensional constant cn > 0 such that for any Lipschitz function and any
cube Q ⊂ Rn, we have

1
|Q|

∫
Q
| f (x)− fQ|dx ≤ cn

ℓ(Q)

|Q|

∫
Q
|∇ f (x)|dx. (4)

The limiting case, α = 0 and g := 1 makes no sense in (3). However, it is well-
defined in (2),

1
|Q|

∫
Q
| f (y)− fQ|dy ≤ c,

providing a class of functions of different nature denoted by BMO, the Bounded
Mean Oscillation space introduced by John–Nirenberg.
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1.2 Sub-representation formulas and the Sobolev theorems

As we have mentioned, the subrepresentation formula (3) with α = 1 and g = |∇ f |
not only yields the (1,1) Poincaré inequality (4) for cubes, but it also gives us the
well-known Poincaré-Sobolev inequalities for 1 ≤ p < n.(

1
|Q|

∫
Q
| f − fQ|p

∗
dx
)1/p∗

≤ cn,p ℓ(Q)

(
1
|Q|

∫
Q
|∇ f |p dx

)1/p

(5)

or (∫
Q
| f − fQ|p

∗
dx
) 1

p∗

≤ cn,p

(∫
Q
|∇ f |p dx

) 1
p

where p∗ = pn
n−p is the classical Sobolev exponent, or else

1
p
− 1

p∗
=

1
n
.

Notice that these local results yield the classical global results,∥∥ f
∥∥

Lp∗ (Rn)
≤ cn,p

∥∥∇ f
∥∥

Lp(Rn)
.

The typical proof of (5) is based on the operator boundedness,

I1 : Lp(Rn)→ Lp∗(Rn)

which holds in the case p > 1. At the endpoint p = 1, 1∗ = n
n−1 = n′, we cannot use

the pointwise estimate since I1 does not map L1(Rn) into Ln′(Rn). I1 only satisfies
the weak endpoint boundedness: I1 : L1(Rn)→ Ln′,∞(Rn). Yet, the Sobolev (strong)
inequality still holds in this case by combining this with the “truncation method” of
Maz’ja, for which [Ha] provides a very clear exposition. In particular, we have:

∥ f∥Ln′ (Rn)
≤ cn ∥∇ f∥L1(Rn). (6)

This inequality, however, was derived by Gagliardo using a different method. This
estimate, commonly known as the Gagliardo-Nirenberg-Sobolev inequality, was
first proved by Gagliardo over 60 years ago using a different method. This inequality
is incredibly important; for instance, it’s well-known to be equivalent to the Isoperi-
metric inequality
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1.3 The influence of the extrapolation theory

1

It is not so well-known that there is an intimate relationship between (6) an
the extrapolation method in Harmonic Analysis. This connection was developed
in [PR-23]. Indeed, the case p = 1 in (5), namely the local version of (6) for cubes,
has an extended version for general measures, as proven in [FPW2000],

∥ f − fQ∥Ln′ (Q,µ)
≤ cn

∫
Q
|∇ f (x)|(M(χQµ)(x))

1
n′ dx, (7)

where µ denotes an arbitrary measure in Rn. Observe that the constant is purely
dimensional. A variant of this proof can be found in [PR-19]. A key advantage of
this estimate is its compatibility with extrapolation ideas from Harmonic Analysis,
which reveals that all pertinent information is encapsulated within this measure-
dependent estimate. The reference [PR-23] expands in this direction obtaining the
following result. The appearance of the factor (Mµ(x))

1
n′ in (7) gives rise in a natural

way to the definition of the A1,n′ class of weights. This class is defined as the weights
w, such that

M(wn′)≤ cwn′

Observe that A1,n′ is a subclass of A1. Recall that the a weight w belongs to A1 if
there is a constant c such that Mw(x)≤ cw(x) a.e. x ∈Rn. Also observe that A1,n′ is
part of a larger family of weights denoted by Ap,p∗ and defined by,

[w]Ap,p∗ = sup
Q

(
−
∫

Q
wp∗
)(

−
∫

Q
w−p′

) p∗
p′
< ∞. (8)

p∗ is the usual Sobolev exponent,

1
p
− 1

p∗
=

1
n
.

This condition was introduced by B. Muckenhoupt and R. Wheeden in [MW] and
was used by E. Harboure, R. Macı́as, and C. Segovia in [HMS] to derive an off-
diagonal extrapolation theorem. (see an updated version of this theorem [LMPT]).
In summary, as a consequence of (7) we have the following theorem.

Theorem 1. Let p ∈ [1,n) and let w ∈ Ap,p∗ . Then there exists a constant cn,p such
that for any cube Q,

1 The content of this section deviates from the central theme of the article; readers who wish to
remain focused on the main topic may skip directly to the next section. The point is that sec-
tions yields another connection between Harmonic Analysis and the theory of Poincaré-Sobolev
inequalities
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∥w( f − fQ)∥Lp∗ (Q,dx) ≤ cn,p[w]
1
n′
Ap,p∗

(∫
Q
|w∇ f |pdx

) 1
p

.

As a consequence we have the global estimate,

∥w f∥Lp∗ (Rn) ≤ cn,p [w]
1
n′
Ap,p∗

∥w∇ f∥Lp(Rn). (9)

The primary novelty of this result, distinct from the method per se, is that the con-

stant’s exponent [w]
1
n′
Ap,p∗

is the sharpest possible.

1.4 Generalized Sobolev theory: avoiding the subrepresentation
formulae

It is well-known that estimate (2) satisfies a self-improving property that has at-
tracted the attention of many authors. If f satisfies (2) for all cubes Q, then one can
deduce higher Lp–integrability (p > 1) for f , even though it’s initially only locally
L1-integrable. The first result of this type was obtained by L. Saloff-Coste in [SC].
Later, P. Hajlasz and P. Koskela extended it in [HaK] to metric spaces with a dou-
bling measure (X ,d,µ). It was later shown in [FPW] that a more general theory
exists, allowing the right-hand side of (2) to be of a different nature while still yield-
ing the self-improving phenomenon. In particular, the function’s gradient doesn’t
need to be considered here, as the theory in [FPW] was developed in the context
of Spaces of Homogeneous Type. The self-improving property is thus not tied to
the gradient’s presence on the right-hand side of (4), but rather to a discrete sum-
mation condition satisfied by the functional. More precisely, we still be considering
inequalities in Rn of the form:

1
|Q|

∫
Q
| f (x)− fQ|dx ≤ a(Q) Q ∈ Q, (10)

where a is a functional defined over the family of all cubes in Rn. An inequality of
this kind, having a local oscillation norm on the left and a functional a(Q) on the
right, will be called as a generalized Poincaré inequality.

As an illustration, we can make a variant of (2). Consider a non-negative measure
µ in Rn and a parameter α > 0, then define the following functional:

aµ(Q) := ℓ(Q)α µ(Q)

|Q|
(11)

Now, we fix a locally integrable function f such that

1
|Q|

∫
Q
| f (x)− fQ|dx ≤ aµ(Q) Q ∈ Q (12)
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Then, it follows from the results in [FPW] that if f satisfies (12) then the follow-
ing stronger estimate holds,

∥ f − fQ∥L(
n
α )′,∞(Q, dx

|Q| )
≤ cn,α aµ(Q), Q ∈ Q. (13)

We are using the following notation for the standard weak weighted normalized
norm over a cube Q ⊂ Rn,

| f∥Lr,∞(Q, dx
|Q| )

:= sup
λ>0

λ

(
|{x ∈ Q : | f (x)|> λ}|

|Q|

) 1
r

.

This result with α = 1, corresponds to the ”weak version” of the classical Poincaré-
Sobolev inequality (5) for the case p = 1. What makes this result powerful is its
validity for a fixed measure µ , eliminating any dependence on f . This removes the
requirement to consider a special family of functions involving the gradient in the
initial hypothesis (12).

Going a bit further, the reason why a result like (13) holds is that the functional
a satisfies the following geometric type condition: there exists a finite positive con-
stant c, such that for any cube Q ∈ Q and any family {Qi} of disjoint subcubes of
Q (

∑
i

a(Qi)
p |Qi|
|Q|

) 1
p

≤ ca(Q) (14)

with p=( n
α
)′. Actually we can take c= 1 in this case. This condition and its variants

are central to this theory. This condition, introduced in [FPW] for Spaces of Homo-
geneous Type, leads to geometrical constants in the result that make it less attractive
and applicable than in the case of cubes. Although these geometrical constants were
significantly improved in [MP98] (see also [LP]), it remains unclear how to prove
this result using sub-representation formulas. However, we remit to [C] for recent
improvements using sub-representation formulas in the context of Rn.

A primary question is whether the weak norm L( n
α
)′,∞ can be replaced by the

strong norm L( n
α
)′ in (13). The truncation method is not applicable here because the

measure is fixed, which prevents the existence of a family of functions satisfying the
initial estimate. The question can be rephrased as follows: what additional condition
must be imposed on the functional a to directly obtain the strong L( n

α
)′?

As an illustration, we can make a variant of the (1,1) Poincaré inequality (4)
combining itself and the definition of the A1 class of weights. Indeed, splitting the
average of |∇ f | over the cube Q and then using the definition of A1 we have,

1
|Q|

∫
Q
| f (x)− fQ|dx ≤ cn

ℓ(Q)

|Q|

∫
Q
|∇ f (x)|dx

= cn ℓ(Q)

(
1
|Q|

∫
Q
|∇ f (x)|dx

) 1
n
(

1
|Q|

∫
Q
|∇ f (x)|dx

) 1
n′
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≤ cn[w]
1
n′
A1
ℓ(Q)

(
1
|Q|

∫
Q
|∇ f (x)|dx

) 1
n
(

1
w(Q)

∫
Q
|∇ f (x)|w(x)dx

) 1
n′

Define

a(Q) = a f (Q) = cn [w]
1
n′
A1
ℓ(Q)

(
1
|Q|

∫
Q
|∇ f (x)|dx

) 1
n
(

1
w(Q)

∫
Q
|∇ f (x)|w(x)dx

) 1
n′

Then, as consequence of the main result in [FPW] (see Theorem 2 below, or the
sharper version in Theorem 3), we have:(

1
w(Q)

∫
Q
| f − fQ|n

′
wdx

) 1
n′
≤ ca(Q) Q ∈ Q, (15)

where the constant depends on the dimension and the A1 constant of w. This result
holds because the functional a satisfies a weighted version of (14) as defined earlier.
That is, for any cube Q ∈ Q and any family {Qi} of disjoint subcubes of Q, a finite
positive constant c exists such that:(

∑
i

a(Qi)
p w(Qi)

w(Q)

) 1
p

≤ ca(Q) (16)

with p = n′. As a consequence we derive the global estimate for C1 functions with
compact support,

∥∥ f
∥∥

Ln′ (w) ≤ cn,[w]A1

∥∥∇ f
∥∥ 1

n
L1(Rn)

∥∥∇ f
∥∥ 1

n′
L1(w).

In [PR-19], a variant of condition (16) was introduced. While not satisfied by
(11) at the endpoint ( n

α
)′, it holds for indices below it, yielding more precise results,

especially when appropriate classes of weights–like the example we just considered
and the one we’ll address next–are included.

Let’s now consider another relevant family of functionals, derived by combining
(4) with the following well-known general fact: for any non-negative function g and
any Ap weight w,

1
|Q|

∫
Q

g dx ≤ [w]
1
p
Ap

(
1

w(Q)

∫
Q

g(x)p w(x)dx
) 1

p

. (17)

Then we have that

−
∫

Q
| f (x)− fQ|dx ≤ cn[w]

1
p
Ap
ℓ(Q)

(
1

w(Q)

∫
Q
|∇ f (x)|pw dx

)1/p

(18)

and define
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a f (Q) := cn[w]
1
p
Ap
ℓ(Q)

(
1

w(Q)

∫
Q
|∇ f (x)|pwdx

)1/p

or more generally we could consider for a fixed measure µ and function f such that

−
∫

Q
| f (x)− fQ|dx ≤ aµ(Q)

where

aµ(Q) =: λ ℓ(Q)

(
µ(Q)

w(Q)

)1/p

for some parameter λ ∈ (0,∞). As some examples before, µ does not depend on f .
Again, the key to gaining integrability for the function on the left lies in the

geometrical condition (16) satisfied by a:(
∑

i
aµ(Qi)

p w(Qi)

w(Q)

) 1
p

≤ aµ(Q).

Actually, there is a better integrability result (more in the line of Poincaré-Sobolev)
since for some larger exponent q > p the functional aµ satisfies an stronger condi-
tion, (

∑
i

aµ(Qi)
q w(Qi)

w(Q)

) 1
q

≲ aµ(Q).

For the precise definition, we refer to Definition 1.

2 The general theory and the Dp condition

2.1 The Dp condition and examples

Recall that we are considering here the simplest context, namely Rn with the
usual family of cubes Q and that we are considering “abstract” functionals a,
namely

a : Q → (0,∞)

We want to show that if a locally integrable function f satisfies

1
|Q|

∫
Q
| f (x)− fQ|dx ≤ a(Q) Q ∈ Q, (19)

then one can deduce higher Lp–integrability of f . As already mentioned, these gen-
eralized Poincaré inequalities and self-improving results were first considered in a
more general setting in [FPW]. The main results were improved in [MP98]. In these
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papers, the key condition for the self-improving property is that the functional a
satisfies the following geometric discrete summation condition.

Definition 1. Let w be any weight in Rn. We say that the functional a satisfies the
weighted Dp(w) condition for 0 < p < ∞ if there is a constant C such that, for any
cube Q and any family {Q j} j of pairwise disjoint subcubes of Q, the following
inequality holds: (

∑
j

aµ(Q j)
p w(Q j)

w(Q)

) 1
p

≤ caµ(Q). (20)

The best possible constant c above is denoted by ∥a∥Dp(w), and also we will write in
this case that a ∈ Dp(w).

The condition is local in nature, somewhat resembling the Carleson condition.
For convenience, we’ll denote the best constant C as ∥a∥. Observe that ∥a∥ ≥ 1 and
that by Hölder’s inequality, the family {Dr} is decreasing as r increases, that is, if
r < s, Ds ⊂ Dr. Hence for a functional a ∈ Dr we can define the optimal exponent
to which it belongs, namely

ra = sup{r : a ∈ Dr}.

This exponent can be considered a generalized Sobolev exponent for the functional
a. For instance, inspired by (11), we can define for a measure µ and a positive
number α:

aµ(Q) = ℓ(Q)α

(
µ(Q)

|Q|

)1/p

.

Then it is easy to check that aµ ∈ Dp∗α where p∗α is the usual Sobolev exponent

1
p
− 1

p∗α
=

α

n

Indeed, we have to show that aµ ∈ Dp∗α , namely for any Q ∈ Q and any family of
pairwise disjoint subcubes {Q j} of Q(

∑
j

aµ(Q j)
p∗α

|Q j|
|Q|

) 1
p∗α

≤ caµ(Q)

Indeed, by the definition of p∗α we have

∑
j

aµ(Q j)
p∗α |Q j|= ∑

j

(∫
Q j

dµ(y)
) p∗α

p

≤

(
∑

j

∫
Q j

dµ(y)

) p∗α
p

≤
(∫

Q
dµ(y)

) p∗α
p

= aµ(Q)p∗α |Q|



700 Carlos Pérez

It’s straightforward to check that
∥∥aµ

∥∥ = 1 and that p∗α is the sharpest exponent.
This exponent’s coincidence with the Sobolev exponent (think of the case α = 1) is
no mere coincidence.

A further illustration comes from a variant of the one leading to (15). Indeed,
define again for α > 0

aµ1,µ2(Q) := λ ℓ(Q)α

(
µ1(Q)

|Q|

) 1
n
(

µ2(Q)

w(Q)

) 1
n′

where µ1 and µ2 are two measures and w is a weight w in Rn. Now, we fix a locally
integrable function f such that

1
|Q|

∫
Q
| f (x)− fQ|dx ≤ aµ1,µ2(Q) Q ∈ Q. (21)

Then we can show that if w ∈ A1, then(
∑

i
a(Qi)

p w(Qi)

w(Q)

) 1
p

≤ caµ1,µ2(Q)

with p = ( n
α
)′.

Another family of examples with weights which are important in applications are
obtained by combining the Ap, 1≤ p<∞ condition and the Poincaré (1,1) estimate,

1
|Q|

∫
Q
| f (x)− fQ|dx ≤ cn [w]

1
p
Ap

ℓ(Q)

(
1

w(Q)

∫
Q
|∇ f (x)|pw dx

)1/p

We can consider the more general functional

a(Q) = ℓ(Q)

(
µ(Q)

w(Q)

)1/p

It is easy to check that a ∈ Dp(w) but we have something better: let w ∈ Aq with
1 ≤ q ≤ p. Define the exponent p∗w by the formula

1
p
− 1

p∗w
=

1
nq

.

Then a ∈ Dp∗w(w) and further

∥a∥Dp∗w (w) ≤ [w]
1
nq
Aq

namely for any family {Q j} of pairwise disjoint subcubes of Q:(
∑

i
a(Q j)

p∗w
w(Q j)

w(Q)

) 1
p∗w

≤ [w]
1
nq
Aq

a(Q).
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We can be found the details of this estimate in [PR-19].
Finally, by adapting the proof of (15) but using (17), we can derive the following

for any w ∈ Ap:(
1

w(Q)

∫
Q
| f − fQ|pn′wdx

) 1
pn′

≤ cℓ(Q)

(
1
|Q|

∫
Q
|∇ f (x)|dx

) 1
n
(

1
w(Q)

∫
Q
|∇ f (x)|p w(x)dx

) 1
pn′

,

(22)
where the constant c depends on the Ap constant of the weight w. Observe that in
this case the functional a satisfies the Dn′p(w) condition and we can apply Theorem
2 below. As a consequence, we derive the global estimate for C1 functions with
compact support and for any Ap weight w,

∥∥ f
∥∥

Lpn′ (w) ≤ cn,[w]Ap

∥∥∇ f
∥∥ 1

n
L1(Rn)

∥∥∇ f
∥∥ 1

n′
Lp(w).

2.2 A “rough” result

To state our theorems we need to recall the well known class of weights A∞,
introduced by B. Muckenhoupt. It is commonly defined as follows:

A∞ =
⋃
p≥1

Ap.

We will use the following constant, introduced in [HP]:

[w]A∞
= sup

Q

1
w(Q)

∫
Q

M(wχQ)(x)dx, (23)

which seems to be the optimal one.
The result we state now is the version of the original theorem given in [FPW] but

in the context of Rn with cubes. Nevertheless, the results come out with uncontrolled
constants.

Theorem 2. (first version) Let a ∈ Dp(w) with w ∈ A∞. Let f such that

−
∫

Q
| f (x)− fQ|dx ≤ a(Q) Q ∈ Q

Then ∥∥ f − fQ
∥∥

Lp,∞(Q, wdx
w(Q)

)
≲ a(Q) Q ∈ Q (24)

We haven’t been precise about the constant in (24) because there is a much more
precise version of this result in Theorem 3.

We’ will ll provide the proof of this result because it illustrates the application
of Harmonic Analysis, combining fundamentals of Calderón–Zygmund theory with
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a suitable variant of the Burkholder-Gundy good-λ inequality. A challenge arises
from the lack of precise control over the relevant constant, as stated in Theorem 3.
Nevertheless, this approach extends to Spaces of Homogeneous Type.

2.3 A sharper result

A sharper version of Theorem 2 is stated next, providing a more precise control
of the relevant constants. It it is taken from [CP].

Theorem 3. Let a ∈ Dp(w) with w ∈ A∞. Let f such that

−
∫

Q
| f (x)− fQ|dx ≤ a(Q) (25)

Then ∥∥ f − fQ
∥∥

Lp,∞(Q, wdx
w(Q)

)
≤ cn p [w]A∞

∥a∥a(Q).

As a consequence of Kolmogorov’s inequality(
1

w(Q)

∫
Q

g(x)q wdx
)1/q

≤ (
r

r−q
)1/q ∥g∥Lr,∞(Q,w). (26)

we have the following:(
1

w(Q)

∫
Q
| f (x)− fQ|qw(x)dx

) 1
q

≤ cn

(
p

p−q

) 1
p

p[w]A∞
∥a∥Dp(w) a(Q),

for all 0 < q < p.
Therefore, the Dp(w) condition implies that (25) self-improves to a weighted Lq

estimate for all 0 < q < p. However, we generally cannot reach the strong Lp(w).
This is only possible if Maz’ja’s ”truncation method” (or a weak-implies-strong
argument) applies to the functional a(Q) := a f (Q) which must depend on f . Once
applicable, we can then derive the Lp estimate. For a comprehensive overview of
the truncation method, see [Ha].

The following section shows that there is a condition on the functional a, only
slightly stronger than Dp, that allows us to derive the self-improving result for the
strong Lp(w) norm, and this functional does not need to depend on f .

2.4 A recent variant of the Dp condition

In [PR-19], the key condition Dp (Definition 1) was redefined a few years ago.
This redefinition aimed to produce (strong) self-improving Lp estimates with much
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more precise constant control. The resulting new condition, SDs
p(w), is stronger

than Dp(w) yet holds for the most significant functionals (examples across different
settings are available in [PR-19, CMPR, HMPV]).

Definition 2. Let w be any weight in Rn, and let s > 0. We say that the functional a
satisfies the weighted SDs

p(w) condition for 0 < p < ∞ if there is a constant c such
that, for any cube Q and any family {Q j} of pairwise disjoint subcubes of Q, the
following inequality holds:(

∑
j

a(Q j)
p w(Q j)

w(Q)

) 1
p

≤ c

(∣∣⋃
j Q j
∣∣

|Q|

) 1
s

a(Q). (27)

The best possible constant C above is denoted by ∥a∥SDp(w), and also we will write
in this case that a ∈ SDs

p(w).

Notice the extra factor
(
|⋃ j Q j|
|Q|

) 1
s

which is bounded by one and hence this is

an stronger condition than Dp. However, the model examples of functionals satisfy-

ing this condition include the classical ones among others, a(Q) = ℓ(Q)α

(
µ(Q)
w(Q)

) 1
p
,

where µ is a locally finite measure and w is any weight.
The main self-improving result is that if w ∈ A∞ and a ∈ SDs

p(w), then initial
inequality (10) implies the weighted Lp generalized Poincaré inequality. In [PR-19],
the authors conjectured that the A∞ condition could be removed. This conjecture
was positively resolved a few years ago by Lerner, Lorist, and Ombrosi in [LLO],
who used sparse domination to obtain an interesting pointwise estimate. They also
achieved a better dependence on s in the constant. More recently, these ideas have
been expanded in [GLP] in various directions, particularly improving results from
both [LLO] and [FPW], among others.

The theorem derived by [LLO] is the following.

Theorem 4. Let a∈ SDs
p(w) for some s> 0 and p, and let f be a locally integrable

function such that

−
∫

Q
| f (x)− fQ|dx ≤ a(Q).

Then,
∥ f − fQ∥Lp(Q, wdx

w(Q)
) ≤ cn(s+1)∥a∥SDs

p(wµ )
a(Q), Q ∈ Q

3 Proof of the rough result in Theorem 2

Fix a cube Q and for each λ > 0, let

Ωλ = {x ∈ Q : M( f − fQ)(x)> λ}
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M := Md
Q is the dyadic Hardy–Littlewood maximal function relative to Q, namely

MQh(x) = sup
R∈D(Q)

x∈R

1
|R|

∫
R
|h|.

Here D(Q) denotes the collection of all dyadic descendants of Q.
Then by the Lebesgue differentiation theorem we have

{x ∈ Q : | f (x)− fQ|> λ} ⊂ Ωλ ,

except possibly for a set of measure 0, and will follow from

sup
λ>0

λ
r w(Ωλ )

w(Q)
≤Cr ∥a∥r a(Q)r (28)

Since w ∈ A∞, there are constants C,δ > 0 such that

w(E)≤ c
(
|E|
|Q|

)δ

w(Q) E ⊂ Q, Q ∈ Q

The key estimate is the following inequality of good–λ type:
Let f ,Q,Ωλ and w be as above. Then for all λ ,ε,N with λ > 0, N > γcn and

0 < ε ≤ ∥a∥,

w(ΩNλ )≤
εδ c

(N − cn)δ
w(Ωλ )+

∥a∥p

λ pε p a(Q)pw(Q) (29)

To prove (28) we use a standard good–λ argument.
Let’s prove (29). Assume first λ ≤ a(Q), then in this case the inequality is im-

mediate since ΩNλ ⊂ Q and ε ≤ ∥a∥. Assume now that λ > a(Q), then,

λ >
1
|Q|

∫
Q
| f − fQ|dx.

We can consider the Calderón–Zygmund decomposition of ( f − fQ)χQ relative
to Q for these λ ’s. This yields a collection of dyadic subcubes of Q, {Qi}, maximal
with respect to inclusion, satisfying Ωλ = ∪iQi and

λ <
1

|Qi|

∫
Qi

| f − fQ|dx ≤ 2n
λ (30)

for each integer i. Let N = 2n +1. Since ΩN λ ⊂ Ωλ , we have

w(ΩN λ ) = w(ΩN λ ∩Ωλ ) = ∑
i

w({x ∈ Qi : M(( f − fQ)χQ)(x)> N λ}) =

= ∑
i

w({x ∈ Qi : M(( f − fQ)χQi)(x)> N λ})
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by the maximality of each of the cubes Qi.
Now, for x ∈ Qi,

| f (x)− fQ|

≤ | f (x)− fQi |+ | fQi − fQ| ≤ | f (x)− fQi |+
2n

|Q′
i|

∫
Q′

i

| f − fQ|dy

≤ | f (x)− fQi(x)|+2n
λ

by the maximality of the cubes. Hence, since if N = 2n +1,

{x ∈ Qi : M(( f − fQ)χQi)(x)> N λ} ⊂ {x ∈ Qi : M(( f − fQi)χQi)(x)> λ}

Now let
EQi := {x ∈ Qi : M(( f − fQi)χQi)(x)> λ}

which is the key set to understand. Then

w(ΩN λ )≤ ∑
i

w(EQi)≤ ∑
i

a(Qi)<ελ

w(EQi)+ ∑
i

a(Qi)≥ελ

w(EQi).

To estimate the first sum we use the A∞ condition on the weight w combined with
the weak type (1,1) property (with constant one) of M

For the second sum we will use the Dp(w) condition:

w(ΩNλ )≤ c ∑
i

a(Qi)<ελ

(
|EQi |
|Qi|

)δ

w(Qi)+ ∑
i

a(Qi)≥ελ

(
a(Qi)

ελ

)p

w(Qi)

≤ c ∑
i

a(Qi)<ελ

(
1
λ

1
|Qi|

∫
Qi

| f − fQi |dx
)δ

w(Qi)+
1

(ελ )p ∑
i

a(Qi)
pw(Qi)

≤ c ∑
i

a(Qi)<ελ

(
a(Qi)

λ

)δ

w(Qi)+
∥a∥p

(ελ )p a(Q)pw(Q)

≤ cε
δ
∑

i
w(Qi)+

∥a∥p

(ελ )p a(Q)pw(Q)

≤ cε
δ w(Ωλ )+

∥a∥p

(ελ )p a(Q)pw(Q).

This proves the desired good–λ inequality (29) and also completes the proof of
the Theorem. □
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4 Some extensions of the John–Nirenberg estimate

In the next section, we’ll present the proof of Theorem 3. This proof requires initial
estimates that improve the classical John–Nirenberg estimate using an alternative
approach. We will primarily follow the arguments outlined in [CP].

4.1 Extending the classical John–Nirenberg estimate

Theorem 5. Let f be a locally integrable function. Then for any cube Q, for any
1 ≤ p < ∞ and 1 < r < ∞, the following estimate holds(

1
wr(Q)

∫
Q

(
MQ( f − fQ)(x)

M♯ f (x)

)p

w(x)dx
) 1

p

≤ cn pr′. (31)

Hence, if further w ∈ A∞ we have(
1

w(Q)

∫
Q

(
MQ( f − fQ)(x)

M♯ f (x)

)p

w(x)dx
) 1

p

≤ cn p [w]A∞
. (32)

As before, MQ denotes the local dyadic maximal operator over Q.
Recall the usual notation for the BMO space,

∥ f∥BMO := sup
Q

1
|Q|

∫
Q
| f (x)− fQ|dx.

Corollary 1. Let f be a function in BMO. Then for any cube Q, for any 1 ≤ p < ∞(
1

w(Q)

∫
Q

MQ( f − fQ)(x)p w(x)dx
) 1

p

≤ cn p[w]A∞
∥ f∥BMO, (33)

and hence, (
1

w(Q)

∫
Q
| f (x)− fQ)|p w(x)dx

) 1
p

≤ cn p [w]A∞
∥ f∥BMO. (34)

Remark 1. We point out that we do not know how to extend this result into the
context of spaces of homogeneous type since it is not clear if our method works.

Remark 2. We remark that the corresponding result replacing the Lp norm by the
(larger) Lorentz norm Lp,q with 1 ≤ q < p cannot be proved even in the simplest
situation w = 1 and without M.

Remark 3. Since throughout the proof the only cubes that appear are dyadic descen-
dants of Q, we actually obtain the stronger estimate
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1

wr(Q)

∫
Q

(
MQ( f − fQ)(x)

M♯
Q f (x)

)p

w(x)dx

) 1
p

≤ cn pr′,

where M♯
Q is the sharp operator taking the supremum over dyadic descendants of Q.

Since M♯
Q ≤ M♯, this last estimate is stronger.

Remark 4. We also remark that the factor p in (31) (or (32)) it is crucial since it
yields the exponential type result as follows.

Corollary 2. Let f be a locally integrable function. Then we have: Improved John–
Nirenberg estimate: ∥∥∥∥MQ( f − fQ)

M♯ f

∥∥∥∥
expL(Q, wdx

w(Q)
)

≤ cn [w]A∞

meaning that there exist dimensional constants c1,c2 > 0 such that

w
({

x ∈ Q :
MQ( f − fQ)

M♯ f (x)
> t
})

≤ c1 e−c2 t/[w]A∞ w(Q) t > 0.

For every cube and λ ,γ > 0 we have the following good-λ type inequality

w
(
{x ∈ Q : MQ( f − fQ)> λ ,M♯ f (x)≤ γλ}

)
≤ c1 e

−c2
γ[w]A∞ w(Q)

For the proof it is enough to apply next standard lemma.

Lemma 1. Suppose that (X ,µ) is a probability space and f a non-negative function
such that for every 1 ≤ p < ∞ we have the Lp bound(∫

X
f (x)pdµ

) 1
p

≤ γ p,

for some constant γ independent from p. Then f ∈ exp(L)(X ,µ), meaning

µ({x ∈ X : f (x)> t})≤ e
− t

4γ , t > 0.

Proof. We compute∫
X

(
exp

f (x)
4γ

−1
)

dµ =
∞

∑
n=1

1
n!

∫
X

(
f (x)
4γ

)n

dµ ≤
∞

∑
n=1

1
n!

(n
4

)n
≤ 1.

Therefore,
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µ({x ∈ X : f (x)> t}) = µ({x ∈ X :
f (x)
4γ

− t
4γ

− log2 > log2})

≤
∫

X

(
exp
( f (x)

3γ
− t

4γ
− log2

)
−1
)

dµ

= 2e
− t

4γ

∫
X

(
exp

f (x)
4γ

−1
)

dµ. ⊓⊔

5 Proof of the sharp theorem

In this section we will provide the proof of Theorem 3: if w∈A∞ and a is a functional
satisfying condition the Dp(w) from Definition 1 anf if f is a locally integrable
function such that for every cube Q,

1
|Q|

∫
Q
| f − fQ| ≤ a(Q). (35)

Then, there exists a dimensional constant cn such that for every cube Q,

∥ f − fQ∥Lp,∞
(

Q, w
w(Q)

) ≤ cn p [w]A∞
∥a∥a(Q).

Remark 5. Again, the interesting question is how can we get strong result for the
functional

a(Q) = ℓ(Q)

(
µ(Q)

w(Q)

)1/p

Using Kolmogorov’s inequality we have the following corollary.

Corollary 3. As a consequence, if m is a number such that 0 < m < p < ∞

we have ∥∥ f − fQ
∥∥

Lm(Q, wdx
w(Q)

)
≤ cn(

p
p−m

)1/m p [w]A∞
∥a∥a(Q)

We will use the following two result.

Theorem 6 (Sharp RHI, [HPR]). Let w ∈ A∞, and let

rw = 1+
1

τn[w]A∞
−1

where τn is a fixed dimenional constant. Then( 1
|Q|

∫
Q

wrw
) 1

rw ≤ 2
|Q|

∫
Q

w

Recall that we are using the following constant
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[w]A∞
:= sup

Q

1
w(Q)

∫
Q

M(wχQ)< ∞

already mentioned in (23).

Proof (Proof of the sharper result Theorem 3).
Now we proceed with the proof. Fix a cube Q, we have to prove that

tr w({x ∈ Q : | f (x)− fQ|> t})
w(Q)

≤ (c∥a∥)r [w]rA∞
a(Q)r (36)

with c independent of Q, t and [w]A∞
.

Now, for each t > 0, we let

Ωt = {x ∈ Q : MQ( f − fQ)(x)> t}.

Then by the Lebesgue differentiation theorem

{x ∈ Q : | f (x)− fQ|> t} ⊂ Ωt .

We will assume that t > a(Q) since otherwise (36) is trivial. Hence

t > a(Q)≥ 1
|Q|

∫
Q
| f − fQ|

and we can consider the Calderón–Zygmund covering lemma of | f − fQ| relative
to Q for these values of t. This yields a collection {Q j} of dyadic subcubes of Q,
maximal with respect to inclusion, satisfying Ωt = ∪ jQ j and

t <
1

|Q j|

∫
Q j

| f − fQ| ≤ 2n t

for each j. Now let q > 1 be a big enough number that will be chosen in a moment.
Since Ωqt ⊂ Ωt , we have that

w(Ωqt) = w(Ωqt ∩Ωt)

= ∑
j

w({x ∈ Q j : M( f − fQ)(x)> qt})

= ∑
j

w({x ∈ Q j : M(( f − fQ)χQ j)(x)> qt})

where the last equation follows by the maximality of each of the cubes Q j. Indeed,
for any of these j’s and x ∈ Q j, we have
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M(| f − fQ|χQ)(x) = max{ sup
P:x∈P∈D(Q)

P⊆Q j

−
∫

P
| f − fQ|, sup

P:x∈P∈D(Q)
P⊃Q j

−
∫

P
| f − fQ|}

= sup
P:x∈P∈D(Q)

P⊂Q j

−
∫

P
| f |

= M(( f − fQ)χQ j)(x),

since by the maximality of the cubes Q j when P is dyadic (relative to Q) containing
Q j then

1
|P|

∫
P
| f − fQ| ≤ t.

On the other hand for arbitrary x,

| f (x)− fQ| ≤ | f (x)− fQ j |+ | fQ − fQ j |

≤ | f (x)− fQ j |+
1

|Q j|

∫
Q j

| f − fQ|

≤ | f (x)− fQ j |+2n t

and then for q = 2n +1 we arrive to

w(Ωqt)≤ ∑
j

w(EQ j),

where

EQ j = {x ∈ Q j : MQ( f − fQ j)(x)> t}
= {x ∈ Q j : MQ j( f − fQ j)(x)> t},

by the maximality of the cubes Q j. Now we will use the good-λ from Corollary 2.
We use the version with the dyadic sharp maximal function in Remark 3. Let γ > 0
to be chosen later. Then

EQ j ⊆ {MQ j( f − fQ j)> t, M♯
d f ≤ γt}∪{M♯

d f > γt}= A j ∪B j

and therefore

w(EQ j)≤ w(A j)+w(B j).

For A j-s, let [w]A∞
> 1 be the exponent for the Reverse Hölder inequality for

w ∈ A∞ as in Theorem 6. Then, using Corollary 2, we have

∑
j

w(A j)≤ c1e
− c2

[w]A∞
γ

∑
j

w(Q j) = c1e
− c2

[w]A∞
γ w(Ωt).
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Remember that c1,c2 > 0 are dimensional constants. On the other hand, for B j we
can argue as follows. We have⋃

j

B j ⊆ {x ∈ Q : M♯
d f (x)> γt}=

⋃
i

Ri,

where Ri are the maximal dyadic subcubes of Q such that

γt <
1
|Ri|

∫
Ri

| f − fRi |.

Now, using the starting point (35), we clearly have

γt ≤ a(Ri).

Therefore, using that a satisfies the Dr(w) condition (20), we have

∑
j

w(B j)≤ w
(
{x ∈ Q : M♯

d f (x)> γt}
)

= ∑
i

w(Ri)

≤
(

1
γt

)r

∑
i

w(Ri)a(Ri)
r

≤ ∥a∥r
(

1
γt

)r

w(Q)a(Q)r.

Now, if we put everything together, we get

(qt)rw(Ωqt)≤ c1(tq)re
− c2

γ[w]A∞ w(Ωt)+

(
q
∥a∥

γ

)r

w(Q)a(Q)r.

Since we have qt on the left and t on the right, we define the function

ϕ(N) = sup
0<t≤N

trw(Ωt).

This function is increasing, so we have

ϕ(N)≤ ϕ(Nq)≤ c1qre
− c2

γ[w]A∞ ϕ(N)+

(
q
∥a∥

γ

)r

w(Q)a(Q)r.

The parameter γ is free, and we make the choice so that

c1qre
− c2

[w]A∞
γ =

1
2
,

which means
γ =

cn

r[w]A∞

.
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This yields the result, since ∥ f − fQ∥Lr,∞(Q,w) ≤ supN ϕ(N).

6 Application to the fractional situation and the BBM
phenomenon

To provide context, consider a “rough” initial fractional Poincaré inequality. We
can immediately see that the (L1) local oscillation on a cube

−
∫

Q
| f (x)− fQ|dx ≈−

∫
Q
−
∫

Q
| f (x)− f (y)|dydx

and for any δ ∈ (0,∞) this quantity is bounded by

≤ cnℓ(Q)δ −
∫

Q
−
∫

Q

| f (x)− f (y)|
|x− y|δ

dydx ≤ cnℓ(Q)δ −
∫

Q

∫
Q

| f (x)− f (y)|
|x− y|n+δ

dydx.

This is is often called the (local) fractional Gagliardo seminorm, but we view it
as a functional acting on cubes. In fact, this functional “interpolates” between the
oscillation of f and the Sobolev functional,

ℓ(Q)−
∫

Q
|∇ f (x)|dx

with the blowing up factor 1
1−δ

in front, namely

Lemma 2. Let δ ∈ (0,1), then

ℓ(Q)δ−
∫

Q

∫
Q

| f (x)− f (y)|
|x− y|n+δ

dydx ≤ cn

1−δ
ℓ(Q)−

∫
Q
|∇ f (x)|dx.

The classical (1,1) Poincaré (4) is a consequence of the following estimate which
seems to be contained in the work of J. Bourgain, H. Brezis, and P. Mironescu
[BBM1, BBM2]: let δ ∈ (0,1), then

−
∫

Q
| f (x)− fQ|dx ≤ cn (1−δ )ℓ(Q)δ−

∫
Q

∫
Q

| f (x)− f (y)|
|x− y|n+δ

dydx (37)

A different and interesting approach was considered by M. Milman combining ideas
from interpolation theory and extrapolation theory [JM], [DM].

As a consequence of (37) we derived in [MPW] the following result which serves
as an starting point in a similar way as (18).

Corollary 4. Let 0 < δ < 1, 1 ≤ p < ∞, f ∈ L1
loc(Rn) and w ∈ Ap. Then there exists

a dimensional constant c such that
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−
∫

Q
| f (x)− fQ|dx≤ c [w]

1
p
Ap

(1−δ )
1
p

δ
1− 1

p
ℓ(Q)δ

(
1

w(Q)

∫
Q

∫
Q

| f (x)− f (y)|p

|x− y|n+δ p dyw(x)dx
) 1

p

for every cube Q ⊂ Rn.

We emphasize that the proof isn’t as straightforward as that of (18), as deriving
the sharp factor (1− δ )

1
p introduces an added difficulty. However, the extra factor

δ
1
p−1 that appears in front should not be there.
Applying the main Theorem in [PR-19] or [CP] as done in [HMPV] we can

deduce

Theorem 7. Let 0 < δ < 1 and 1 ≤ p < n
δ

. Let w ∈ A1, and let p∗
δ

be the fractional
Sobolev exponent

1
p
− 1

p∗
δ

=
δ

n
.

Then, there exists a constant cn > 0 such that for every Q ∈ Q and for any u ∈
L1

locloc(Rn),

inf
c∈R

(
1

w(Q)

∫
Q
|u− c|p∗δ wdx

) 1
p∗
δ

≤ cn p∗
δ
(1−δ )

1
p [w]

δ
n +1+ 1

p
A1

ℓ(Q)δ

(
1

w(Q)

∫
Q

∫
Q

|u(x)−u(y)|p

|x− y|n+pδ
dywdx

) 1
p

.

The idea is to self-improve starting from

−
∫

Q
| f (x)− fQ|dx ≤ cn (1−δ )

1
p ℓ(Q)δ

(
1
|Q|

∫
Q

∫
Q

| f (x)− f (y)|p

|x− y|n+δ p dydx
) 1

p

for every cube Q ⊂ Rn.
As before, this functional satisfies the Dp∗

δ
condition from which (for 1 ≤ p < n

δ
)

recalling that where p∗
δ

is the usual Sobolev exponent

1
p
− 1

p∗
δ

=
δ

n
.

Then we have,

Theorem 8.(
−
∫

Q
| f (x)− fQ|p

∗
δ dx
) 1

p∗
δ ≤ cn p∗

δ
(1−δ )

1
p cnℓ(Q)δ

(
−
∫

Q

∫
Q

| f (x)− f (y)|p

|x− y|n+δ p dydx
) 1

p

Corollary 5. global case(∫
Rn

| f (x)|p∗δ dx
) 1

p∗
δ ≤ cn p∗

δ
(1−δ )

1
p

(∫
Rn

∫
Rn

| f (x)− f (y)|p

|x− y|n+δ p dydx
)1/p

,
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We also have weighted versions of these results but we remit to [HMPV, MPW]
for details.

7 Generalized Trudinger Inequalities

Recall that the Sobolev Embedding Theorem states that functions in W 1,p
loc (R

n) ac-
tually lie in Lp∗

loc for p∗ = np
n−p when 1 ≤ p < n. We have already mentioned that a

more precise version of this statement is the following local inequality:(
1
|Q|

∫
Q
| f − fQ|p

∗
) 1

p∗

≤ cn,p ℓ(Q)(
1
|Q|

∫
Q
|∇ f |p)

1
p Q ∈ Q.

As p approaches n the constant blows up indicating that the limiting case, where
p = n, i.e., W 1,n

loc ⊆ L∞
loc, is false. The correct result in this instance is that W 1,n

loc
lies locally in the class expLn′ . The corresponding inequality, called Trudinger’s
Inequality, is

∥ f − fQ∥expLn′ (Q)
≤C (

∫
Q
|∇ f |n)

1
n . (38)

It should be mentioned that it was also derived by Yudovich in [Y]. The norm on
the left hand side is the Luxemburg (or Orlicz) norm associated to the function
Φ(t) = exp tn′ −1. Trudinger’s inequality has proved to be a key result in the study
of parabolic and elliptic equations at the critical index.

As above we will consider one locally integrable function such that for every
cube Q

1
|Q|

∫
Q
| f (y)− fQ|dy ≤ a(Q),

where a : Q → [0,∞). Considering the geometrical type conditions discussed in
previous sections, it is natural to ask if such a condition exists that self-improves the
L1 norm in (19) to an exponential type integrability.

Definition 3. . Let 1 < r < ∞. We say that the functional a satisfies the Tr condition
if there exists a finite constant c such that for any cube Q ∈ Q and any family {Qi}
of disjoint subcubes of Q

∑
i

a(Qi)
r ≤ cr a(Q)r. (39)

We will use ∥a∥ to denote the smallest constant c for which (39) holds, which is

always greater than or equal to 1. The main examples include a(Q) =
(∫

Q gr
) 1

r

where g ∈ Lr
loc(Rn) and, more generally,

a(Q) = µ(Q)
1
r
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where µ is a locally finite measure. Observe that these conditions are increasing, in
the sense that r < s ⇒ Tr ⊂ Ts. Also observe that this condition is much stronger
than any Dp condition since in particular a is increasing.

Theorem 9. Assume that the functional a satisfies the Tr condition for some 1 < r <
∞. Let f is a locally integrable function such that for all cubes Q in Rn

1
|Q|

∫
Q
| f (y)− fQ|dy ≤ a(Q) Q ∈ Q. (40)

Then there exists a constant c independent of f such that

∥ f − fQ∥expLr′ (Q,w) ≤C a(Q) Q ∈ Q. (41)

Note the important fact that the functional a need not depend on f , in contrast to the

classical case where the functional is given by a(Q) =
(∫

Q |∇ f |n
) 1

n
. This theorem,

which can be found in [MP02], is actually derived in a much broader context where
no differential structure needs to be considered.

A point of interest here is that the limiting “r = ∞” case of this theorem directly
corresponds to the generalized John–Nirenberg theorem (Corollary 2). Indeed, let
T∞ denote the functionals a such that for some finite constant κ and for arbitrary
cubes Q,P with P⊂Q, we have a(P)≤ κ a(Q) (actually it is a corollary of Theorem
3 since the functional a satisfies trivially the Dp condition with constant κ). Observe
that Tr ⊂ T∞ and that in fact the condition T∞ is simply the limit as r → ∞ of the
condition Tr. Recall that the functional a(Q) ≡ 1 is the functional associated to the
space BMO, satisfies T∞.

We finish the section by giving an application. Consider the weighted (1,1)
Poincaré inequality

1
|Q|

∫
Q
| f (x)− fQ|dx ≤ cn [w]A1

ℓ(Q)

w(Q)

∫
Q
|∇ f (x)|w dx

then by Hölder’s inequality we have

1
|Q|

∫
Q
| f (x)− fQ|dx ≤ cn [w]A1 ℓ(Q)

(
1

w(Q)

∫
Q
|∇ f (x)|n w(x)dx

) 1
n

.

Now, let w ∈ A1 be non-degenerate, meaning that for some parameter ε > 0 we
have the lower bound w(x)≥ ε , a.e. in Rn (this is always possible by simply taking
w+ ε). Then we have,

1
|Q|

∫
Q
| f (x)− fQ|dx ≤ cn

[w]A1

ε

(∫
Q
|∇ f (x)|n w(x)dx

) 1
n

The functional on the right-hand side then trivially satisfies (39) with r = n and a

constant less than cn
[w]A1

ε
, from which we derive:
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∥ f − fQ∥expLn′ (Q,w) ≤C cn
[w]A1

ε

(∫
Q
|∇ f (x)|n w(x)dx

) 1
n

Q ∈ Q,

as a consequence of Theorem 9.
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and representation formulas in spaces of homogeneous type, Intern. Math. Res. Not., 1996 1,
1–14

[GLP] I. Gardeazabal, E. Lorist, and Pérez C., Self-improving properties of generalized Poincaré
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[FPW] Franchi B., Pérez C., and R. L. Wheeden, Self-improving properties of John-Nirenberg
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