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Abstract We review recent results for heterotic moduli and the Hull–Strominger
system. In particular, we discuss mathematical properties of the recently derived
deformation operator D̄ associated to the deformation complex of heterotic SU(3)
solutions. We review results on Serre duality, showing that the operator has a van-
ishing index, and discuss a notion of Čech cohomology and a particular instance of a
Dolbeault theorem for D̄. Specifically, the cohomology parametrising infinitesimal
deformations is isomorphic to the first Čech cohomology of an associated cochain
complex. This will be useful for future research, as it provides a more algebraic han-
dle on the heterotic moduli problem, which is useful for understanding notions of
stability, geometric invariants, and enumerative geometry for the Hull–Strominger
system.

1 Introduction and history

The low-energy effective theory of string theory is ten-dimensional supergravity,
which may be used to construct realistic models of grand unified theories in a pro-
cess known as string compactification. In this scenario, one assumes that six of the
ten dimensions are curled up and compact, leaving a four-dimensional spacetime
where the effective field theory lives. That is, the spacetime has an ansatz of the
form

M10 = M4 ×Xcompact
6 . (1)
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In this setting, the heterotic string is of particular interest, as it is naturally equipped
with a gauge bundle wherein the Standard Model fits. The first successful string
compactification of this kind was done in 1985 by [32], and is known as the Stan-
dard Embedding. In this setup, the vector bundle is identified with the tangent bun-
dle. This leads to an exact cancellation of anomalies, which results in the internal
geometry of X6 being Kähler and Calabi–Yau. Using Calabi–Yau manifolds as the
compact space of string compactifications has turned out to be very effective. Indeed
our understanding of Calabi–Yau geometry, their moduli spaces, and constructions
through algebraic geometry, has developed significantly over the past few decades,
which is also closely tied to their usefulness in string theory.

More general heterotic string compactifications on Calabi–Yau manifolds have
also been considered. These are of interest due to their ability to embed chiral gauge
theories close to the minimally supersymmetric standard model, see for example
[102, 24, 42, 27, 29, 7, 26, 28, 25, 11], and their tractability in computing quan-
tum corrections which may be phrased in terms of geometric conditions on X6.
Mathematically, these solutions are known to solve the full set of coupled geo-
metric equations [9], known as the Hull–Strominger system [67, 98]. Explicit non-
Kähler solutions have also appeared in the literature, such as for example principal
T 2 fibrations over K3 manifolds, see [43, 16, 18, 63, 52, 19, 82, 55] and refer-
ences therein, or local solutions, beginning with the seminal work of [30], see also
[51, 35, 36, 66, 65, 1] and references therein. Other mathematically interesting solu-
tions have also appeared, see e.g. [75, 50, 49, 46, 89, 94]. These geometries are far
from Kähler Calabi–Yau, but provide a mathematically interesting framework for
studying the interplay of gauge theory and complex geometry.

The Hull–Strominger system leads to four-dimensional Minkowski spacetime
with N = 1 supersymmetry. Specifically, the compact geometry X should be a com-
pact complex three-fold with vanishing first Chern class. There is a holomorphic
vector bundle V , which admits a connection that is hermitian Yang–Mills. The
Green-Schwarz anomaly then relates the hermitian form on X to topological con-
straints on V and X . This somewhat complicated coupling between the gauge and
gravitational sector of the Hull–Strominger system makes geometrical aspects such
as the moduli problem, or deformation problem, less tractable. Still, there has been
recent progress in understanding heterotic moduli, which will partly be reviewed
here.

The deformations are coupled via the supersymmetry variations and the heterotic
Bianchi identity

i∂ ∂̄ω = α ′
2

(
tr(F2)− tr(R2)

)
, (2)

where ω is the hermitian two-form, F is the curvature of a connection on a holomor-
phic gauge bundle with structure group contained in E8 ×E8, and R is the curvature
of a connection on the tangent bundle T X . We will expand on the details of these
structures below. When written in terms of spinor bilinears, and related to the dif-
ferential geometric structures of the internal manifold X , some of these can also be
written as the variation of a functional called the superpotential [74, 64, 85, 77]. We
refer to them as F-terms in analogy with N = 1 d = 4 supersymmetry. Finite de-
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formations of the F-terms where studied in [10], where the corresponding heterotic
Maurer-Cartan equation was described.1 The remaining supersymmetry variations
are referred to as D-terms, continuing the analogy. Evidence for this was presented
in [81], and further studied in [78], whereby using the string theory moduli space
metric, calculated in [34, 79] by a dimensional reduction, it was demonstrated that
infinitesimal deformations of the F-terms correspond to the kernel of a certain D̄-
operator, and the D-terms lie in the kernel of its adjoint D̄† with respect to the moduli
metric. In [14, 62] the D-terms were presented in terms of a moment map construc-
tion, consistent with the usual N = 1 d = 4 supersymmetry lore.

However, unlike the classical case of the moduli space of Calabi–Yau manifolds
(see for example [33]), it is certainly not obvious that the deformations decouple
into a direct sum of cohomologies, related to complex structure deformations, de-
formations of the hermitian structure, and deformations of the holomorphic vector
bundle. Indeed, as the bundle is holomorphic it requires a field strength F(0,2) = 0
with respect to the complex structure of X . For a generic deformation of the com-
plex structure, one might generate some F(0,2) that violates this condition. Indeed, as
demonstrated by Atiyah [15], this is the case if such a deformation is not ∂̄A –exact.
In this case the corresponding complex structure deformation is not a deformation
or parameter of the heterotic theory. See [5, 6, 4, 38] for applications of this mech-
anism to the heterotic moduli problem.

The additional coupling of deformations by the Bianchi identity makes the het-
erotic moduli problem even more involved. There has however been recent progress
in decoding the subtleties of this problem. In [8, 88] the Bianchi identity was en-
coded as an additional Atiyah type extension, showing that the infinitesimal moduli
could be viewed as the first cohomology of a double extension (to a physics level
of rigour). Furthermore, in [60] the problem was reprhased mathematically as the
moduli spaces of solutions of suitable Killing spinor equations on a (holomorphic)
Courant algebroid, where it was also shown to be elliptic. A lot of recent progress
has since been made in our understanding of the geometric structures of these equa-
tions and their moduli, both from a physical and mathematical point of view. A
non-exhaustive list of references includes [87, 85, 34, 77, 91, 31, 59, 61, 54, 79, 48,
14, 62, 3, 97, 41, 57, 56, 2, 13, 12, 99, 95, 71, 58, 72].

Many of the recent developments in heterotic geometry however employ a math-
ematical trick which is not warranted from a physical point of view. As demon-
strated in [70, 76], in order for the Hull–Strominger system of equations to solve
the equations of motion, it is important that the tangent bundle connection, whose
curvature appears in the Bianchi identity (2), is picked to be an instanton. This is
satisfied modulo higher α ′ corrections for the physical system of equations, where
the Hull connection is used [67], but unfortunately the resulting physical system of
equations is not closed in an appropriate mathematical sense. Thus, in order to get a
closed system of equations, it is common to promote this connection to an additional
degree of freedom of an instanton on T X . This results in a closed system of equa-
tions, which is easier to handle mathematically. This, however presents a problem

1 This was done ignoring a subtlety regarding a tangent bundle connection which appears in the
heterotic Bianchi identity.
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when it comes to studying the moduli problem of the system, as the extra degrees
of freedom are non-physical. There are numerous examples historically of physics
guiding mathematical insights, and we therefore ignore this subtlety at our peril.
The recent developments presented in this review are in the direction of remedying
this issue.

An Alternative approach, as done in Strominger’s original paper [98], the con-
nection may be chosen to be the Chern-connection of the hermitian form ω (which
is generically not an instanton, leaving only an approximate solution to the equa-
tions of motion). The resulting system of equations may then more accurately be
referred to as the Strominger system. See for example [17, 52, 20, 21, 49, 90, 91,
47, 48, 41, 92, 93] and references therein for this approach. The subtleties regarding
the choice of connection are discussed in great detail elsewhere, see for example
[19, 82, 87, 53] and references therein. The results presented in the present review
are largely applicable to either choosing the Hull connection (modulo higher order
α ′ corrections), the Chern connection, or a hermitian Yang–Mills connection. We
will discuss specific instances in how they should be amended for eah choice.

The paper is organised as follows. In section 2 we give a brief review of the
Hull–Strominger system. Following this, we define the differential and cohomology
which counts heterotic moduli in section 3. We then review some very recent results
regarding the mathematical properties of this structure, in particular a Serre duality
result in section 4, and a definition of Čech cohomology and a Dolbeault theorem
in section 5. We conclude with some comments on directions of future research in
section 6.

2 The Hull–Strominger system

We will now summarise Hull–Strominger system of equations for supersymmetry.
The spacetime geometry is taken to be of the form

M10 = R3,1 ×X . (3)

The manifold X is six-dimensional and complex, which means that it admits an
integrable complex structure

J = Jm
ndxm ⊗∂n , (4)

where xm are real coordinates on X . The complex structure is integrable meaning
J2 = −1, and its Nijenhuis tensor vanishes. We often have need for wedges – in
the interest of clutter reduction, we omit the wedge symbol, writing for example
dxmn ∼= dxm∧dxn. Occasionally, there may be ambiguity in which we case we write
the wedge explicitly.

The complex manifold has trivial canonical bundle and so admits a holomorphic
volume form Ω

dΩ = 0 , (5)
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where Ω is a (3,0)-form with respect to the complex structure. We also have a Rie-
mannian metric ds2 = gmndxm ⊗ dxn, which is compatible with the complex struc-
ture. It follows that there exists a hermitian two-form

ω = 1
2 ωmndxmn = igµν̄ dzµν̄ , (6)

where we have evaluated the hermitian form in the complex coordinates that diago-
nalise a given J.

There is a vector bundle E → X , with a connection A, and a structure group
being a subgroup of E8×E8 or Spin(32)/Z2. The gauge connection is anti-hermitian
meaning

A = A −A † ,

where A is the (0,1) component of A. The field strength for the connection is F =
dA+A2 and supersymmetry requires it be holomorphic

F(0,2) = 0 , (7)

and solve a Hermitian Yang–Mills equation

gmnFmn = 0 , (8)

which on X can be alternatively written as ω2F = 0.
There is a three-form H which on the one hand is defined as the contorsion of ω

H = dc
ω =

1
3!

JmJnJp(dω)mnp . (9)

For a fixed complex structure this is

H = i(∂ − ∂̄ )ω . (10)

The hermitian form is conformally balanced

d
(
e−2Φ

ω
2)= 0 , (11)

where Φ =−1/2log |Ω |ω .
On the other hand the Green–Schwarz anomaly together with coupling of super-

gravity to a gauge field forces H to satisfy the heterotic Bianchi identity. Given the
supersymmetry constraint (10), this can be written as

i∂ ∂̄ω = α ′
2

(
tr(F2)− tr(R2)

)
, (12)

where R is the curvature of a connection on the tangent bundle. As mentioned above,
this connection is either chosen to be the Chern connection (which was Strominger’s
original choice [98]), a Hermitian Yang–Mills connection (leading to an exact so-
lution of the heterotic equations of motion), or the Hull connection [67] (the ap-
propriate choice from a heterotic supergravity point of view, which also solves the
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equations of motion modulo O(α ′2) corrections). We will leave the choice of con-
nection ambiguous, and comment more on the specific choices throughout the text.

We will refer to equations (5), (7), (8), (11) and (12) as the Hull–Strominger
system, the geometric system of equations under consideration in this text.

3 Infinitesimal moduli

It has been known since Atiyah’s seminal work [15] that the simultaneous infinites-
imal deformations of the complex structure and holomorphic gauge bundle need
not result in the direct sum of cohomologies H(0,1)

∂̄
(T (1,0)X) and H(0,1)

∂̄A
(End0(E)),

counting complex structure deformations and deformations of the holomorphic con-
nection on E respectively. Rather, the corresponding simultaneous deformations are
counted by H(0,1)

D̄1
(Q1), where D̄1 is defined via a short exact extension

0 → Ω
(0,p)
∂̄A

(End0(E))→ Ω
(0,p)
D̄1

(Q1)→ Ω
(0,p)
∂̄

(T (1,0)X)→ 0 , (13)

with extension class [F ] ∈ H(0,1)(End0(E)⊗T ∗1,0X) given by the curvature of the
gauge connection, also called the Atiyah class. This is due to the fact that some di-
rections in the complex structure moduli space need not preserve the holomorphicity
of the bundle. Note that the Atiyah class may also be viewed as a map

[F ] : H(0,1)
∂̄

(T (1,0)X)→ H(0,2)
∂̄A

(End0(E)) . (14)

The infinitesimal deformations may then be computed via the resulting long exact
sequence of cohomologies, resulting in2

H(0,1)
D̄1

(Q1)∼= H(0,1)
∂̄A

(End0(E))⊕ker([F ]) , (15)

where ker([F ]) ⊆ H(0,1)
∂̄

(T (1,0)X) are the complex structure moduli which preserve
the holomorphicity of the bundle. This mechanism was applied in [5, 6, 4, 38] in the
context of the heterotic moduli problem.

It was further demonstrated in [8, 88] that the additional complications of the
Green-Schwarz anomaly, or heterotic Bianchi identity, may be encoded as an addi-
tional Atiyah type extension. Specifically, the anomaly cancellation gives rise to an
Atiyah type map

[H ] : H(0,p)
∂̄

(Q1)→ H(0,p+1)
∂̄A

(T ∗(1,0)X) , (16)

2 Here we assume that the gauge bundle is stable, and so there are no holomorphic sections, i.e.
H0

∂̄A
(End0(E)) = 0.
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which is further used to define the differential D̄ whose first cohomology computes
the infinitesimal moduli of the Hull–Strominger system. Specifically, the differential
D̄ encodes the heterotic moduli complex as an additonal short exact extension

0 → Ω
(0,p)
∂̄

(T ∗(1,0)X)→ Ω
(0,p)
D̄ (Q)→ Ω

(0,p)
D̄1

(Q1)→ 0 . (17)

Again the infinitesimal moduli are computed, using homological algebra, via the
corresponding long exact sequence in cohomology as3

H(0,1)
D̄ (Q)∼= H(0,1)(T ∗(1,0)X)⊕ker([H ]) . (18)

We may interpret H(0,1)(T ∗(1,0)X) as the infinitesimal (complexified) hermitian
moduli, generalising Kähler moduli in the Calabi–Yau case.

The computations of [8, 88] however employed the mathematical trick mentioned
above, where the connection on the tangent bundle, whose curvature appears in the
Bianchi identity, is promoted to its own degree of freedom. This makes the moduli
problem more tractable from a mathematical point of view, but means that we are
in effect over-counting the physical moduli, with extra “spurious” modes coming
from this connection. This issue was corrected in [81], where the correct map [H ]
was identified, giving the correct differential D̄ for the physical heterotic moduli
problem, at least modulo O(α ′2) corrections. In [78, 73], the operator was corrected
to an exact nilpotent operator, whose first cohomology computes the spectrum of
the Hull–Strominger system4. Schematically, the operator reads

D̄ =

[
∂̄ H
0 D̄1

]
=

∂̄ α ′F T +α ′R ·∇+

0 ∂̄A F
0 0 ∂̄

 , (19)

where
D̄ : Ω

(0,p)(Q)→ Ω
(0,p+1)(Q) , (20)

and
Q = T ∗(1,0)X ⊕End0(E)⊕T (1,0)X . (21)

For γ ∈ Ω (0,p)(End0(V )) and µ ∈ Ω (0,p)(T (1,0)X) we define

(F γ)a = tr(Fa ∧ γ), F µ = Fb ∧µ
b , (22)

where Fa = Fab̄dz̄b̄. We also define

(T µ)a = Tbac̄dzc̄ ∧µ
b , (23)

3 We make the physically reasonable assumption that the tangent bundle has no holomorphic sec-
tions, H0(T (1,0)X) = 0.
4 Strictly speaking, that H(0,1)

D̄ (Q) counts the infinitesimal heterotic moduli is again only known
modulo O(α ′2) corrections. This is however ok from the point of view of physics, as the Hull–
Strominger system gets corrected at O(α ′2).
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where T = i∂ω , often referred to as the torsion.
We further define (

R ·∇+
µ
)

a = Ra
b

c ∧∇
+
b µ

c , (24)

where Ra = Rab̄dz̄b̄ is the curvature of the Chern connection (if one uses the Chern
connection in the Bianchi identity). The connection ∇+ acts as the Chern connec-
tion on anti-holomorphic indecies, and as the Bismut connection on holomorphic
indecies. That is,

∇
+
a W b = ∇aW b −T b

acW c , W ∈ Γ (T (1,0)X) , (25)

where ∇ is the Chern conncetion. Note that if instead one wishes to use a hermitian
Yang–Mills connection to define the curvature of the Bianchi identity (solving the
heterotic equations of motion exactly), then the curvature of R ·∇+ should be re-
placed by the curvature of this connection, while ∇+ should be defined using this
hermitian connection, and the torsion of the corresponding Hermitian Yang–Mills
metric.

With these definitions, the operator D̄ is nilpotent, i.e. D̄2 = 0, if and only if the
heterotic Bianchi identity is satisfied. Furthermore, the infinitesimal moduli of the
Hull–Strominger system are counted by H(0,1)

D̄ (Q) [81, 78, 73]. Furthermore, the
corresponding moduli complex

0 → Ω
(0,0)(Q)

D̄−→ Ω
(0,1)(Q)

D̄−→ Ω
(0,2)(Q)

D̄−→ Ω
(0,3)(Q)→ 0 (26)

was shown to be elliptic in [37, 73], and so the corresponding cohomologies are
finite-dimensional.

The cohomology H(0,1)
D̄ (Q) has been computed in explicit examples, such as for

the Standard Embedding [37]. Here it was found that the cohomology decomposes
into Kähler moduli H(1,1)(X), bundle moduli H(0,1)(End0(E)) and complex struc-
ture moduli H(2,1)(X). In particular, they proved the following theorem

Theorem 1. At the Standard embedding [32], the cohomology H(0,1)
D̄ (Q) decom-

poses as
H(0,1)

D̄ (Q)∼= H(1,1)(X)⊕H(0,1)(End0(E))⊕H(2,1)(X) .

This was previously claimed in the literature, but not demonstrated explicitly un-
til the work of [37]. Indeed, the technology to explicitly define and compute the
infinitesimal deformations of heterotic solutions was until recently lacking, and re-
mains so to a large extent for more generic solutions. However, H(0,1)

D̄ (Q) has also
been computed in more non-physical explicit examples that are of mathematical in-
terest, such as for the Iwasawa manifold [73], as well as the the generalisation of the
Hull–Strominger system as a coupled instanton on the Calabi–Eckmann manifold
[95, 73].

Some additional comments about the operator D̄ are warranted. Note that the
presence of the derivative map R ·∇+ means that the operator is not a connection,
in that it does not satisfy the Leibniz rule. Treating the connection on the tangent
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bundle as a separate degree of freedom leads to a similar operator on

Q′ = T ∗(1,0)X ⊕End0(T X)⊕End0(E)⊕T (1,0)X , (27)

where End0(T X) correspond to the additional degrees of freedom [8, 88]. However,
in this case the derivative map R ·∇+ is not present in the operator, and so the op-
erator actually defines a holomorphic structure, or the (0,1)-part of a connection on
Q′. This means that mathematical tools such as Serre-duality and Čech cohomol-
ogy are readily available. However, this comes at a prise. For one, as noted above,
the extra degrees of freedom are non-physical. As a consequence, they come with a
negative kinetic terms in the supergravity action. This will inevitably lead to prob-
lems when it comes to studying quantum aspects, as fluctuating un-physical degrees
of freedom might introduce unwanted anomalies, couplings, etc. Moreover, math-
ematically, the natural metric on Q′ has in-definite signature. This makes it harder
to apply Hodge-theory, study flow equations, and prove analogs of the Donalson–
Uhlenbeck–Yau theorem [44, 101], though progress has been made in this direction,
see [56, 57, 58].

Though not a connection, the operator D̄ on Q mimics many of the features of a
holomorphic structure, and many recent developments have been in the direction of
understanding to what extent features of ordinary holomorphic structures carry over
to D̄. We will review some of these results next.

4 Serre duality and index

One property enjoyed by a holomorphic vector bundle V → X equipped with a holo-
morphic structure ∂̄A is Serre duality. In particular, if the complex manifold X is
also equipped with a nowhere vanishing holomorphic top-form Ω (i.e. the canoni-
cal bundle is trivial), then

H(0,p)
∂̄A

(V )∼= H(0,n−p)(V ∗) , (28)

where n = dimC(X). As the topological sum of bundles making up Q is self-dual,
one might expect this to be true as well for the cohomologies of D̄, in the sense that
Q is “cohomologically self-dual”,

H(0,p)
D̄ (Q)∼= H(0,3−p)

D̄ (Q) . (29)

Using ordinary Serre-duality techniques for holomorphic structures, this can be
shown in the case when the spurious degrees of freedom are included [37, 73]. In
fact, in [73] it was also shown to be true for the D̄ operator (19), where the following
theorem was proven

Theorem 2. The cohomology groups H(0,p)
D̄ (Q) satisfy the Serre-duality property
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H(0,p)
D̄ (Q)∼= H(0,3−p)

D̄ (Q) .

The fact that the operator D̄ enjoys a version of Serre duality has some interesting
consequences. In particular, it means that

H(0,1)
D̄ (Q)∼= H(0,2)

D̄ (Q) . (30)

As H(0,1)
D̄ (Q) counts the infinitesimal deformations of the Hull–Strominger system,

while H(0,2)
D̄ (Q) parametrises the space of obstructions, this means that the “math-

ematically expected”, or “virtual”, moduli space of the Hull–Strominger system is
zero-dimensional! I.e. the expected moduli space is a set of points. With this in
mind, one may speculate as to whether one can “count” the number of solutions
to the Hull–Strominger system on a compact 6-manifold X , and if this carries any
interesting information about X or the chosen bundles over it. Defining such a count
motivates the study of the compactness theory for solutions. If such a well-defined
number can be assigned to the solution space, the next intriguing question would be
if, and in what way, it is invariant under suitable perturbations.

The moduli space having an expected dimension of zero is also interesting from a
physical point of view. Indeed, it is well known to be difficult in string theory to find
(perturbative) string compactifications where all the moduli are “stabilised”. This
translates mathematically to having a zero-dimensional moduli space, and is known
as the string theory moduli problem. One might hope that the moduli are stabilised
by some unknown higher order perhaps non-perturbative or quantum effect, and
the fact that the moduli space has expected dimension zero lends credence to this
idea. See also [83, 84], where rigidity results have been found for more general
non-supersymmetric solutions to heterotic supergravity.

As a corollary to the Serre-duality result, it is straightforward to see that the
heterotic deformation complex governed by D̄ has vanishing Euler characteristic,
that is

χ(D̄,Q) =
3

∑
p=0

(−1)php(Q) = 0 , (31)

where hp(Q) are the dimensions of the corresponding cohomology groups H(0,p)
D̄ (Q).

Working within the α ′ expansion, it was shown in [81] that the infinitesimal moduli
parametrising deformations of the Hull–Strominger system must also be in the ker-
nel of an adjoint operator D̄†, where the adjoint is defined with respect to the moduli
space metric [34, 31, 79], see also [14, 62]. For α ′ sufficiently small this metric is
positive definite. One may then use Hodge theory to conclude that H(0,1)

D̄ (Q) count
the infinitesimal deformations of the Hull–Strominger system. Furthermore, one can
define a Dirac type operator

D = D̄+ D̄† , (32)

whose index agrees with χ(D̄,Q), that is

Index(D) = χ(D̄,Q) = 0 . (33)
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This shows that the moduli problem of the Hull–Strominger system is an “index
zero moduli problem”. Such moduli problems have a tendency to be more mathe-
matically well-behaved, both from a differential geometry and algebraic geometry
point of view.

The vanishing of the index, or Euler Characteristic, is a straightforward conse-
quence of the Serre duality result. There is, however, a simpler proof of the index
vanishing, which is more in line with the topological nature of the index, which we
present here.

Theorem 3. The complex (26) has vanishing Euler characteristic.

Proof. The proof relies on constructing a path of elliptic complexes for operators
D̄t , for t ∈ [0,1], where D̄1 = D̄ and D̄0 is the diagonal operator on Q = T ∗(1,0)X ⊕
End0(E)⊕T (1,0)X . Specifically

D̄t =

∂̄ t(α ′F ) t2 (T +α ′R ·∇+)

0 ∂̄A t(F )

0 0 ∂̄

 . (34)

It is easy to check that the D̄t are nilpotent, as D̄0 is clearly nilpotent, and for t ̸= 0
we have D̄2

t = 0 if and only if D̄2 = 0. Furthermore, the corresponding complexes
Ω ∗

D̄t
(Q) are elliptic by a similar argument found in [37] for the ellipticity of the

complex Ω ∗
D̄(Q) in (26).

We thus have a path of elliptic complexes from Ω ∗
D̄(Q) to Ω ∗

D̄0
(Q) with the diag-

onal holomorphic structure. The Euler characteristic is preserved under such a path.
Furthermore, as the bundle Q with the diagonal holomorphic structure is clearly self-
dual, its Euler characteristic vanishes by ordinary Serre duality. The result follows.
⊓⊔

5 Čech cohomology and a Dolbeault theorem

In this section we review how a solution to the Hull–Strominger system defines a
notion of Čech cohomology. We also present (part of) a Dolbeault-type theorem,
namely that the first Čech cohomology group is isomorphic to the first cohomology
group defined by the deformation operator D̄, that is H(0,1)

D̄ (Q) which parametrises
infinitesimal moduli as reviewed above. This more algebraic perspective on the co-
homology should prove useful in understanding and computing the deformation and
obstruction spaces for heterotic SU(3) solutions.

Let’s recall that a Dolbeault operator ∂̄V , or holomorphic structure, on a rank r
complex bundle π : V → X is an operator

∂̄V : Γ (Λ pT ∗(0,1)X ⊗E)→ Γ (Λ p+1T ∗(0,1)X ⊗E) (35)
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satisfyng the Cauchy equation (∂̄ 2
V = 0) and the graded Leibniz rule. We would

like to view D̄ as a “Dolbeault-type” operator with the nilpotency D̄2 = 0 as an
integrability condition. However, such an operator does not satisfy Leibniz rule, and
as such does not define a holomorphic structure. It would then interesting to see
what of the various classical results about holomorphic vector bundles still hold or
how they are affected. This might be important for future works in order to study
notions of stability and get a better understanding of the moduli space of the Hull–
Strominger system, and potentially geometric invariants and enumarive geometry
for heterotic geometries.

A basic result of Dolbeault operators is that they can be identified locally with
the usual Dolbeault operator ∂̄ . For suitable open sets Ui of X and trivialisations
φi : π

−1
i (Ui)→Ui ×Cr one has

∂̄V = φ
−1
i ◦ ∂̄ ◦φi (36)

Similarly, one can show that the operator D̄ also admits trivializations on con-
tractible patches, i.e,

D̄ = φ
−1
i ◦ ∂̄ ◦φi (37)

on some contractible open sets Ui [73]. Schematically, the maps φi and φ
−1
i take the

form

φi =

1 α ′Ai τi +α ′Γi ·∇+

0 1 Ai
0 0 1

 , (38)

φ
−1
i =

1 −α ′Ai α ′Ai ·Ai − (τi +α ′Γi ·∇+)
0 1 −Ai
0 0 1

 . (39)

Here Ai is the local connection one-form on the gauge bundle, and Γi is the local one-
form of the Chern connection of either ω (using the Chern connection in the Bianchi
identity), or the Hermitian Yang–Mills metric (using a Hermitian Yang–Mills con-
nection in the Bianchi identity). Furthermore, τi ∈ Γ (Ui,T ∗(1,0)X ⊗T ∗(1,0)X) is de-
fined locally by a decent procedure using the heterotic Bianchi identity. It should be
noted that τi need not be anti-symmetric in its indices, as is the case for the B-field
in more conventional generalised geometry.

We note that the complication here is that, due to the term α ′R ·∇+ in equation
(19), the trivializations φi involve holomorphic derivatives that prevent φi of being
C∞(X)-linear, and therefore not an element of Γ (Ui,End0(Q)), but rather a linear
homomorphism.

Another classical result of complex geometry that we consider here, is the Dol-
beault theorem, which relates the Dolbeault cohomology of a holomorphic vector
bundle V → X , with the Čech cohomology of the bundle in the following way.

H(p,q)
∂̄

(V )∼= Ȟq(Ω p ⊗V ) (40)
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where Ω p is the bundle of holomorphic p-forms. It is interesting to know whether
there is a Dolbeault type theorem for this operator. In [73], and analogous result was
proven for a particular case. We use the trivializations before to define Čech Coho-
mology. Let U = {Ui}i∈I be a good cover of X and denote Ui1,i2,...,ik :=

⋂k
l=1 Uil .

On Ui, j we define the transition maps

ψi j := φiφ
−1
j : Γ (Q ↾ (Ui, j))→ Γ (Q ↾ (Ui, j)) . (41)

It is straight forward to check that the transition maps are holomorphic, in the sense
that [∂̄ ,ψi j] = 0. They also satisfy the cocycle conditions

ψi j ◦ψ ji = id on Ui, j and ψi j ◦ψ jk ◦ψki = id on Ui, j,k , (42)

as for transition functions of ordinary holomorphic bundles.
The bundle Q together with the transition maps ψi j, which we may denote

(Q,ψi j), then satisfy many properties of holomorphic bundles. For example, we can
define a notion of Čech cohomology which we review next. The cochain complex
is defined by:

Čk(Ω 0(Q)) = ∏{Ω
0(Ui0,...,ik ,Q) : i0 < i1 < ... < ik} , (43)

where Ω 0(Ui0,...,ik ,Q) denotes the set of ∂̄ -holomorphic Q-valued functions on
Ui0,...,ik . The coboundary operator δ is then defined on a Čech p-cochain {γi0,...,ik} ∈
Čk(Ω 0(Q)) by

(δγ)i0,...,ik+1 = ψi0i1γi1,...,ik+1 +
k+1

∑
l=1

(−1)l
γi0,...,îl ,...,ik+1

(44)

One can check that δ 2 = 0, so it defines a Čech cohomology Ȟk(Ω 0(Q)). Also,
[δ , ∂̄ ] = 0, which gives it good homological properties. With this definition of Čech
cohomology, the following Dolbeault type theorem was proven in [73]:

Theorem 4. For D̄-cohomology, and Čech cohomology we have the following

H(0,1)
D̄ (Q)∼= Ȟ1(Ω 0(Q)) .

The proof of the theorem was done by constructing an explicit isomorphism between
the cohomology groups. We will not repeat the proof here, but we will show how a
class [y] ∈ H(0,1)

D̄ (Q) gives rise to a δ -closed cochain {γi, j} ∈ Č1(Ω 0(Q)).
Start by noting that for a representative y ∈ [y], we have

D̄y = 0 . (45)

By the local trivialisation (37), is is straight-forward to show that D̄ satisfies a
Poincaré lemma. Therefore, locally on a patch Ui, we have

y = D̄ηi , (46)
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for ηi ∈ Ω (0,0)(Ui,Q). On an intersection Ui, j (for i < j), as y is globally defined,
we must have

D̄(ηi −η j) = 0 ⇒ φ
−1
i ◦ ∂̄ ◦φi(ηi)−φ

−1
j ◦ ∂̄ ◦φ j(η j) = 0 . (47)

It follows that
∂̄ ◦φi(ηi)−ψi j ◦ ∂̄ ◦φ j(η j) = 0 . (48)

Furthermore, since [∂̄ ,ψi j] = 0, we get

∂̄ (φi(ηi)−φi(η j)) = 0 . (49)

We define
γi, j = φi(ηi)−φi(η j) . (50)

This is then an element {γi, j} of Č1(Ω 0(Q)). Furthermore, it is straight forward
to show that δγ = 0, and so {γi, j} defines a class in Ȟ1(Ω 0(Q)). This defines a
map from H(0,1)

D̄ (Q) to Ȟ1(Ω 0(Q)). One then needs to check that this map is well-
defined, and has an inverse. This is done in [73]. It should be noted that the construc-
tions of these maps follows a common recipe in Čech cohomology, using a partition
of unity, except that this recipe must be corrected to account for the derivative terms
in the maps ψi j.

It would be very interesting to extend Theorem 4 to a general Dolbeault type
theorem for cohomologies in general dimension, perhaps also for heterotic type
geometries in dimensions other than 6. In particular, as Čech cohomology is more
algebraic in nature, this would help towards understanding the Hull–Strominger sys-
tem from the perspective of algebraic geometry, and perhaps shed light on notions
of stability for this system, and heterotic enumerative geometry.

6 Conclusions and future directions

This article reviews recent developments in heterotic moduli, for six-dimensional
heterotic SU(3) solutions (the Hull–Strominger system), mostly presented in the
papers [81, 78, 37, 73]. In particular, we discuss the nilpotent differential D̄ asso-
ciated to the heterotic moduli complex, whose first cohomology parametrises in-
finitesimal deformations of such solutions. This operator has many features which
mimic a holomorphic structure, but is not a connection due to its failure of satisfy-
ing the Leibniz rule. Still, many interesting results can be derived, such as results
about Serre-duality and the vanishing index of the heterotic moduli problem, and a
definition of Čech cohomology and Dolbeault type theorems.

There are many interesting future directions. It would be interesting to compute
H(0,1)

D̄ (Q) for more examples, and to get a better handle on the “Atiyah map” H in
more generic situations. A good place to begin is perhaps backgrounds where the
geometry admits a (zeroth order) Calabi–Yau metric. It would also be interesting to
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see if bounds can be found on the true number of (unobstructed) moduli, see e.g.
[6, 85] for previous work on this, and also [96] in the case of type II solutions. It
is however likely that this requires a better understanding of obstructions and the
corresponding Maurer-Cartan equation (see below).

As also mentioned, it would be interesting to see if the Dolbeault theorem re-
viewed above can be generalised to higher cohomology groups, and to other dimen-
sions and geometric structures where similar transition maps involving derivatives
appear. One can ask questions about the construction of a Čech cohomology Atiyah
class and its relation to a notion of curvature, and classifications in terms of differen-
tial cohomology. In particular, if a well-defined notion of curvature can be defined,
one can then try to relate this to a Hermitian Yang–Mills constraint for heterotic
geometries. In [78] a notion of curvature for D̄ was defined modulo O(α ′2) correc-
tions. It was then shown that the Hull–Strominger system is satisfied if and only
if this curvature is “Hermitian Yang–Mills”, again modulo O(α ′2) corrections. It
would be interesting to see if this statement can be made mathematically more pre-
cise, and possibly connect it to a statement about stability for heterotic solutions ala
Donalson–Uhlenbeck–Yau. This would complement previous work in this direction
[57, 56, 95, 58], where the spurious degrees of freedom where turned on.

Another interesting question relates to the observation that

H(0,1)
D̄ (Q)∼= H(0,2)

D̄ (Q) , (51)

suggesting that the moduli space has expected, or “virtual”, dimension zero, perhaps
in some “derived stacky sense”. In particular, can one define a perfect obstruction
theory, and a notion of virtual fundamental class on the (derived) moduli space? This
would be very useful for understanding geometric invariants and enumerative geom-
etry of heterotic geometries, and the Čech cohomology reviewed above is expected
to be useful in this regard. There is also work in this direction when one includes
the non-physical spurious modes, see work by Tellez-Dominguez [99] explaining
the right notion of higher holomorphic data to consider, and upcoming papers with
co-authors. It would be very interesting to see how the “holomorphic” operator D̄
and its associated structures fit into this picture, and into the framework of higher
geometry and gauge theory in general.

From a more pragmatic point of view, if one wants to have a better understanding
and handle on obstructions, it is important to consider higher order deformations of
the system. In [10] the full Maurer–Cartan equation for the Hull–Strominger system
was derived, though again with spurious modes turned on. It was shown that the
natural L∞ algebra to consider for the deformation theory was an L3 algebra, with
close connections to the holomorphic Courant algebroid. Physically, it is tempting
to speculate that the finite deformation problem, without spurious modes, will retain
the natural structure of an L3 algebra. This is because the Maurer–Cartan equation
of [10] can be seen as the equation of motion of a superpotential functional, derived
for heterotic geometries in previous work [16, 74, 64]. Physics dictates that cou-
plings between fields in the superpotential of quartic order and higher correspond to
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irrelevant operators, which to a large extent can be ignored. It would be interesting
to see if this expectation holds true.

Finally, note that the superpotential theory of [10] has many features similar to
that of Kodaira–Spencer gravity [23] and Donaldson–Thomas theory [45, 100]. The
holomorphic Chern–Simons action then give Donaldson–Thomas invariants a nat-
ural physical interpretation, in that they can be related to the partition function and
other correlation functions of this theory. The heterotic superpotential provides a
natural generalisation of this theory, with both geometric and gauge degrees of
freedom turned on. Computing its partition function and other correlators would
then give a more hands on physical approach to understanding geometric invariants
in heterotic geometry. Some preliminary work in this direction may be found in
[12, 69]. In particular, in [12] the one-loop partition function of the quadratic action
was computed and studied, and its dependence on the background geometry was in-
vestigated to determine to what degree it defines an invariant. It would be interesting
to generalise such computations to the full superpotential action, without spurious
modes, and to investigate the potential anomalies and geometric dependence of the
partition function and other quantum correlators. In particular, this might lead to het-
erotic version of the holomorphic anomaly equation [22], a useful tool to bootstrap
higher loop order (or higher genus) invariants from lower order ones.

As a final remark, it should be mentioned that many of the above questions may
also be posed for other geometric solutions to the heterotic string, such as excep-
tional G2 and Spin(7) compactifications. Indeed, these solutions provide a natural
mathematical framework for understanding gauge theory coupled to geometry, in
that they give rise to “coupled instantons” in the sense of [95]. In particular, the mod-
uli problem of heterotic G2 solutions was previously studied in [39, 86, 68, 40, 71],
but again with the caveat that they include spurious modes of an associated tangent
bundle connection. Recently, steps to remedy this issue was taken in [80], provid-
ing a foothold to address such questions, without the spurious modes, in these more
exotic settings.
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