
Low-dimensional indecomposable
representations of the braid group B3

Eric C. Rowell and Yuze Ruan

Abstract In this note we give a complete classification of all indecomposable yet
reducible representations of B3 for dimensions 2 and 3 over an algebraically closed
field K with characteristic 0, up to equivalence. We illustrate their utility with an
example.

1 Introduction

The problem of classifying representations of the braid groups Bn is unsurprisingly
difficult, as is typically the case for infinite non-abelian discrete groups. On the
other hand, even for small n and in low dimensions classifications can be invaluable
in applications to braided tensor categories [7], especially in questions relevant to
quantum computation [4, 8]. Indeed, the classification of irreducible B3 representa-
tions of dimension ≤ 5 by Tuba and Wenzl [9] gave purchase on questions in loc.
cit.. In particular their classification shows that such irreducible representations are
determined, up to finite ambiguity, by the eigenvalues of the image of standard gen-
erators of B3, and conversely shows that irreducible representations always exist for
a given list of eigenvalues, provided certain polynomials are non-vanishing.

It is natural to consider indecomposable representations, which play a similar
role in non-semisimple settings, such as in the case of the small quantum groups
uqsln. Non-semisimple modular categories have been garnering significant interest
recently, for example in [5]. See also [1] for classification questions and [2] for
applications to quantum information.
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In this paper we give a complete classification of all indecomposable but not irre-
ducible representations (strictly indecomposable) of B3 for dimension up to 3 over
an algebraic closed field K of characteristic 0. We find that there are many more
forms a strictly indecomposable representation of B3 may take, which is more com-
plicated than the result of simple representations given by Wenzl and Tuba. More
precisely, let σ1,σ2 be the generators of B3, and A is the linear endomorphism by
which σ1 acts on some representation V . If V is simple with dimension less than
3, it is uniquely determined up to equivalence by the eigenvalues of A, whereas
for strictly indecomposable representations there may be further parameters and
choices. In particular, in some cases there are relations among the eigenvalues of
A, and there may be inequivalent indecomposable representations with the same A.
Our approach in this paper is computational and elementary: we first reduce A to
the Jordan normal form, then determine all possibilities for the common invariant
subspace, then compute the solutions, finally we verify all the solutions are indeed
inequivalent and indecomposable. In the last section of this paper, we will also dis-
cuss an application and outline ways to extend our results. The appendix contains
details of the computer calculations.
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an undergraduate in Mathematics at Texas A&M University, and the hospitality of that insti-
tution is gratefully acknowledged. The research of E.C.R. is partially supported by US NSF
grant DMS-2205962. Y.R. is supported by Beijing Municipal Science & Technology Commission
Z221100002722017.

2 Preliminaries

Definition 1. The Artin braid group Bn is the group generated by σ1,σ2, . . . ,σn−1
satisfying relations σiσ j = σ jσi if |i− j| ≥ 2, and

σiσi+1σi = σi+1σiσi+1, f or 1 ≤ i ≤ n−2.

The group B3 which is generated by two elements σ1,σ2 satisfying the relation
σ1σ2σ1 = σ2σ1σ2.

We refer to [3] for more details on the structures of the braid group.

Definition 2. (Direct sums and indecomposable representations) Let G be a
group. If (V,ϕ) and (W,ρ) are both G-representations then:

(a) (V ⊕W,(φ ,ρ)) is a G-representation.
(b) if (V,ϕ) = (W1 ⊕W2,(ρ1,ρ2)), and W1 ̸= V,W1 ̸= 0, then (V,ϕ) is decompos-

able. Otherwise, it is said to be indecomposable.
(c) (V,ϕ) is irreducible if the only ϕ(G) invariant subspaces of V are 0 and V .
(d) We call a representation strictly indecomposable if it is indecomposable but

not irreducible.
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In what follows, for a B3 represenation (ρ,V ) we set ρ(σ1) = A and ρ(σ2) = B.
Since B3 is generated by σ1,σ2, we have

Lemma 1. The representation (V,ρ) is reducible if and only if there exists a proper
non-zero subspace W ⊂ V which is an invariant subspace of both A and B, and
(V,ρ) is indecomposable iff there are no proper non-zero invariant subspaces Wi
such that V =W1 ⊕W2.

The following is synthesized from [9], focusing on the 2 and 3 dimensional cases.

Theorem 1 ([9]). Any d = 2 or d = 3 dimensional irreducible representation ρ of
B3 over K is equivalent to one of the form:

A =

(
λ1 λ1
0 λ2

)
, B =

(
λ2 0
−λ2 λ1

)
for d = 2,

A =

λ1 λ1λ3λ
−1
2 +λ2 λ2

0 λ2 λ2
0 0 λ3

 , B =

 λ3 0 0
−λ2 λ2 0
λ2 −λ1λ3λ

−1
2 −λ2 λ1

 for d = 3.

where λi ∈ K×. Moreover, these representations are irreducible if and only if the λi
do not satisfy λ 2

1 −λ1λ2+λ 2
2 = 0 for d = 2 or (λ 2

1 +λ2λ3)(λ
2
2 +λ1λ3)(λ

2
3 +λ1λ2)=

0 for d = 3.

It will be useful to assume that A is in Jordan form, so that the standard basis
forms a basis of generalized eigenvectors. Since any A-invariant subspace is spanned
by generalized eigenvectors, we have:

Lemma 2 ([9]). If {ei}1≤i≤n is a basis of generalized eigenvectors of A then {bi}1≤i≤n
is a basis of generalized eigenvectors of B where bi = ABAei.

Proof. This follows from the fact that B is obtained from conjugating A by ABA.

3 Strictly Indecomposable Representations

From now on, we assume (V,ρ) is a strictly indecomposable n-dimensional B3 rep-
resentation over an algebraically closed field K of characteristic 0 and W is an in-
variant space for A and B of minimal dimension.

Lemma 3. Suppose {ek}1≤k≤n is a basis of generalized eigenvectors of A. If W =
span{ei}i∈I for some I ⊂ {1, . . . ,n} is an invariant subspace for A and B, then we
also have W = span{bi := ABAei}i∈I .

Proof. Since W is also invariant under ABA, and ABA is invertible, we have ABA(W )=
W . Thus by Lemma 2, we see bi ∈W for all i ∈ I and they form a basis of W .
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Theorem 2. If dim(V )= 2 then any strictly indecomposable representation is equiv-
alent to one of the following:

(1) A =

(
λ1 0
0 λ2

)
B =

(
λ1 1
0 λ2

)
, λ2 = λ1e±πi/3

(2) A = B =

(
λ 1
0 λ

)
.

Remark 1. Note that by Theorem 1 there are no irreducible 2-dimensional represen-
tations with eigenvalues as in (1). While the eigenvalues of (2) can appear in an
irreducible representation, this representation is clearly reducible.

Proof. In this case the minimal invariant subspace W has dim(W ) = 1, so that A
and B both act on W by the same scalar λ . We may assume that A is in Jordan form
which gives us two cases:

Case 1 : If A =

(
λ1 0
0 λ2

)
then the standard basis vectors e1,e2 are eigenvec-

tors, so any 1-dimensional A,B invariant subspace is spanned by either e1 or e2.
Thus, by Lemma 3, W = span{ei} = span{bi}, for either i = 1 or i = 2. With-
out loss of generality we may assume W = span{e1,b1}. Thus, since b1 = ABAe1
we have that b1 = λ 3

1 e1. Set b2 = γ1e1 + γ2e2. By indecomposability, γ1 ̸= 0, also

γ2 ̸= 0, by Lemma 3. Then by Lemma 2, ABA =

(
λ 3

1 γ1
0 γ2

)
. Let M =

(
γ1 0
0 1

)
.

Since A commutes with M, by conjugation with M we get an equivalent represen-

tation with ABA =

(
λ 3

1 1
0 γ2

)
. Then by computation, we get B by solving the equa-

tion ABA = BAB with three unknown variables: γ2,λ1,λ2. We find γ2 = λ 3
2 where

λ 2
2 −λ1λ2+λ 2

1 = 0, and conclude B =

(
λ1

1
λ1λ2

0 λ2

)
. Then conjugating by

(
λ1λ2 0

0 1

)
,

we obtain the equivalence class represented by (1).

Case 2 : A =

(
λ 1
0 λ

)
, then by similar argument, we get ABA =

(
λ 3 γ1
0 γ2

)
. In this

case we cannot conjugate any variables away, and we solve the braid equation with
three unknown variables γ1,γ2,λ directly, obtaining the equivalence class repre-
sented by (2).

Clearly these classes are distinct since the Jordan normal forms of A are different
in these cases. They are also indecomposable, since for (1) the only way to write
V as a direct sum of proper invariant subspaces of A is Ke1 ⊕Ke2, but Ke2 is not
invariant for B. It is also obvious for (2).

Next we aim to classify 3-dimensional strictly indecomposable representations
of B3. The strategy is similar to that of Theorem 2, which is outlined as follows:

Step 1 Reduce A to the Jordan normal form.
Step 2 Find the possible basis for W and write down ABA with some extra un-

known variables with certain conditions.
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Step 3 Compute B (which is easy since A−1 has a very simple form) and by using
Maple [6] (see Appendix) we can solve the equation: ABA = BAB, which ensures
that we have a B3 representation, although they may fail to be strictly indecompos-
able.
Step 4 Verify indecomposability and deduce inequivalence: First determine all the

forms of matrices that commute with A (when A’s characteristic polynomial equals
its minimal polynomial, such matrices are polynomials of A) and conjugate B by
them. Thus we can simplify these solutions to guarantee distinctness. Finally we
can deduce whether the representation is indecomposable or not by checking finite
possibilities of direct sum decomposition (see Appendix).

Theorem 3. when n= 3, dim(W )= 1, every strictly indecomposable representation
has one of the following forms (up to equivalence), where λi are mutually different
and non-zero:

(1) A =

λ1 0 0
0 λ2 0
0 0 λ3



(1.1) B =

λ1 1 1
0 λ2 0
0 0 λ3

 (λ2 = λ1e±πi/3, λ3 = λ1e∓πi/3)

(1.2) B =

λ1 0 1
0 λ2 1
0 0 λ3

 (λ1 = λ3e±πi/3, λ2 = λ3e∓πi/3)

(1.3) B =

λ1 1 1
0 λ2 2λ2
0 0 λ3

 (λ1 = λ2e±πi/3, λ3 = λ2e∓πi/3)

(1.4) B =


λ1 1 −λ 2

2 (λ
2
1 −λ1λ2+λ 2

2 )

λ1(λ
2
1 +λ 2

2 )

0 −λ 4
1

λ2(λ
2
1 +λ 2

2 )

λ 2
1 (λ

4
1 +λ 2

1 λ 2
2 +λ 4

2 )

(λ 2
1 +λ 2

2 )
2

0 1 λ 3
2

λ 2
1 +λ 2

2

 (λ3 =−λ 2
1

λ2
)

(2) A =

λ1 0 0
0 λ1 0
0 0 λ2

 B =


λ1 1 λ1λ2

λ1−λ2

0 λ 2
2

λ2−λ1
0

0 1 λ 2
1

λ1−λ2

 (λ1 = λ2e±πi/3)

(3) A =

λ1 0 0
0 λ2 1
0 0 λ2



(3.1) B =

λ1 0 1
0 λ2 1
0 0 λ2

 (λ1 = λ2e±πi/3)
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(3.2) B =

λ1 1 λ1+λ2
λ 2

1
0 λ2 0
0 λ 2

1 λ2

 (λ2 = λ1e±πi/2)

(4) A =

λ1 1 0
0 λ1 0
0 0 λ2



(4.1) B =

λ1 1+ λ1β

λ 2
2

1

0 λ1 0
0 β λ2

 (λ1 = λ2e±πi/3, β an arbitrary parameter.)

(4.2) B =

λ1 −2 0
0 λ2

2 1

0 3λ 2
2

4 −λ2
2

 (λ1 =−λ2)

(5) A = B =

λ 1 0
0 λ 1
0 0 λ


Remark 2. Notice that in all of the cases listed in (1) as well as (3.2) and (4.2) no
representation with these eigenvalues can be irreducible, as the polynomial (λ 2

1 +
λ2λ3)(λ

2
2 +λ1λ3)(λ

2
3 +λ1λ2) vanishes. Note also that in case (4.1) the equivalence

class of representations is not determined up to finite choices by the eigenvalues–
there is an additional parameter β .

Proof. The proof splits into cases depending on the Jordan normal forms of A (Step
1).

Case 1 : A is a diagonal matrix with three distinct eigenvalues. By Lemma 3, we

may assume W = span{e1} = span{b1}, then ABA =

λ 3
1 β1 γ1

0 β2 γ2
0 β3 γ3

 with β1,γ1 not

equal to 0 simultaneously (by indecomposability). Using Maple, we get (1.1)-(1.4).
Case 2 : A is a diagonal matrix with two distinct eigenvalues. We may assume
W1 = span{e1,e2} is a two-dimensional eigenspace for A with eigenvalue λ1. Then
by Lemma 2, W2 = span{b1,b2} is a two-dimensional eigenspace for B with eigen-
value λ1. Since V is 3-dimensional, we have W0 = W1 ∩W2 ̸= 0. If dim(W0) = 2,

then Bei = λ1ei, which implies B =

λ1 0 γ1
0 λ1 γ2
0 0 λ2

 with γ1,γ2 ̸= 0. Then conju-

gating by M =

γ1 0 0
0 γ2 0
0 0 1

 we can assume γ1,γ2 both to be 1. Solving the braid

equation to get the relation for eigenvalues, we find the equivalence class is rep-

resented by B =

λ1 0 1
0 λ1 1
0 0 λ2

, However if we let M1 =

1 1 0
2 1 0
0 0 1

, then we have
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M−1
1 AM1 = A, M−1

1 BM1 =

λ1 0 0
0 λ2 1
0 0 λ2

, from which we conclude representation

is decomposable.
If dim(W0) = 1 then there are scalars t1, t2,k1,k2 ∈ K such that t1e1 + t2e2 = k1b1 +
k2b2. Without loss of generality, we may assume t1 ̸= 0, and change the basis via

(ẽ1, ẽ2) = (e1,e2)

(
t1 0
t2 1

)
. Replacing A and B by their conjugates by M =

t1 0 0
t2 1 0
0 0 1


A is unchanged and span{ẽ1} is the common invariant space for A,B. Then by

Lemma 3, we let W = span{ẽ1} = span{b̃1}, we get ABA =

λ1 β1 γ1
0 β2 γ2
0 β3 γ3

 as usual

and this time β3 ̸= 0 (β3 = 0 is the case that dim(W0) = 2), and we can simplify the
form by taking β3 = 1, by conjugating by a diagonal matrix, we get (2).
Case 3 : A has one two-dimensional Jordon block, and two distinct eigenvalues,
without loss of generality, {e2,e3} corresponds to eigenvalue λ2 and e3 is a gener-
alized eigenvector. Here are two kinds of choices for W , one is W = span{e1} =
span{b1}, by same argument and computations we get (3.1), (3.2); the other choice
is W = span{e2}= span{b2}, then we have (4.1), (4.2).
Case 4 : A has one two dimensional Jordon block with only one eigenvalue λ , then
without loss of generality, W1 = span{e1,e2} is the two dimensional eigenspace
for A with respect to λ , W2 = span{b1,b2} is the two dimensional eigenspace with
respect to λ for B, Let W0 = W1 ∩W2, then by similar argument in Case 2, when

dim(W0) = 2, we can reduce B to the form

λ 0 1
0 λ γ

0 0 λ

, by easy computation, this

case is impossible. When dim(W0) = 1, we have a similar story with Case 2, except
the case when t1 = 0; when t1 ̸= 0, we follow the trick and reduce it to the case that
W = span{e1,b1}, similarly we get a decomposable representation; when t1 = 0,

again by Lemma 3, we know W = span{e2,b2}, then we get ABA =

α1 0 γ1
α2 λ 3 γ2
α3 0 γ3

,

by solving the equation we get γ1 =α2 =α3 = 0, then V = span{e1}⊕span{e2,e3},
A,B are both invariant on each summand, which means it is decomposable as well.
Case 5 : A is a 3-dimensional Jordan block, the only choice for W is span{e1} =
span{b1}, again by using Maple we get (5).

When A is a scalar matrix, by conjugating M = ABA, we get B = A, which is
obviously decomposable.

Finally, we can easily verify all the solutions we get are distinct and indeed inde-
composable but not irreducible (see Appendix), which finishes the proof.

Theorem 4. when n = 3, dim(W ) = 2, we have following results: (λi ̸= 0 are dis-
tinct)
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(1) A =

λ1 0 0
0 λ2 0
0 0 λ3

 B =


λ 3

2
λ 2

2 +λ 2
3

1 1
λ 2

3 (λ
4
2 +λ 2

2 λ 2
3 +λ 4

3 )

(λ 2
2 +λ 2

3 )
2 − λ 4

3
λ2(λ

2
2 +λ 2

3 )
−λ 3

3 (λ
2
2 +λ2λ3+λ 2

3 )

λ 2
2 (λ

2
2 +λ 2

3 )

0 0 λ3


(λ1 =−λ 2

3
λ2

and λ 2
1 −λ1λ2 +λ 2

2 ̸= 0)

Or equivalently A =

λ2 λ2 0
0 λ1 0
0 0 λ3

 B =

 λ1 0 λ 2
3 −(λ1−λ2)λ3+λ 2

2
λ 2

2 +λ 2
3

−λ1 λ2 −1
0 0 λ3


(2) A =

λ1 1 0
0 λ1 0
0 0 λ2

 B =

2λ1 1 2λ1+λ2
λ 2

2
λ 2

2 0 1
0 0 λ2

 (λ1 = λ2e±πi/2)

Or equivalently A =

λ1 λ1 0
0 λ1 0
0 0 λ2

 B =

 λ1 0 1+ λ1
λ2

−λ1 λ1
λ2
λ1

0 0 λ2


(3) A =

λ1 0 0
0 λ2 1
0 0 λ2

 B =


λ2
2 1 0

3λ 2
2

4 −λ2
2 −2

0 0 λ2

 (λ1 =−λ2)

Or equivalently A =

λ1 λ1 1
0 λ2 −2
0 0 λ2

 B =

 λ2 0 −2
−λ2 λ1 4

0 0 λ2


Remark 3. Notice that in all cases the polynomial

(λ 2
1 +λ2λ3)(λ

2
2 +λ1λ3)(λ

2
3 +λ1λ2)

vanishes so that no 3-dimensional B3 representation with these eigenvalues can be
irreducible.

Proof. As usual, we first reduce A to the Jordan normal form. Observe that in each
of the cases Case 2, Case 4 and Case 5 there is a 1-dimensional invariant subspace,
contrary to the assumption dim(W ) = 2. Therefore it suffices to consider the follow-
ing two cases:

Case 1 : A is a diagonal matrix with three different eigenvalues. In this case the 2-
dimensional invariant space for A can only be span{ei,e j} i, j ∈ {1,2,3}. Without
loss of generality, we may assume W = span{e1,e2} is the common invariant sub-

space of A,B. By Lemma 3, W = span{b1,b2}, then we get ABA =

α1 β1 γ1
α2 β2 γ2
0 0 γ3

,

with αi,βi ̸= 0, i∈{1,2}, otherwise dim(W )= 1, and γ3 ̸= 0, by similar computation
we get (1).
Case 2 : A has one two-dimensional Jordon block, and two distinct eigenval-
ues, then the 2-dimensional invariant space for A can only be the generalized
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eigenspace or the direct sum of two 1-dimensional eigenspace, without loss of
generality, we let span{e1,e2} be the generalized eigenspace, then for one possi-
bility, W = span{e1,e2}, and W = span{b1,b2} (Lemma 3), therefore we get the
same form of ABA as in Case 1, except that α1 or β1 could be 0 this time, then by
computation, we get (2). For the other possibility of W , let W = span{e1,e3}, thus
W = span{b1,b3}, by suitably adjusting the basis, we obtain the same form of ABA
as in Case 1, finally we get (3).

It’s easy to verify the solutions are indecomposable and distinct since A satisfies
that its characteristic polynomial and minimal polynomial are equal.

4 Applications and Future Work

Analyzing the braid group representations associated with non-semisimple braided
categories is an immediate application to our classification. Another key area in
which indecomposable braid group representations appear is in the study of Yang-
Baxter operators.

Application. Consider the following two Yang-Baxter matrices, which are ho-
mogeneous versions of the R-matrices associated with the quantum groups Uqsl2
and Uqgl(1|1). Here a,b are distinct nonzero complex numbers.

R1 =


a 0 0 0
0 a+b −b 0
0 a 0 0
0 0 0 a

 , R2 =


a 0 0 0
0 a+b −b 0
0 a 0 0
0 0 0 b


These yield 8-dimensional representations for B3 by

Ai = ρi(σ1) = Ri ⊗
(

1 0
0 1

)
, Bi = ρi(σ1) =

(
1 0
0 1

)
⊗Ri

If a2 −ab+b2 ̸= 0, and also, for i = 2,

(2a2 −ab−a+b)
(
(6b−1)a2 +(−8b2 +b)a+4b3)(a2 −ab−b2) ̸= 0

these representations are completely reducible, with the following irreducible de-
compositions:

A1 = a⊕a⊕a⊕a⊕
(

a a
0 b

)
⊕
(

a a
0 b

)
, B1 = a⊕a⊕a⊕a⊕

(
b 0
−b a

)
⊕
(

b 0
−b a

)

A2 = a⊕a⊕b⊕b⊕
(

a a
0 b

)
⊕
(

a a
0 b

)
, B1 = a⊕a⊕b⊕b⊕

(
b 0
−b a

)
⊕
(

b 0
−b a

)
When a,b satisfy a2−ab+b2 = 0 and, for i= 2, (12b2−6b+1)(b2+a−b−2ab) ̸=
0, we have the following decomposition into indecomposables:
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A1 = a⊕a⊕

a 0 0
0 a 0
0 0 b

⊕

a 0 0
0 a 0
0 0 b

 , B1 = a⊕a⊕

a 1 b−a
0 a 0
0 1 b

⊕

a 1 b−a
0 a 0
0 1 b



A2 = a⊕b⊕

a 0 0
0 a 0
0 0 b

⊕

b 0 0
0 b 0
0 0 a

 , B2 = a⊕b⊕

a 1 b−a
0 a 0
0 1 b

⊕

b 1 a−b
0 b 0
0 1 a


The two distinct 3-dimensional indecomposable representations are both of the form
found in Theorem 3 (2).

Extensions It is natural to consider classifying indecomposable but not irre-
ducible representations in higher dimensions. One way is to simply extend our
method, which is feasible but much more complicated. The other way is to use
the result in paper [9] about irreducible representations we can always reduce A,B

to have the following form: A =

(
A1 ⋆
0 A2

)
, B =

(
B1 ⋆
0 B2

)
, where (A1,B1) gives an

irreducible representation. Although we know their forms from [9], it is inefficient
to keep all the unknown variables and directly calculate the equations given by the
braid relation. Thus one needs to do some analysis for the forms of A2 and B2 to
simplify the calculations.

5 Appendix

Here we give more details of the proof of Theorem 3, 4. The key algorithm we use
in Maple is to find a Groebner basis. With a fixed Jordan form of A, we start with the
polynomial entries of ABA = BAB, which are in terms of the eigenvalues of A and
the undetermined parameters of ABA. We enforce non-vanishing of the eigenvalues
as well the requirement that they be distinct by means of a single polynomial with a
new variable k, e.g. λ1λ2(λ1 −λ2)k−1. We use an elimination order to find a set of
polynomial consequences that do not use the variable k, and then run the Groebner
basis algorithm again with a pure lexicographical order to simplify the equations,
which can be analyzed by hand.

To illustrate we will give detailed proof for the case dim(W ) = 1 and A is a
diagonal matrix with three distinct eigenvalues (Theorem 3, Case 1). We begin with
the form

A =

λ1 0 0
0 λ2 0
0 0 λ3

 , ABA =

λ 3
1 β1 γ1

0 β2 γ2
0 β3 γ3

 .

Case 1.1 : If γ2 = β3 = 0, then by indecomposability and invertibility, all other
variables are nonzero, and we may assume β1 = γ1 = 1, by conjugating the matrix1 0 0

0 β1 0
0 0 γ1

. We get a set of polynomials from equation ABA = BAB. Using the

Groebner basis algorithm in Maple we get the following set of new polynomials
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that must vanish:

λ1 −λ2 −λ3, β2 − γ3, λ
2
2 +λ2λ3 +λ

2
3 , λ

3
2 − γ3.

Solving them, we obtain:

B =

λ1
1

λ1λ2
1

λ1λ3
0 λ2 0
0 0 λ3

. Conjugating by

1 0 0
0 1

λ1λ2
0

0 0 1
λ1λ3

, we have (1.1).

Case 1.2 : If γ2 ̸= 0,β1 = β3 = 0, again by indecomposability and invertibility all
other variables are nonzero. Hence by a similar argument, one can assume γ1 = γ2 =
1. Using Maple we get a similar set:

λ1 +λ2 −λ3, β2 + γ3, λ
2
2 −λ2λ3 +λ

2
3 , λ

3
2 − γ3.

Solve them we get (1.2).
Case 1.3 : If γ2 ̸= 0,β1 ̸= 0,β3 = 0, then γ3 ̸= 0. Using Maple we get the following

set:
λ1 −λ2 +λ3, β2 + γ3, λ

2
2 −λ2λ3 +λ

2
3 , β1γ2 +2γ1γ3, λ

3
2 − γ3.

We have γ1 ̸= 0 from β1γ2+2γ1γ3 = 0, hence we set γ1 = β1 = 1. Using the Groebner
command again (or directly plugging in the previous set), we get:

λ1 −λ2 +λ3, β2 + γ3, λ
2
2 −λ2λ3 +λ

2
3 , γ2 +2γ3, λ

3
2 − γ3.

Solving them, we have (1.3).
Case 1.4 : If γ2,β3 ̸= 0, then we get a longer list of polynomials from the Groebner

basis command. The following are five of them:

β2 + γ3, γ1(λ
2
1 +λ2λ3), β1(λ

2
1 +λ2λ3),

λ1β1γ2 +λ1γ1γ3 +λ2γ1γ3 −λ3γ1γ3, −λ1β1γ3 +λ1β3γ1 +λ2β1γ3 −λ3β1γ3.

Together with indecomposability ((γ1,β1) ̸= (0,0)) implies λ 2
1 +λ2λ3 = 0 and all

the variables are nonzero, moreover λ 2
1 +λ 2

2 ̸= 0, since λ2 ̸= λ3. Now we can set
β1 = β3 = 1, The Groebner basis command gives a shorter list, it turns out that the
following first five relations are enough to get the solution:

β2 + γ3, λ3λ2 +λ
2
1 , λ1γ1 −λ1γ3 +λ2γ3 −λ3γ3, γ

2
1 −2γ1γ3 − γ2, λ2λ3λ1 − γ1 + γ3.

Solving them we have (1.4).

Since by permuting the basis e2 and e3, one can switch the roles played by γ2 and
β3, Case 1.2 and Case 1.3 give all the solutions for the cases when one of γ2,β3, is
zero or non-zero hence Case 1.1-Case 1.4 give all the possible solutions when A is
a diagonal matrix with three distinct eigenvalues.

Moreover, only diagonal matrices commute with A, and conjugating B by a di-
agonal matrix won’t change the positions where the entries are zero or non-zero,
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therefore the distinctness follows easily. As for indecomposability, since the eigen-
values are all distinct, the only possible decompositions will be Kei ⊕K{e j,ek} for
distinct i, j,k and 1 ≤ i, j,k ≤ 3, which is impossible for B.

Now for Case 2 in Theorem 3, we begin with the following matrix

A =

λ1 0 0
0 λ1 0
0 0 λ2

 , ABA =

λ 3
1 β1 γ1

0 β2 γ2
0 1 γ3

 .

Case 2.1 : γ2 ̸= 0, using the Groebner basis command with, in addition to ABA =
BAB, relation γ2(λ1 −λ2)λ1λ2(β2γ3 − γ2)K − 1 added, we have the following first
several terms:

β2 + γ3, λ2β1γ3 −λ1γ1, λ
2
1 λ

2
2 −λ1γ3 +λ2γ3, λ1λ

2
2 β1 −β1γ3 + γ1.

From the third term, we have γ3 ̸= 0, which implies β2 ̸= 0 from the first term.
Moreover, from the second term β1 = 0 ⇔ γ1 ̸= 0, by indecomposability they are
both nonzero, hence we can assume β1 = 1. Update our set of relations and use the
Groebner basis command again, we have a list of relations, the following are the
first four terms:

β2 + γ3, λ1γ1 −λ2γ3, λ1λ
2
2 + γ1 − γ3, λ1γ

2
3 +λ2γ1γ3 −λ2γ

2
3 +λ2γ2.

This gives the solution:

B =


λ1

1
λ 2

1

λ 2
2

λ1−λ2

0 −λ 2
2

λ1−λ2

λ 2
1 λ 2

2 (λ
2
1 −λ1λ2+λ 2

2 )

(λ1−λ2)2

0 1
λ1λ2

λ 2
1

λ1−λ2

 .

Our assumption γ2 ̸= 0 implies λ 2
1 −λ1λ2 +λ 2

2 ̸= 0. Conjugating B by1 1 0

0 λ 2
1 (λ

2
1 −λ1λ2+λ 2

2 )
λ1−λ2

0
0 0 1


(which commutes with A), we see the solution is decomposable. (Equivalently, it

decomposes as Ke1 ⊕K{e2 +
λ 2

1 (λ
2
1 −λ1λ2+λ 2

2 )
λ1−λ2

e3,e3})
Case 2.2 : γ2 = 0, similarly, we have several terms (part of the list):

β2 + γ3, λ
2
1 −λ1λ2 +λ

2
2 , λ

3
2 − γ3, λ2β1γ3 −λ1γ1.

This implies γ1,γ3,β1,β2 are all nonzero, again we assume β1 = 1. Then solve a
short list of equations, we have (2), its indecomposability will be discussed later.

There are two types of W in Case 3 of Theorem 3, First one gives the following
representation:
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A =

λ1 0 0
0 λ2 1
0 0 λ2

 , ABA =

λ 3
1 β1 γ1

0 β2 γ2
0 β3 γ3

 .

Case 3.1 : β3 = 0, using the Groebner basis command, we directly get b1 = 0 and
λ 2

1 −λ1λ2 +λ 2
2 = 0, then (3.1) is obtained by simple calculations.

Case 3.2 : β3 ̸= 0, using the Groebner basis command, the following is a subset of
the terms we obtain:

γ1(λ
2
1 +λ

2
2 ), β1(λ

2
1 +λ

2
2 ), −λ1β1γ3 +λ1β3γ1 −β1β3.

The second and third terms together with the indecomposability imply λ 2
1 +λ 2

2 = 0.
The last term together with the indecomposability implies β1 ̸= 0, hence we assume
β1 = 1. Now we simply the set of relations and we obtain the following subset,

β2 + γ3, λ
2
1 +λ

2
2 , λ1λ

2
2 − γ1β3 + γ3, λ

2
2 β3 −β3γ2 − γ

2
3 ,

λ1γ1γ3 +λ1γ2 −β3γ1, γ1β3λ1 − γ3λ1 −β3.

This is enough to get the solution:

B =


λ1

1
λ1λ2

1
λ 3

1
− 1

λ 3
2
− γ3

λ 5
1 λ2

0 λ2 − γ3
λ 2

2

γ3
λ 4

1 λ 2
2

0 λ 2
1 λ2 +

γ3
λ 2

2

 .

Conjugating by 
1

λ1λ2
0 0

0 1 − γ3
λ 2

1 λ 2
2

0 0 1


(which commutes with A), we have (3.2).
Case 3.3 : The second type of W gives the following representation:

A =

λ1 1 0
0 λ1 0
0 0 λ2

 , ABA =

λ 3
1 β1 γ1

0 β2 γ2
0 β3 γ3

 .

We first assume γ2 ̸= 0, and up to equivalence, we may assume γ2 = 1. Applying the
Groebner basis command, we obtain the following short list of relations,

γ1 + γ2, β2 + γ3, 3γ
2
3 −β3, 3γ1γ3 +β1, β1γ3 +β3γ1, λ

3
2 +2γ3,

which gives the solution
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B =


−λ2

3γ1λ2−1
2

−γ1λ2−1
λ 3

2

0 λ2
2 − 1

λ 2
2

0 − 3λ 4
2

4 −λ2
2

 .

Conjugating by − 1
λ 2

2
− γ1λ2+1

λ 3
2

0

0 − 1
λ 2

2
0

0 0 1,


we obtain (4.1).
Case 3.4 : γ2 = 0, this implies γ1 ̸= 0, otherwise Ke3 will be a 1-dimensional com-

mon invariant subspace, which is the W of the first type in Case 3 (see Case 3.1,
Case 3.2). Therefore, we assume γ1 = 1. Applying the Groebner basis command,
we have the following subset:

β2 + γ3, λ
2
2 −λ1λ2 +λ

2
1 , λ

3
2 − γ3, λ1β1γ3 −λ1β3 +λ2β3 +3γ

2
3 .

Solving these equations gives the solution: B =


λ1 −2+ β1

λ 2
1

1
λ1λ2

0 λ1 0

0 3λ 3
1 −β1λ1 −λ 3

1
λ 2

2

. By simply

changing the basis ẽ3 := λ1λ2e3 and setting β := 3λ 2
1 −β1
λ2

, we obtain (4.2).

Other cases in Theorem 3, 4 are less complicated and follow similar procedures,
so we will now turn to proving our solutions are distinct and indecomposable.

Distinctness: First note that the representations in Theorem 3 and Theorem 4 are
inequivalent, and that different Jordan forms of A give inequivalent representations.
Moreover, except (4.1), all other representations depend only on eigenvalues and
relations among them. Hence only (3.1) and (4.1) need to be analyzed.

In (3.1), eigenvectors corresponding to two eigenvalues are two 1-dimensional
common invariant subspaces, which is not the case in (4.1). Moreover different β

give different representations, in fact, all the matrices commuting with A in (4.1) are

of the form: M =

a b 0
0 a 0
0 0 c

. Direct calculation shows the β term is invariant under

conjugating B by M.
Indecomposability: Except from (2) in Theorem 3, the invariant subspaces

decomposition of A in all other cases have only finitely many choices, since
all eigenspaces are one dimensional. It is not hard to see they are indecompos-
able. For (2), since by construction, Ke1 is a common invariant subspace and
K{e1,e2} is not, we cannot have any other one-dimensional common invariant sub-
spaces. Therefore if the representation is decomposable, it can only decompose as
Ke1 ⊕K{ae1 +be2,e3} for some b ̸= 0, which is impossible for B.
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