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Abstract We prove that a 4d theory of non-linear electrodynamics has equations of
motion which are equivalent to those of the Maxwell theory in curved spacetime, but
with the usual metric gµν replaced by a unit-determinant metric hµν(F) which is a
function of the field strength Fµν , if and only if the theory enjoys electric-magnetic
duality invariance. Among duality-invariant models, the Modified Maxwell (Mod-
Max) theory is special because the associated metric hµν(F) produces identical
equations of motion when it is coupled to the Maxwell theory via two different
prescriptions which we describe. We use the field-dependent metric perspective to
analyze the electric and magnetic 1-form global symmetries in models of self-dual
electrodynamics. This analysis suggests that any duality-invariant theory possesses
a set of conserved currents jµ which are in one-to-one correspondence with 2-forms
that are harmonic with respect to the field-dependent metric hµν(F).

1 Introduction

Exploiting the symmetries of a classical or quantum field theory – and the conse-
quences of these symmetries, such as conservation laws or Ward identities – is a
well-established tool in studying such a theory’s dynamics. Although the power of
symmetry has been understood by physicists for a long time, going back at least to
the work of Noether and Wigner, recent developments have expanded our notion of
what constitutes a symmetry of a physical system. The framework of generalized
global symmetries offers a unified perspective in which several different symmetry-
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like structures can be described using a common language, and has led to many new
results such as constraints on renormalization group flows and insights on the in-
frared phase structure of interacting gauge theories; see [75, 47, 73, 20, 15, 74] for
reviews.

Although many sub-classes within the broader umbrella of generalized global
symmetries have been studied – such as non-invertible symmetries, categorical sym-
metries, and higher-group symmetries – the first members of this class to receive
widespread notice were higher-form global symmetries, which were introduced in
[45]. Whereas the objects which are charged under a conventional global symmetry
of a quantum field theory, like the U(1) symmetry associated with phase rotations
of a complex scalar field, are point-like, the operators which are charged under these
higher-form global symmetries are extended objects, such as lines and surfaces.

Higher-form symmetries are commonly studied in complete microscopic quan-
tum field theories, which are well-defined at short distances, such as the Maxwell
conformal field theory. However, within effective field theories which give an ap-
proximate description of dynamics at long distances, there can be “emergent”
higher-form global symmetries which are nonetheless broken at short distances [26].

In this article, we will be interested in investigating the consequences of such
emergent higher-form symmetries in theories of source-free non-linear electrody-
namics in four spacetime dimensions. We view these as effective field theories for
an Abelian gauge field Aµ with field strength Fµν , described by a Lagrangian

L = L (Fµν) , (1)

which is a function of the field strength but not of its derivatives. Although the
most commonly studied member of this family, the Maxwell theory with Lagrangian
L =− 1

4 Fµν Fµν , is free, a general model in this class will exhibit interactions. An
example of an interacting model is the Born-Infeld theory, whose Lagrangian is

LBI = T

(
1−
√

1+
1

2T
Fµν Fµν −

1
16T 2

(
Fµν F̃µν

)2
)

, (2)

where F̃µν =

√
−det(g)

2 εµνρσ Fρσ denotes the Hodge dual of Fµν . The Lagrangian
(2) describes the effective dynamics of the gauge field on the worldvolume of a D3-
brane in string theory, and the parameter T is the tension of this brane. Another in-
teresting, and recently discovered, model of non-linear electrodynamics is the Mod-
ified Maxwell or ModMax theory [12], which is described by the Lagrangian

LModMax =
1
4

(
−cosh(γ)Fµν Fµν + sinh(γ)

√
(Fµν)2 +

(
Fµν F̃µν

)2
)

. (3)

Both the Born-Infeld theory (2) and the ModMax theory (3) enjoy the additional
property of invariance under electric-magnetic duality rotations, much like the ordi-
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nary Maxwell theory.1 In fact, the ModMax theory (3) can be characterized as the
unique conformally invariant and electric-magnetic duality-invariant model which
is a continuous deformation of the Maxwell theory, under the assumption that no
derivatives of the field strength appear in the Lagrangian. For an introduction to
these and other theories of non-linear electrodynamics, see [77].

The primary tool which we will use in our analysis of the generalized global
symmetries of theories of self-dual electrodynamics is that of field-dependent met-
rics. In the past few years, this subject has undergone substantial development
[29, 81, 30, 66, 7, 82] in connection with classical deformations of Lagrangians
that are driven by functions of the energy-momentum tensor. The most famous of
these is the T T deformation of two-dimensional quantum field theories [76, 23],
which is well-defined at the quantum level due to the properties of the point-split
T T operator [84]. At the classical level, a version of the T T flow for the Lagrangian
can be defined in any spacetime dimension d by the differential equation

∂L (λ )

∂λ
=

1
2d

(
T (λ )µν T (λ )

µν − 2
d

(
T (λ )µ

µ

)2
)
, (4)

along with an initial condition L (0). Here T (λ )
µν is the conserved energy-momentum

tensor (also called the stress tensor) associated with the Lagrangian L (λ ). For d = 2,
it was shown that solutions to the classical equations of motion associated with the
Lagrangian L (λ ) which solves (4) can be generated from solutions to the unde-
formed equations of motion associated with L (0) by enacting a diffeomorphism
which depends on the stress tensor [29]. This change of coordinates produces a
field-dependent metric, which gives a “geometrization” of the solution to the flow
(4).

A similar geometrical interpretation of stress tensor flows is available in d > 2
dimensions [30, 66]. This is directly relevant for our present purposes since several
theories of non-linear electrodynamics satisfy such stress tensor flows. For instance,
the Born-Infeld theory (2) satisfies the 4d version of the T T flow (4) with initial con-
dition given by the Maxwell Lagrangian [28]. Likewise, the ModMax Lagrangian
(3) satisfies [9, 43] the d = 4 version of the so-called “root-T T ” flow equation,

∂L (γ)

∂γ
=

1√
d

√
T̂ (γ)µν T̂ (γ)

µν , T̂ (γ)
µν = T (γ)

µν − 1
d

gµν T (γ)ρ
ρ . (5)

Here T̂µν is the traceless part of the stress tensor. Similar stress tensor flow equa-
tions exist for the 3d Born-Infeld theory [37] and for a two-parameter family of 4d
ModMax-Born-Infeld theories [42, 43]; the latter family was proposed in [13].2

Let us remark that the two-dimensional version of the marginal root-T T flow (5),
which was first introduced in [40] (see also [30, 6]) is less well-understood than its

1 We will use the terms “duality-invariant” and “self-dual” interchangeably to refer to any theory
of non-linear electrodynamics with this property.
2 See also [8] for recent work on stress tensor flows for other duality-invariant theories of electro-
dynamics, such as the Bossard-Nicolai theory [19, 22].
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irrelevant T T counterpart. For instance, it is not obvious how to unambiguously de-
fine the root-T T operator at the quantum level, although a recent proposal appeared
in [51]. Despite its uncertain quantum properties, the root-T T flow has many inter-
esting features, besides its connection with ModMax: it preserves integrability when
applied to several integrable sigma models [18, 41]; admits a dimensional reduction
to 1 spacetime dimension which is related to the “ModMax oscillator” [46, 35, 36];
is related to ultra-relativistic limits, BMS, and Carrollian symmetry [72, 11, 10];
and can be interpreted via modified boundary conditions in holography [34, 80].

Much like the status of the 2d root-T T deformation, it is not known how to
define any stress tensor flows in d > 2 at the quantum level.3 For the case of higher-
dimensional T T deformations, the reason for this is that the coincident-point diver-
gences in a point-split T T operator cannot be eliminated in a regulator-independent
way, even when deforming a CFT [79]. However, this will not trouble us in the
present work, since we are interested in long-distance physics that is captured by
effective field theory, and we will not concern ourself with short-distance issues. In
this sense, our analysis will be effectively classical. Upon restriction to this regime,
there is no issue in defining classical 4d versions of the T T and root-T T flows, both
of which are related to field-dependent metrics as we have mentioned above.

The goal of this work is to present a complementary viewpoint on the geometriza-
tion of certain 4d Abelian gauge theories via field-dependent metrics. Our procedure
is applicable to any deformation of the 4d Maxwell theory by an arbitrary function
of the stress tensor, or equivalently, to any 4d duality-invariant extension of Maxwell
electrodynamics.4 An advantage of any geometric interpretation is that it can sim-
plify the analysis of symmetries in the deformed theory; for instance, [25] used the
field-dependent diffeomorphism associated with 2d T T flows to find deformed Lax
connections in integrable models, which gives a characterization of the hidden sym-
metries in the deformed theory. Like an integrable 2d theory, the 4d Maxwell theory
exhibits infinitely many conserved charges, which is clear because it is a free model.
Of particular interest to us is an infinite set of conserved quantities in the Maxwell
theory which descend from its 1-form global symmetries, as explained in [52]. We
will use the machinery of field-dependent metrics to study the analogue of this anal-
ysis in interacting theories of duality-invariant electrodynamics, which retain two
1-form global symmetries. In particular, we give a geometrical (or Hodge-theoretic)
characterization of conserved currents in such duality-invariant theories in terms of
differential forms which are harmonic with respect to a field-dependent metric.

The structure of this proceedings contribution is as follows. In section 2, we in-
troduce two ways of coupling Maxwell theory to a field-dependent metric, identify
the one which we prefer, and show that the two coupling procedures agree for the
ModMax theory. Section 3 then demonstrates that any duality-invariant theory can
be presented as Maxwell theory coupled to a unit-determinant field-dependent met-
ric hµν , and vice-versa. In section 4, we apply these results to study the 1-form
global symmetries in theories of duality-invariant electrodynamics, and show that

3 Likewise, it is not known whether one can fully define the ModMax theory at the quantum level,
although one can study its perturbative quantization around a fixed background [71, 64].
4 There exist self-dual theories which do not reduce to the Maxwell theory in any limit, such as
Bialynicki-Birula electrodynamics [17]. We will neglect this subtlety in the present discussion.
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these symmetries can be used to construct one ordinary current jµ for each 2-form
which is harmonic with respect to the field-dependent metric hµν . Finally, section 5
summarizes our results and presents directions for further research.

2 Two Notions of Coupling to a Field-Dependent Metric

To describe what one might mean by coupling to a field-dependent metric, let
us first recall the formulation of source-free Maxwell electrodynamics on a field-
independent background metric. Consider the free theory of an Abelian gauge field
Aµ with field strength Fµν = ∂µ Aν − ∂ν Aµ on a 4d spacetime manifold M with a
metric gµν . This theory is described by the Maxwell action in curved spacetime,

S =−1
4

∫
d4x

√
ggµρ gνσ Fµν Fρσ . (6)

The equation of motion which arises from (6) is

∂µ

(√
ggµρ Fρσ gσν

)
= 0 . (7)

Recall that, for any antisymmetric tensor Aµν , one has

∇µ Aµν =
1
√

g
∂µ (

√
gAµν) , (8)

so the equation of motion (7) can be written as the covariant conservation equation

∇µ Fµν = 0 , (9)

where indices are raised or lowered with gµν , and where ∇µ is the covariant deriva-
tive defined using the torsionless Levi-Civita connection.

Let us also point out that, because the Maxwell theory is invariant under confor-
mal transformations, the curved-space action (6) on a metric gµν defines a theory
which is equivalent to the one on a metric ĝµν given by

ĝµν = e2ϕ gµν , (10)

where ϕ is a smooth function on M . The determinant of the metric transforms as

|det(g̃)|= e8ϕ |det(g)| (11)

under such a conformal change, so given a general metric gµν , we may always
perform a Weyl transformation with conformal factor

ϕ =−1
8

log(|det(g)|) , (12)
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in order to find a unit-determinant metric g̃µν within the same conformal class.5 For
this reason, we may set g = |det(g)|= 1 without loss of generality.

Suppose we now wish to investigate the Maxwell theory on a metric that depends
on the field strength Fµν , which we write as hµν = hµν(F). To avoid confusion, we
will raise or lower indices with the background metric gµν , and denote the inverse
metric as

(
h−1
)µν . For instance, with this convention one has

hµν = gµα gνβ hαβ ̸= (h−1)µν . (13)

There are two natural, but distinct, procedures which one might follow to define
“Maxwell theory coupled to a field-dependent metric” which are:

(I) Begin with the action (6) and replace gµν by hµν , leading to the action

S =−1
4

∫
d4x

√
h
(
h−1)µρ (

h−1)νσ
Fµν Fρσ . (14)

(II) Begin with the equation of motion (7) and replace gµν with hµν to write

∂µ

(√
h
(
h−1)µρ

Fρσ

(
h−1)σν

)
= 0 . (15)

One might refer to procedure (I) as “coupling the Maxwell Lagrangian to a field-
dependent metric” and to procedure (II) as “coupling the Maxwell equations of mo-
tion to a field-dependent metric.” The two theories defined by the procedures above
are, in general, different. To see this, one can compute the Euler-Lagrange equation

∂µ

(
∂L

∂Fµν

)
= 0 , (16)

associated with the action (14), which is

0 = ∂α

(√
|h|
(
(h−1)ρα(h−1)τβ Fρτ +

∂ (h−1)ρσ

∂Fαβ

(h−1)τγ Fρτ Fσγ

− 1
4

hµν

∂ (h−1)µν

∂Fαβ

(h−1)ρσ (h−1)τγ Fρτ Fσγ

))
. (17)

The equation of motion (17) is more complicated than (15). In the remainder of
this work, we will be primarily interested in studying conserved quantities, whose
divergences vanish when the equations of motion are satisfied. Because we would
like to have the simplest equations of motion possible, we will prefer procedure (II)
over procedure (I), and we will refer to the theory with equation of motion (15) as
“Maxwell theory coupled to a field-dependent metric.”

5 In order to treat both Riemannian and Lorentzian spacetimes uniformly, we will use the phrase
“unit-determiniant” to refer to any metric gµν with det(g) =±1.
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We will not undertake a systematic investigation of the first procedure (I) in this
article. However, let us make a brief remark about one case where the two coupling
prescriptions above actually coincide. We introduce the standard variables

S =−1
4

Fµν Fµν , P =−1
4

Fµν F̃µν . (18)

Then consider the field-dependent metric hµν(F) given by

hµν(F) = cosh(γ)gµν +
sinh(γ)√
S2 +P2

(
Sgµν −F ρ

µ Fρν

)
. (19)

Assuming |det(g)|= 1, one finds by direct calculation that

|det
(
hµν

)
|= 1 , (20)

and that the inverse metric is(
h−1)µν

= cosh(γ)gµν − sinh(γ)√
S2 +P2

(
Sgµν −Fµρ F ν

ρ

)
. (21)

Furthermore, this metric has the property that

∂ (h−1)ρσ

∂Fαβ

(h−1)τγ Fρτ Fσγ = 0 . (22)

This means that the equation of motion (17) arising from procedure (I), for this
special choice of metric, reduces to

0 = ∂α

(
(h−1)αρ Fρτ(h−1)τβ

)
, (23)

which is the same as the equation of motion (15) arising from procedure (II).
Since the two procedures agree in this case, we can identify the Lagrangian for

the Maxwell theory coupled to the field-dependent metric (19) by computing

−1
4
(h−1)µρ(h−1)νσ Fµν Fρσ = cosh(2γ)S+ sinh(2γ)

√
S2 +P2 , (24)

and thus the Maxwell theory on this field-dependent metric corresponds to the Mod-
Max theory (3) at parameter 2γ ,

SModMax,2γ =
∫

d4x
√

g
(

cosh(2γ)S+ sinh(2γ)
√

S2 +P2
)
. (25)

Therefore, one can generate the ModMax theory by coupling the Maxwell theory to
a field-dependent metric, and in this case it does not matter whether one performs
this coupling in the action or in the equations of motion. This metric coupling is
reminiscent of the “deformation map” introduced in [46], which likewise transforms
the isotropic 2d harmonic oscillator into the ModMax oscillator at parameter 2γ .
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3 Duality Invariance and Field-Dependent Metrics

We have now seen that ModMax is one example of a model for which the equations
of motion can be represented via a coupling to a field-dependent metric. Perhaps
this does not come as a surprise, since it is known that certain deformations can be
represented by coupling a simpler theory to a gravitational sector. For instance, any
family of 4d theories L (λ )(S,P) obtained from a classical T T -like deformation of
a seed theory L (0)(S,P) can be understood via a metric approach, as investigated
in [30, 66]. Recent work suggests that this is also possible for root-T T deformations
[7, 82]. It is natural to ask which other theories admit such a description.

The question we will now address is: for which theories of source-free non-linear
electrodynamics L (S,P) are the equations of motion equivalent to

∂µ

((
h−1)µρ

Fρσ

(
h−1)σν

)
= 0 , (26)

for a field-dependent metric hµν(F) with constant determinant, |det(h)|= c?
In this question, the form (26) of the proposed equation of motion is the same

as (15) in the special case where the determinant of the field-dependent metric is
constant.6 We impose this condition for simplicity. For instance, in view of equation
(8), when |det(h)| is constant we have ∇µ Aµν = ∂µ Aµν , and we need not distinguish
between ordinary and covariant divergences of antisymmetric tensors.

To look for other examples for which the answer to this question is affirmative
(besides ModMax), we now parameterize the class of theories we will consider, and
a corresponding family of field-dependent metrics. We reiterate that we consider
only source-free theories of 4d electrodynamics described by Lagrangians which
are Lorentz scalars constructed from Fµν but not from its derivatives. There are two
useful ways to parameterize such Lagrangians. One is using the two variables S and
P of equation (18). The other parameterization is in terms of the two variables

x1 = tr
(
F2)= Fµ

ρ Fρ

µ , x2 = tr
(
F4)= Fµ

ρ Fρ

σ Fσ
τ Fτ

µ . (27)

Either pair of variables, (S,P) or (x1,x2), provides a functionally complete set of
Lorentz invariants constructed from Fµν in 4d, and the two sets are related by

x1 = 4S , x2 = 4P2 +8S2 . (28)

Let us pause to comment on the spacetime signature. We will alternately work on
either a Riemannian spacetime manifold, with Euclidean signature (+,+,+,+), or
on a Lorentzian spacetime with signature (−,+,+,+). One or the other of these
choices may be more convenient, depending on which aspects of a given theory one
would like to discuss. To understand a model of electrodynamics as a physically
reasonable field theory, for instance describing the propagation of (possibly self-
interacting) wavelike disturbances in time, one should adopt Lorentzian signature.

6 If |det(h)|= c, we can perform a rescaling hµν → λhµν , which does not affect (26), to take c = 1
without loss of generality. However it will be convenient to leave the constant c arbitrary for now.
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The choice of Lorentz signature also appears to be more natural for the purpose
of constructing certain consistent and manifestly duality-invariant presentations of
gauge theories in 4d or chiral form theories in other dimensions, such as the 6d
Pasti-Sorokin-Tonin (PST) formulation [68, 70, 69] (or its generalization to higher
dimensions [21]), the 4d Ivanov-Zupnik formalism [56, 57] (and its higher-d exten-
sion [59]), and the related Ivanov-Nurmagambetov-Zupnik [55] representation. On
the other hand, the choice of Euclidean signature can be more useful for empha-
sizing topological field theory aspects of a model. For this reason we will use Eu-
clidean signature in section 4, since the discussion of 1-form symmetries is closely
connected to the existence of topologically protected line operators in the theory.

In this section, to write formulas which are valid for either choice of spacetime
signature, we will use a definition of the Hodge star which involves a factor of√
−det(g). This introduces a factor of i in Euclidean signature; for example, if F

is a real field strength, then ∗F is purely imaginary on a Riemannian manifold.
The advantage of this definitional choice is that the formula (28) holds in either
spacetime signature, so we may treat both cases at once.

Having adopted this convention, we can interchangeably parameterize a general
Lagrangian for a theory of non-linear electrodynamics as

L = L (S,P) = L (x1,x2) . (29)

It is convenient to record the condition for electric-magnetic duality invariance in
both sets of variables. We define symbols D(S,P) and D(x1,x2) so that the self-
duality equation reads D = 1 in either parameterization. In terms of S and P, a
Lagrangian L (S,P) describes a duality-invariant theory if

D(S,P) = L 2
S − 2S

P
LSLP −L 2

P = 1 , (30)

whereas in (x1,x2) variables, the condition is

D(x1,x2) = 16L 2
1 +16x1L1L2 −8

(
2x2 − x2

1
)
L 2

2 = 1 . (31)

Here subscripts indicate partial derivatives with respect to the corresponding argu-
ment, and we have defined the shorthand

L1 =
∂L

∂x1
, L2 =

∂L

∂x2
. (32)

To describe the general class of field-dependent metrics which we will allow, it will
be more convenient to first specify the inverse metric

(
h−1
)µν , and then allow the

metric itself to be defined implicitly in terms of its inverse. Consider the ansatz(
h−1)µν

= A(x1,x2)gµν +B(x1,x2)F
µ

ρ Fρν . (33)

As above, all indices will be raised or lowered with gµν . The following calcula-
tion will not depend on the spacetime signature or the precise form of gµν , so long
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as |det(g)| = 1. Recall that gµν is the fixed, field-independent background metric
which defines the undeformed Maxwell theory (6). We have argued that we may
take |det(g)| = 1 without loss of generality due to conformal invariance, so we as-
sume this in what follows. However, the equations of motion (26) with metric (33)
are generally not invariant under conformal transformations because these transfor-
mations act non-trivially on the arguments x1, x2 of the functions A and B.

One might ask why we do not allow for additional terms in (33), such as

C(x1,x2)F
µ

ρ Fρ

σ Fσ
τ Fτν . (34)

The reason is that all factors of the inverse metric will eventually be contracted with
field strength tensors. If we had allowed an additional term (34) in the metric, then
upon contraction with F α

ν , we would generate a contribution

C(x1,x2)F
µ

ρ Fρ

σ Fσ
τ Fτν F α

ν =C(x1,x2)
(
F5)µα

, (35)

where we use the notation

(Fn)µ

ν
= Fµ

α1 Fα1
α2 . . .Fαn−2

αn−1 Fαn−1
ν︸ ︷︷ ︸

n times

, (36)

for the matrix product of n factors of F .
However, the Cayley-Hamilton determines the fifth power of the matrix F as

0 =
(
F5)µ

ν
− 1

2
x1
(
F3)µ

ν
+

1
4

(
1
2

x2
1 − x2

)
Fµ

ν . (37)

Therefore, the effect of adding a term (34) to the metric – after contraction with a
factor of the field strength – can be absorbed into the functions A and B multiplying
the lower-order terms in (33). Thus (33) is effectively the most general symmetric
tensor constructed only from gµν and Fµν which one could allow.

Recall that our question stipulates that the determinant of hµν should be constant.
Because det

(
h−1
)

det(h) = 1, in order to investigate the condition that det(h) is
constant, it suffices to compute det

(
h−1
)
. By an explicit calculation one finds

|det
(
h−1)|= 1

64
(
8A2 +4ABx1 +B2 (x2

1 −2x2
))2

, (38)

and thus |det(h)|= c, for a positive constant c, if and only if∣∣∣∣A2 +
1
2

ABx1 +
1
8

B2 (x2
1 −2x2

)∣∣∣∣= c−1/2 . (39)

Let us now turn to the equations of motion. We begin with a theory of electrody-
namics L (x1,x2) on a field-independent metric. The Euler-Lagrange equation is
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0 = ∂µ

(
∂L

∂Fµν

)
, (40)

which for |det(g)|= 1, can be written as

0 = ∂µ

(
L1Fµν +2L2

(
F3)µν

)
. (41)

We compare this to the equation of motion for the Maxwell theory coupled to a
unit-determinant field-dependent metric, which is

∂µ

(
(h−1)µρ Fρσ (h−1)σν

)
= 0 . (42)

We would like the equations of motion (42) to agree with (41). To do this, we can
impose that the quantities acted upon by the derivative ∂µ in these two expressions
are proportional to one another. That is, we require

(h−1)µρ Fρσ (h−1)σν = a
(

Fµν +2
(
F3)µν

)
, (43)

where a is constant. Expanding the left side using the definition of (h−1)µν , and
simplifying with the Cayley-Hamilton theorem in the form (37), this becomes(
A2 +

1
8

B2(2x2 − x2
1)

)
Fµν +

(
2AB+

1
2

B2x1

)(
F3)µν

= a
(
L1Fµν +2L2

(
F3)µν

)
.

(44)

Demanding the coefficients of independent powers of F to agree gives

aL1 = A2 +
1
8

B2(2x2 − x2
1) , aL2 = AB+

1
4

B2x1 . (45)

We note that (45) is a system of two algebraic equations for the two unknown func-
tions A, B, and thus it generically admits a solution. However, we are not guaranteed
that this solution will respect the constant-determinant condition. It turns out that
this constant-determinant condition is related to duality invariance. Indeed, substi-
tuting the solutions (45) for the derivatives of the Lagrangian into the left side of the
condition (31) for duality invariance, one finds

16L 2
1 +16x1L1L2 −8

(
2x2 − x2

1
)
L 2

2 =
1

4a2

(
8A2 +4ABx1 +B2 (x2

1 −2x2
))2

,

(46)

and comparing to the expression (38) for the determinant of the inverse metric gives

D(x1,x2) =
16
a2 |det

(
h−1) | . (47)
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If L enjoys duality-invariance, then the left side of (47) equals 1, so |det
(
h−1
)
|=

a2

16 . The constant a was an arbitrary proportionality factor between two equations of
motion, which we can choose to be a = 4 without loss of generality, so in this case
duality invariance and equivalence of the equations of motion implies |det

(
h−1
)
|=

1 and thus |det(h)| = 1. Conversely, if |det
(
h−1
)
| = c−1, we may choose to take

a = 4
√

c−1, which implies that L satisfies the condition (31) for duality invariance.
Again, by performing a rescaling of the metric hµν , we can choose to take c = 1.

We conclude that the equations of motion for a theory of non-linear electrody-
namics are equivalent to those for the Maxwell theory coupled to a field-dependent
background metric hµν with |det(h)| = 1 if and only if the theory is electric-
magnetic duality-invariant.

Relation to stress tensor deformations

Theories of duality-invariant non-linear electrodynamics can be alternatively char-
acterized in terms of deformations of the Lagrangian which are constructed from
the energy-momentum tensor, as described in [39]. We will now briefly review the
results of that work, to which we refer the reader for further details.

Let L (λ )(S,P) – or equivalently L (λ )(x1,x2) – be a one-parameter family of
Lagrangians which obey the duality-invariance condition (30) or (31). Then it was
shown in [39] that this family of Lagrangians satisfies a differential equation

∂L (λ )

∂λ
= f

(
λ ,T (λ )

µν

)
, (48)

where f is a Lorentz scalar function constructed from the energy-momentum tensor

T (λ )
µν =− 2

√
g

δS(λ )

δgµν
, S(λ ) =

∫
d4xL (λ ) , (49)

of the theory. The function f may also have explicit dependence on λ . It was also
shown that, conversely, given any such function f

(
λ ,T (λ )

µν

)
and a duality-invariant

initial condition L (λ=0), such as the Maxwell theory, the differential equation (48)
defines a one-parameter family of duality-invariant Lagrangians.7

On the other hand, we have seen that the equations of motion for any duality-
invariant model can be understood as those of the curved-space Maxwell theory,
with the metric gµν replaced by a unit-determinant field-dependent metric hµν .

Combining these results, we find that the following conditions are equivalent:

(i) L (λ )(S,P) is a family of theories of duality-invariant electrodynamics;

7 Analogous statements have also been shown for chiral tensor theories in six spacetime dimensions
[38] and for Lorentz-invariant theories of chiral bosons in two dimensions [33].
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(ii) L (λ )(S,P) satisfies a differential equation in the parameter λ which is driven
by a function of the energy-momentum tensor, with a duality-invariant initial
condition L (λ0)(S,P) for some λ0; and

(iii) the equations of motion associated with L (λ )(S,P) take the form (15) for a
family of field-dependent metrics h(λ )µν (F) with

∣∣∣det
(

h(λ )(F)
)∣∣∣= 1.

We conclude that a general stress tensor deformation of the Maxwell theory in four
dimensions can be geometrized in terms of a field-dependent metric. In a sense,
this extends the results of [30, 66, 7, 82], which give geometrical realizations of
classical deformations by the four-dimensional T T and root-T T operators, to the
case of deformations by arbitrary functions of Tµν .

However, we should point out that the geometrization approach which we have
taken here differs from the strategy of works such as [66]. In particular, our proce-
dure couples the equations of motion for a seed theory (i.e. Maxwell) to an explicit,
fixed field-dependent metric hµν , whereas [66] couples the seed theory to dynamical
gravity in the Palatini formalism, with a particular action for the gravity sector.

4 Application to Higher-Form Symmetries

We now turn to the study of 1-form global symmetries in theories of duality-
invariant electrodynamics, and in particular to the construction of ordinary con-
served currents from these higher-form symmetries. This offers an application of the
field-dependent metric machinery which was developed in sections 2 and 3. First,
let us review some of the basic definitions and facts about higher-form symmetries.

We say that a theory has a p-form global symmetry if there exists a totally anti-
symmetric (p+1)-form current jµ1...µp+1 which satisfies the conservation equation

∂µ1 jµ1...µp+1 = 0 . (50)

In this language, an ordinary symmetry with a conserved one-form Noether current
jµ is referred to as a 0-form global symmetry. The Maxwell theory with Lagrangian
L =− 1

4 Fµν Fµν enjoys two separate one-form global symmetries, which we refer
to as the “electric” and “magnetic” one-form global symmetries. The conserved 2-
form current associated with the electric 1-form global symmetry is

j(E)µν = Fµν , (51)

which is conserved by virtue of the source-free equation of motion ∂µ Fµν = 0, and
the 2-form current associated with the magnetic 1-form global symmetry is

j(M)
µν = F̃µν , (52)

which is conserved due to the Bianchi identity ∂µ F̃µν = 0.
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The presence of a 1-form global symmetry signals the existence of a topologi-
cally protected line operator (also referred to as a symmetry defect operator) in a
quantum field theory. For instance, in the Maxwell conformal field theory, the ob-
jects which are charged under the electric 1-form symmetry are the Wilson lines,
and the line operators charged under the magnetic 1-form symmetry are the ’t Hooft
lines. In vacuum, the symmetry group for both the electric and magnetic 1-form
symmetries is U(1), but these are broken to a discrete ZN subgroup by the inclusion
of quantized electric charges and dynamical magnetic monopoles, respectively.

Unlike the Maxwell theory, which is a microscopically complete CFT, we will
study 1-form global symmetries in general theories of duality-invariant electrody-
namics, which are merely effective field theories. An example to keep in mind is
the Born-Infeld model, with Lagrangian (2). The Born-Infeld equations of motion
can be derived by studying open string propagation in a D-brane background and
demanding the vanishing of the one-loop worldsheet beta function, in the approx-
imation where the derivatives ∂ρ Fµν of the field strength are small [2]. Therefore,
in the example of Born-Infeld, we are interested in studying this theory in a regime
where the approximation of ignoring derivatives of field strengths is valid. However,
we should note that when the length scale set by typical field strengths Fµν is small
compared to the length scale set by the tension T in equation (2), the Born-Infeld
theory reduces to Maxwell electrodynamics. So to be precise, for the Born-Infeld ex-
ample, we are interested in studying the theory in a regime where derivatives of the
field strength are taken small, but the magnitude of the field strength is not so small
that the dynamics are well-described by Maxwell electrodynamics. More generally,
for other theories L (S,P) of duality-invariant electrodynamics besides Born-Infeld,
we assume that there exists some regime in which L is a good low-energy effective
field theory, and we restrict attention to this regime.8

We are not the first to consider generalized global symmetries in theories of
duality-invariant electrodynamics. For instance, the 1-form symmetries of ModMax
and Born-Infeld theory were considered in [24], where the ’t Hooft anomalies as-
sociated with these symmetries were also studied. See also [31] for a discussion of
the relationship between electric-magnetic duality invariance and generalized global
symmetries in the Maxwell theory. The novelty in the present analysis is in the appli-
cation of field-dependent metrics to the study of these symmetries, and in particular,
to analyze the construction of lower-form currents from higher-form currents, which
was performed in [52] for the Maxwell theory.

4.1 One-Form Symmetries in Non-Linear Electrodynamics

As we have reviewed, the electric and magnetic 1-form global symmetries of the
Maxwell theory (51) and (52) are a consequence of the source-free equations of

8 The effective field theory origin of ModMax is not fully understood, but it may arise from a
coupling to an axio-dilaton auxiliary scalar field [61], via a brane-like construction similar to Dirac-
Born-Infeld [67], or from a class of models with specific higher-derivative interactions [60].
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motion and the Bianchi identity. In this case, the special properties of the Maxwell
theory – namely, that it is a CFT – imply that these two higher-form currents are
Hodge dual to one another. More generally, in any 4d conformal field theory, it is
believed that the Hodge dual of any conserved 2-form current must also be con-
served, which is a phenomenon known as photonization [52].

In more general theories of non-linear electrodynamics, viewed as effective field
theories, there still exists a pair of conserved two-form currents, although they will
not be Hodge dual to one another. Given any Lagrangian L (S,P) in the class which
we are considering, one can define

G̃µν = 2
∂L

∂Fµν

. (53)

Any such theory of electrodynamics enjoys two 1-form symmetries with currents

j(E)µν = G̃µν , j(M)
µν = F̃µν , (54)

which are again conserved by virtue of the equations of motion and the Bianchi
identity, respectively. In terms of (53), the condition (30) for duality invariance reads

G̃µν Gµν + F̃µν Fµν = 0 , (55)

which is the form of the duality invariance condition studied in [16], and is equiva-
lent to the condition stated by Gaillard and Zumino [44].

Let us now discuss how lower-form symmetries can be constructed from higher-
form symmetries. Given any theory which exhibits a p-form global symmetry, asso-
ciated with a (p+1)-form conserved current jµ1...µp+1 , one can construct a p-form
conserved current

jµ1...µp = jµ1...µp+1∂µp+1 f (56)

for any scalar function f . The resulting p-form current jµ1...µp is trivially conserved
due to the conservation and antisymmetry of jµ1...µp+1 . We say that this derived p-
form current is trivial because the conservation of this current does not imply any
new symmetries, beyond the one which was already present and led to the conser-
vation of the “parent” current jµ1...µp+1 .

For instance, in any theory of non-linear electrodynamics, one can construct the
conserved 0-form currents

jµ = G̃µν
∂ν g+ F̃µν

∂ν f , (57)

for any scalar functions g and f . When f = 0, one can show that the current (57)
is the conserved Noether current associated with gauge transformations A → A+
dλ , whose charge acts trivially on gauge-invariant quantities and is therefore not
physically interesting. When g= 0, the current (57) can be interpreted as the Noether
current associated with gauge transformations of the “dual photon” field Bµ . That
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is, since ∂µ G̃µν = 0, which implies that dG = 0, the 2-form G can be trivialized as

G = dB (58)

for a one-form B, and then dual gauge transformations of the form B → B+dλ are
symmetries of the theory, albeit also trivial ones.

By taking specific choices of the functions f and g, one can find examples of
the currents (57) whose triviality is not immediately obvious. For instance, in the
ModMax theory, one can define the angular variables

cos(ϕ) =
S√

S2 +P2
, sin(ϕ) =

P√
S2 +P2

, (59)

and then note that for any function f̂ , the current

jµ = Fµν
∂ν f̂ (ϕ) , (60)

is conserved. However, the currents (60) arise from a particular choice of the cur-
rents (57) where f̂ is related to f and g, so these currents are associated with trivial
gauge symmetries and thus their charges do not act on gauge-invariant quantities.

4.2 Construction of Non-Trivial Currents in Maxwell Theory

One might ask if there is some way to modify the construction of the currents (56)
so that they are no longer trivial. Indeed this is possible in some cases. The triviality
of the currents (56) is a consequence of the fact that the higher-form current is
contracted with the gradient of a scalar, which is an exact one-form. Suppose that
one instead contracts the higher-form current against a one-form which is not exact,

jµ1...µp = jµ1...µp+1Λµp+1 , (61)

where Λµp+1 ̸= ∂µp+1 f . The resulting p-form current is conserved if

∂µp jµ1...µp = jµ1...µp+1∂µpΛµp+1 = 0 . (62)

This is a differential constraint which relates the components of the p-form cur-
rent to the components of Λ . Such a constraint is difficult to solve in general, and
typically requires the components of Λ to depend on the fields of the theory.

However, in certain situations, this procedure simplifies. Suppose that we return
to the Maxwell theory with conserved two-form currents j(E)µν =Fµν and j(M)

µν = F̃µν .
One can make an ansatz for a 0-form current which takes the form

jµ = Fµν
Λ

(E)
ν + F̃µν

Λ
(M)
ν , (63)
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where neither Λ
(E)
µ nor Λ

(M)
µ is exact. Let us investigate the condition for conserva-

tion of this current. One finds that

∂µ jµ = Fµν
∂µΛ

(E)
ν + F̃µν

∂µΛ
(M)
ν , (64)

where we have used the equations of motion and Bianchi identity, which vanishes if

F ∧∗dΛ
(E)+ F̃ ∧∗dΛ

(M) = 0 . (65)

In this section, we work in Euclidean9 signature where the definition of the Hodge
star involves a factor of

√
|det(g)| rather than

√
−det(g), so that ∗∗ = 1 when

acting on 2-forms. With these conventions, (65) is equivalent to

F ∧
(

dΛ
(M)+∗dΛ

(E)
)
= 0 , (66)

which can be solved by taking

dΛ
(M) =−∗dΛ

(E) . (67)

The relation (67) is sometimes called a twisted self-duality condition.10 If we choose
a solution of the type (67), then both dΛ (E) and dΛ (M) are harmonic:

0 = d
(

dΛ
(E)
)
= d

(
∗dΛ

(E)
)
, 0 = d

(
dΛ

(M)
)
= d

(
∗dΛ

(M)
)
. (68)

One can decompose dΛ (E), dΛ (M) into self-dual and anti-self-dual parts
(
dΛ (E)

)±,(
dΛ (M)

)±, where for any two-form A in Euclidean signature, we define

A± =
1
2
(1±∗)A . (69)

Then the harmonicity condition (68) implies that each of the self-dual and anti-self-
dual parts are separately closed,

d
(

dΛ
(E)
)+

= d
(

dΛ
(E)
)−

= 0 , d
(

dΛ
(M)
)+

= d
(

dΛ
(M)
)−

= 0 . (70)

Hence one can solve equation (67) by taking

dΛ
(E) =

(
dΛ

(M)
)−

−
(

dΛ
(M)
)+

. (71)

The upshot of this calculation is that we may now identify two independent fam-
ilies of solutions which lead to non-trivial conserved charges in Maxwell theory,

9 The analysis of this section can be converted to Lorentzian signature, where ∗∗=−1 when acting
on 2-forms, by including factors of i in appropriate places in all of the formulas.
10 See [5] for a democratic formulation of Lagrangians for chiral fields which incorporates such
twisted self-duality constraints on the potentials.
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following [52]. First, given any non-exact one-form Λ with self-dual derivative,

∗dΛ = dΛ , (72)

we can choose Λ (M) = Λ and Λ (E) = −Λ , and this gives a solution to (63). Con-
versely, given any non-exact one-form Λ with anti-self-dual derivative,

∗dΛ =−dΛ , (73)

we can choose Λ (M) = Λ and Λ (E) = Λ , and this also gives a solution to (63).
In the flat space case, one can explicitly construct infinitely many one-forms with

either self-dual or anti-self-dual derivatives, which therefore lead to infinitely many
conserved charges. One way to see this is by solving the self-duality constraint in
twistor space. Suppose that we convert Lorentz indices to pairs of spinor indices as

Λαα̇ = σ
µ

αα̇
Λµ , (74)

where the σ
µ

αα̇
are Pauli matrices. Given a spinor λα̇ , define

zα = xαα̇
λα̇ , (75)

where xαα̇ are the bispinor versions of the spacetime coordinates xµ . Furthermore,
given such a λα̇ , let µα̇ be an arbitrary reference spinor which is not collinear with
λα̇ . Then consider the one-form Λαα̇ defined by the twistor transform

Λαα̇ =
1

2πi

∮
C

dλ
γ̇

λγ̇

µα̇

ε δ̇ ε̇ µ
δ̇

λε̇

∂

∂ zα
ϕ(z,λ ) , (76)

where the integral is taken over a closed curve C in CP1, and ϕ is a holomorphic
function on CP3, which is coordinatized by the twistor variables zα and λα̇ . The
measure dλ γ̇ λγ̇ on CP1 has projective weight +2 and thus the remainder of the
integrand must be homogeneous with degree −2 in order for (76) to be well-defined.
This integral is then independent of the choice of µα̇ and of the precise contour of
integration, and it implies that the exterior derivative of Λ can be written as

(dΛ)
αα̇β β̇

= (dΛ)
αβ

ε
α̇β̇

, (77)

which guarantees that dΛ is self-dual and its self-dual part is encoded in the object
(dΛ)

αβ
. A similar twistor construction can be used to solve the constraint for a one-

form with anti-self-dual exterior derivative. For an introduction to twistor techniques
in field theory, see the lecture notes [83, 3] or the textbook [54].

One may then conclude that, as a consequence of the fact that there are infinitely
many holomorphic functions ϕ(z,λ ) on twistor space, we can likewise find in-
finitely many one-forms Λ whose derivatives satisfy either a self-duality or anti-
self-duality condition. By the argument above, this leads to infinitely many solu-
tions of (63) and thus infinitely many non-trivial conserved currents in the Maxwell
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theory. It was emphasized in [52] (see also [53]) that the presentation of solutions
to the self-duality conditions in twistor space makes the analogy between the con-
served currents in the Maxwell theory and those in a 2d CFT more transparent; in
that work the algebra of the non-trivial charges was also computed.

To conclude this subsection, let us give another interpretation of this infinite col-
lection of conserved currents. We have explained above that the currents (63) may be
viewed as being in one-to-one correspondence with either (i) harmonic two-forms,
or (ii) pairs of one-forms Λ , Λ whose exterior derivatives are self-dual and anti-self-
dual. A more physical view of this correspondence principle is as follows. Consider
a given, fixed field configuration F̂µν which solves the vacuum Maxwell equations,

dF̂ = d ∗ F̂ = 0 . (78)

This means that F̂ is a harmonic 2-form, and can be locally trivialized as F̂ = dÂ,
∗F̂ = dB̂. Therefore, choosing the parameters

Λ
(E) = Â , Λ

(M) =−B̂ , (79)

furnishes us with a solution to the constraint (65). Given such a solution, we may
choose to “forget” that these one-forms (79) have an interpretation in terms of solu-
tions to the Maxwell equations, and simply treat them as abstract forms which can
be used to construct a current jµ as in (63). The resulting jµ is then conserved.

Therefore, a third way of interpreting the argument of this subsection is as fol-
lows. For each fixed solution F̂µν to the equations of motion for the free Maxwell
theory, we can define an associated current jµ using equations (79) and (63). This
current is then conserved, by virtue of equation (66). In particular, we emphasize
that conservation of this current holds whenever the equations of motion are satis-
fied. This means that ∂µ jµ = 0 for any on-shell field configuration Fµν , not only for
the fixed solution F̂µν which was used for its construction.

Said differently, since we have seen that every harmonic 2-form gives rise to a
conserved current – and because every F̂µν which satisfies (78) is a harmonic 2-form
– we obtain one such current jµ for each solution of the Maxwell equations.

4.3 Generalization to Interacting Theories

Because Maxwell theory is a free model, and all free models possesss infinitely
many conserved quantities, it is perhaps unsurprising that one can build infinitely
many currents from the higher-form global symmetries in the manner described
here. It would be more interesting if such an argument could be used to find con-
served currents in interacting theories, such as models of non-linear electrodynam-
ics, perhaps with an additional assumption such as duality invariance. We now turn
to the question of this generalization.
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In a general theory of non-linear electrodynamics, the appropriate modification
of the ansatz (63) for a conserved current is

jµ = G̃µν
Λ

(E)
ν + F̃µν

Λ
(M)
ν , (80)

because the equations of motion and Bianchi identity guarantee the conservation of
G̃µν and F̃µν , respectively. The divergence of this would-be current is

∂µ jµ = G̃µν
∂µΛ

(E)
ν + F̃µν

∂µΛ
(M)
ν , (81)

which we would like to vanish identically.
Solving the condition (81) in a general theory of non-linear electrodynamics

seems difficult. We will therefore restrict to duality-invariant theories. Given this
additional assumption, let us first point out that there is at least one simple solution
to the condition (81) which one can immediately write down. Because

dF = dG = 0 , (82)

one can trivialize both 2-forms as

F = dA , G = dB , (83)

and then choosing

Λ
(E)
µ = Bµ , Λ

(M)
µ = Aµ , (84)

the divergence of jµ is

∂µ jµ = G̃µν Gµν + F̃µν Fµν , (85)

which vanishes precisely due to the duality-invariance condition (55). The conser-
vation of this current was already noticed in the early work of [44]. However, the
present discussion now allows us to re-interpret this current as one which descends
from the 1-form global symmetries in a general theory of duality-invariant electro-
dynamics, in exactly the same way that the currents of [52] arise in Maxwell theory.

Let us now ask whether there are other solutions to (81) besides the simple one
(84). To address this question, we will use the result of section 3 that the equations
of motion for any duality-invariant theory can be written as

∂µ

((
h−1)µρ

Fρσ

(
h−1)σν

)
= 0 , (86)

for a field-dependent metric hµν with inverse
(
h−1
)µν . The condition (81) for con-

servation of the candidate current then reads

∂µ jµ =
((

h−1)µρ
Fρσ

(
h−1)σν

)
∂µΛ

(E)
ν + F̃µν

∂µΛ
(M)
ν = 0 . (87)
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We recall that indices are still raised or lowered with the background metric gµν .
It is useful to define the Hodge star operation with respect to the field-dependent
metric hµν , which acts on a 2-form Aµν as

(∗h A)
ν3ν4

=

√
|det(h)|

2!
Aµ1µ2

(
h−1)µ1ν1 (h−1)µ2ν2

εν1ν2ν3ν4 . (88)

As we showed above, |det(h)|= 1 for the field-dependent metric associated with any
theory of duality-invariant electrodynamics, so we drop this factor. Then in terms of
the operation (88), the condition (87) is equivalent to

F ∧
(

dΛ
(M)+∗hdΛ

(E)
)
= 0 , (89)

which one can solve by taking

dΛ
(M) =−∗h dΛ

(E) , (90)

where we have used that ∗h∗h = 1 in Euclidean signature. We see that the condi-
tion (90) straightforwardly generalizes the constraint relating Λ (E) and Λ (M) in the
Maxwell case, equation (67), to which (90) reduces in the case where hµν = gµν .

The condition (90) implies that both dΛ (E) and dΛ (M) are harmonic 2-forms with
respect to the field-dependent metric hµν :

0 = d
(

dΛ
(E)
)
= d

(
∗hdΛ

(E)
)
, 0 = d

(
dΛ

(M)
)
= d

(
∗hdΛ

(M)
)
. (91)

One can therefore build a conserved current for each one-form Λ (M) whose deriva-
tive dΛ (M) is harmonic with respect to hµν . Given such a Λ (M), we define dΛ (E)

by (90), which is closed because dΛ (M) is co-closed, and can therefore be locally
trivialized to a one-form Λ (E). We say that there is one current for each “h-harmonic
form” on the spacetime manifold M . Alternatively, one can perform a splitting of
dΛ (E) and dΛ (M) into self-dual and anti-self-dual parts, where duality is defined
with respect to ∗h. It follows that we can construct one non-trivial current for each
one-form Λ with h-self-dual or h-anti-self-dual derivative dΛ .

We pointed out, around equation (78), that the infinite set of conserved currents
in Maxwell theory can also be described as being in 1-to-1 correspondence with
solutions to the equations of motion. This is not quite true for the generalization we
have just discussed, for the following reason. Consider a theory of non-linear elec-
trodynamics whose equations of motion are equivalent to those of Maxwell theory
on the field-dependent metric hµν(F). Choose a fixed field configuration F̂µν , and
let ĥµν = hµν(F̂) be the metric evaluated using the configuration F̂µν rather than the
abstract variable Fµν . Then F̂µν solves the equations of motion if

dF̂ = d ∗ĥ F̂ = 0 , (92)

whereas the parameter Λ which generates a conserved current in the theory obeys
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d(dΛ) = d(∗hdΛ) = 0 . (93)

The difference between these conditions is that one uses the Hodge star associated
with hµν(F) and the other uses the Hodge star built from ĥµν = hµν(F̂). It is there-
fore not immediate that conserved currents in a general duality-invariant theory can
be put into correspondence with solutions to the equations of motion.

Nonetheless, the correspondence between conserved currents and h-harmonic
two-forms implied by (91) still holds in any duality-invariant theory. We have there-
fore geometrized the characterization of conserved currrents which descend from
the 1-form global symmetries in any such self-dual theory.

4.4 Remarks on Generalized Currents

We conclude this section with a few further comments regarding the geometrical
description of conserved currents in theories of duality-invariant electrodynamics.

Compact Riemannian case

Suppose that we are studying the Maxwell theory on a compact Riemannian space-
time manifold M (i.e. with Euclidean signature). In this case, the space of harmonic
p-forms on a manifold M is isomorphic to the p-th de Rham cohomology group,
H p(M ). Although the definition of a harmonic form relies on the details of the
Riemannian metric, importantly, the de Rham cohomology is defined independently
of the metric. That is, the de Rham cohomology is a topological quantity which
depends only on the smooth structure of M but not on its metric structure.

Therefore, at least for two conventional field-independent Riemannian metrics
gµν and hµν , given any 2-form which is harmonic on M with respect to gµν , there
is a corresponding 2-form which is harmonic on M with respect to hµν . Pictorially,

Harm2(M ,g)∼= H2(M )∼= Harm2(M ,h) , (94)

where Harmp(M ,g) denotes the space of harmonic p-forms on a manifold M with
metric gµν . Assuming that a similar isomorphism continues to hold for the case of
field-dependent metrics hµν , there would be a bijection between g-harmonic and h-
harmonic two-forms. In particular, the isomorphisms (94) would then suggest that,
for any theory of duality-invariant non-linear electrodynamics defined on a compact
Riemannian manifold, there exist as many conserved currents jµ which arise from
the solutions to the condition (81) as there are corresponding conserved currents for
the free Maxwell theory defined on the same spacetime manifold.
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Analogy with T T -deformed 2d conformal field theories

The infinite dimensional algebra of charges in the Maxwell CFT has many proper-
ties in common with the symmetry algebra of a 2d CFT. Because an irrelevant de-
formation, such as the 4d T T flow which deforms the Maxwell theory into the Born-
Infeld model, would appear to destroy the structure of such an infinite-dimensional
algebra, one might be skeptical that the Maxwell currents indeed have analogues in
other theories of duality-invariant electrodynamics. Equivalently, one might doubt
whether any h-harmonic forms, which generate these charges, actually exist.

Let us provide some circumstantial evidence that such solutions might be ex-
pected to exist, by analogy with T T deformations of CFTs in 2d. In this setting,
the undeformed CFT possesses a Virasoro×Virasoro symmetry, which likewise ap-
pears to be broken by the irrelevant T T flow, as it destroys conformal symmetry and
introduces a scale λ . However, despite this expectation, a T T -deformed CFT still
possesses a full Virasoro×Virasoro symmetry at the quantum level [48]. The gen-
erators of this deformed symmetry algebra can be understood via a field-dependent
diffeomorphism, which means that the new symmetry generators are “dressed” with
field-dependent factors compared to the Virasoro generators in the seed CFT.

These field-dependent conformal symmetries, or “pseudo-conformal symme-
tries,” have also been investigated at the classical level [49, 50]. The classical struc-
ture of pseudo-conformal symmetry generators is most relevant for our present pur-
poses, since we have restricted ourselves to an essentially classical analysis at the
level of 4d effective field theory. Because the behavior of the infinite charge algebra
in the 4d Maxwell theory mirrors that of a 2d CFT – and since an irrelevant defor-
mation of a 2d CFT, namely T T , is known to possess a deformed infinite charge
algebra with field-dependent generators – it stands to reason that similar deformed
charges may exist for theories of 4d electrodynamics which satisfy stress tensor
flow equations. Indeed, the use of our field-dependent metric hµν appears to enact a
field-dependent dressing of the symmetry generators precisely as in the 2d case.

The self-dual sector of theories of electrodynamics

The vacuum Maxwell equations, dF = d ∗F = 0, are automatically satisfied by any
(anti-)self-dual form, F =±∗F , since F = dA is closed. The collection of all such
solutions has sometimes been called the “(anti-)self-dual sector” of the Maxwell the-
ory [27]; this sector has real solutions for the field strength in Euclidean signature,
but complex field strengths for Lorentz signature. In the non-Abelian setting, the
analogous (anti-)self-dual sector of Yang-Mills theory has been extensively studied
(where such configurations are referred to as instanton solutions), and has deep con-
nections to integrability.11 Note that, for any gauge group G, the energy-momentum
tensor Tµν vanishes on any self-dual or anti-self-dual solution of the Yang-Mills
equations, including in the Abelian case G =U(1).

11 See, for instance, [1, 65, 14] and references therein for further details.
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In a more general theory of non-linear electrodynamics, one may likewise at-
tempt to solve the equations of motion dF = dG = 0 by setting F = ±G. Within
a duality-invariant theory, which can be realized with a field-dependent metric, this
condition can be stated geometrically: in such cases one seeks to impose

G̃µν =
(
h−1)µρ

Fρσ

(
h−1)σν

=±F̃µν , (95)

or equivalently,

F =±∗h F . (96)

We will likewise refer to solutions of the equation (96), assuming they exist, as
the (anti-)self-dual sector of any theory of duality-invariant electrodynamics. In this
sector, the construction of the conserved currents outlined in section 4.3 simplifies.
Here the condition on the parameters Λ (E), Λ (M) is simply dΛ (M) = −∗ dΛ (E),
which is the same as the condition (67) in the Maxwell theory. This suggests that,
within any duality-invariant model, there may exist a sector of solutions to the equa-
tions of motion which is identical to the corresponding sector of solutions for the
Maxwell theory, and for which the infinite charge algebra has identical properties.

The results of this work provide a heuristic explanation for why this might be the
case. We have already mentioned that duality-invariant theories can be obtained by
deforming the Maxwell theory by functions of the energy-momentum tensor. For
any (anti-)self-dual solution of the Maxwell equations, the stress tensor vanishes, so
one expects that this sector of solutions is unaffected by any deformation by Tµν .
This agrees with the expectation that the symmetry structure of the (anti-)self-dual
sector of a duality-invariant theory is identical to that of the free Maxwell theory.

Lipkin’s zilch

We argued above that, if h-harmonic forms may be constructed from g-harmonic
forms, then a general duality-invariant theory of electrodynamics may have a large
collection of conserved quantities, which descend from the 1-form global symmetry
structure in the model. At least in the Maxwell theory, this infinite set of conserved
quantities can be explicitly constructed. One might even be led to conjecture that all
of the conserved quantities can be interpreted in terms of higher-form global sym-
metries in this way, at least for the free Maxwell case. We now provide a counter-
example to this conjecture, which illustrates that not all of the conserved quantities
in such a theory can be straightforwardly understood via higher-form symmetries.

An interesting conserved quantity which is not obviously related to the structure
we have discussed above is called Lipkin’s zilch [63]. In the Maxwell theory on flat
Minkowski space, zilch is defined by

Zµνρ = F̃ λ
µ ∂ρ Fλν −F λ

µ ∂ρ F̃λν . (97)
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Using the conservation of the 2-form currents F̃µν and Fµν , one can show that the
divergence of the zilch tensor with respect to any of its indices vanishes:

∂
µ Zµνρ = ∂

ν Zµνρ = ∂
ρ Zµνρ = 0 . (98)

Furthermore, the zilch tensor enjoys the tracelessness conditions Zµ

µν = Zµ

νµ = 0.
See [58] for details on the proofs of these properties and for equivalent rewritings
of the zilch tensor. One component of the zilch tensor is related to a quantity known
as optical chirality, which was introduced and shown to be conserved in [78].

However, the zilch tensor is not associated with a 2-form global symmetry, which
would give rise to a conserved 3-form current Jµνρ . The reason for this is simply
that the zilch tensor does not have the correct symmetry properties on its indices;
whereas a 3-form current Jµνρ must be totally antisymmetric, the zilch tensor is
symmetric on its first two indices, Zµνρ = Zνµρ . Although it is not connected to
generalized global symmetries, the conservation of the zilch tensor has been under-
stood via a symmetry in a duality-invariant presentation of Maxwell theory [4], and
in terms of a hidden symmetry algebra in the standard formulation [62].

It would be interesting to investigate whether the field-dependent metric per-
spective could be used to define a more general notion of the zilch tensor which is
conserved in any theory of duality-invariant electrodynamics, perhaps by forming a
combination like Zµνρ = F̃ λ

µ ∂ρ G̃λν − G̃ λ
µ ∂ρ F̃λν and using conservation of G̃, F̃ .

5 Conclusion

In this work, we have geometrized the space of theories of duality-invariant electro-
dynamics through the introduction of a field-dependent metric. That is, we estab-
lished an equivalence between the condition of electric-magnetic duality invariance
and the statement that the equations of motion for a theory can be recast as the
Maxwell equations on a unit-determinant field-dependent metric hµν(F).

We then used this geometrical perspective to offer additional insight into the sym-
metry structure of duality-invariant theories. For instance, we have argued that the
electric and magnetic 1-form global symmetries in a model of self-dual electrody-
namics can be used to construct one conserved current for each h-harmonic 2-form,
which recovers the result of [52, 53] in the case of Maxwell theory.

There remain several interesting directions for future research. One natural ques-
tion is whether, given a field-dependent metric hµν of the type considered here,
one can formally construct h-harmonic 2-forms from g-harmonic 2-forms. This
would roughly correspond to a map between solutions to the equations of motion
for Maxwell theory and solutions to the equations of motion for a general duality-
invariant theory. Although the existence of such a map may seem rather unlikely,
we should point out that similar dictionaries exist for stress tensor deformations in
other settings. For instance, in the case of the 2d T T deformation, [29] showed that
solutions of the deformed equations of motion can be generated from solutions of
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the undeformed equations of motion by a field-dependent diffeomorphism. It would
be interesting to see whether a similar procedure exists for general stress tensor
deformations in 4d, which would give a method for building h-harmonic forms.

Another direction is to investigate 6d analogues of the structures considered in
this work. There are many similarities between duality-invariant theories of 4d elec-
trodynamics and chiral tensor theories in six spacetime dimensions. For instance, as
we alluded to above, stress tensor deformations of 4d duality-invariant theories pre-
serve duality invariance, whereas deformations of 6d chiral tensor theories in the
PST formulation preserve the condition of PST gauge invariance [38]. Motivated by
these analogies, it would be interesting to see if a general 6d chiral tensor theory
can be represented as a free chiral tensor theory on a field-dependent metric.12

We hope to return to these questions in future work.
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