
The incomprehensible simplicity of PST

Dmitri Sorokin

Abstract There is a hearsay that the PST approach to the covariant Lagrangian
description of duality invariant theories is somewhat complicated. I will show, using
an example of a chiral two-form field theory in six space-time dimensions, that it is
actually natural and very simple. It directly stems from the Hamiltonian formulation
of chiral-form theories.

1 Introduction

The construction of actions for duality-symmetric or self-dual field theories in var-
ious space-time dimensions is a somewhat non-trivial problem that has been under
study for more than fifty years. Historically, probably for the first time it was ad-
dressed in concrete terms in 1970 by Zwanziger [77] who proposed a manifestly
duality-symmetric Lagrangian for electrodynamics of charged electric and magnetic
particles. The construction involves two dual electromagnetic vector potentials and a
fixed space-time vector reminiscent of the Dirac monopole string. So the Zwanziger
Lagrangian is not Lorentz-invariant, but, in the end, it produces Lorentz-covariant
Maxwell’s equations with electric and magnetic sources. For a review of this for-
mulation and its further developments see e.g. [24]. Subsequently, in the 70s-80s
of the last century the issue of (the impossibility of) constructing Lorentz covariant
Lagrangians for duality-symmetric fields in different space-time dimensions and for
self-dual (so called) chiral 2n-form fields in D = 4n+ 2 was explored by several
authors [34, 54, 70, 49, 38, 39, 40, 73, 74], especially in the context of supergravity
and superstring theories. It was realized that without the use of auxiliary fields it is
not possible to construct a duality-invariant Lagrangian which would be manifestly
Lorentz invariant. If one accepts to abandon Lorentz covariance, then the most nat-
ural formulation for the duality-symmetric fields is the Hamiltonian one in which
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first-order (in time derivative) actions for these fields are non-manifestly Lorentz
invariant [34, 38, 39, 40, 67]. In particular, for chiral 2n-form fields in D = 4n+ 2
such actions were first constructed by Henneaux and Teitelboim [39, 40] as a gener-
alization of the two-dimensional chiral boson action of Floreanini and Jackiew [38].
The variation of such an action with respect to chiral-form fields produces equations
of motion whose general solution is the linear Hodge self-duality condition on the
(2n+1)-form field strength of the chiral 2n-form.

It is however desirable to have a manifestly Lorentz covariant Lagrangian for-
mulation of relativistic field theories, since it drastically simplifies their coupling
to gravity and other relativistic fields. To construct actions which would be simul-
taneously manifestly invariant under duality and Lorentz symmetry one needs to
introduce auxiliary fields. Several approaches to construct such actions have been
proposed in the course of time [70, 49, 56, 62, 61, 64, 19, 21, 18, 45, 68, 57, 72, 37].
Comparisons and relations between some of these approaches were discussed e.g. in
[57, 7, 15, 4, 2, 36, 14, 35, 37, 48, 75]. Among these approaches, the PST formula-
tion [62, 61, 64] is the most straightforward and the most economic covariantization
of the Hamiltonian-like formulation of [39, 40, 67]. To this effect it uses a single
Stueckelberg-like auxiliary scalar field associated with a certain local symmetry. In
D = 4, upon the dualization of this auxiliary scalar field into a two-form and subse-
quent gauge fixing local symmetry one gets the Zwanziger construction [77] from
the PST one [55]. The PST formulation was used to construct, for the first time, the
M5-brane action of M-theory [9, 1] and its NS5-brane counterpart in type IIA string
theory [11], the type IIB D=10 supergravity action [29, 31], a duality-symmetric
D3-brane action [22, 58], actions for D = 6 supergravities with chiral two-form
(tensor) supermultiplets [30, 66, 32], a duality symmetric formulation of D = 11
supergravity and its coupling to M2- and M5-branes [8], a duality-symmetric type
IIA D=10 supergravity action [12] and others (for more recent use of this formal-
ism and its variants see e.g. [59, 60, 50, 51, 52, 26, 27]). In spite of these and other
achievements, there is a rumour that the PST formalism is somewhat complicated.
In these notes I will show, using an example of a chiral two-form field theory in
six space-time dimensions, that this formulation is actually quite natural and very
simple, since it directly stems from (and is related to) the Hamiltonian formulation
of this theory.

Notation and conventions. D = 6 Minkowski metric has mostly plus signature.
Lower case Greek letters stand for six-dimensional space-time indices (µ,ν , ... =
0,1, . . . ,5), which label e.g. the D = 6 coordinates xµ . Lower case Latin letters stand
for five-dimensional space indices (i, j... = 1, . . . ,5) and xµ = (x0,xi) = (t,xi). The
antisymmetric symbol εµ1...µ6 is defined such that ε012345 = 1.

2 Six-dimensional 2-form gauge theory

The reason behind the choice of a chiral 2-form gauge theory in D = 6 and not,
for instance, four-dimensional Maxwell’s electrodynamics for our consideration is
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that in D = 4 one has at hand the conventional Lorentz-covariant Maxwell La-
grangian which, though being not duality-invariant, produces duality-symmetric
free Maxwell’s equations. So, in a sense, having a manifestly duality-symmetric
Lagrangian for D = 4 electrodynamics is not indispensable. There is no such an
option for the chiral 2-form gauge theory in D = 6, and in general for the chiral
2n-forms in D = 4n+2, as we will see below.

2.1 Non-chiral 2-form gauge theory

Let us start with the consideration of a free theory of a gauge (antisymmetric) 2-form
field
A2 =

1
2 dxν ∧dxµ Aµν(x). The field strength of A2 is the three form F3 = dA2 whose

components are
Fµνρ = ∂µ Aνρ +∂ν Aρµ +∂ρ Aµν . (1)

The field strength is invariant under the gauge transformation with a vector-field
parameter λµ(x)

δAµν = ∂µ λν −∂ν λµ . (2)

The simplest gauge invariant Lagrangian density which one can construct with the
use of F3 is

L =− 1
3!

Fµνρ Fµνρ . (3)

Its variation produces the free-field equation of motion

∂µ Fµνρ = 0 . (4)

This equation is satisfied by both self-dual and anti-self-dual field strengths

Fµνρ = F∗
µνρ ≡ 1

3!
εµνρλ1λ2λ3Fλ1λ2λ3 (5)

and
Fµνρ =−F∗

µνρ . (6)

Therefore, the 2-form gauge field A2(x) is not chiral. Its field strength is trans-
formed under a reducible representation of the Lorentz group SO(1,5). However,
in many physically interesting theories, like D = 6 supergravities, there appear chi-
ral 2-form gauge fields whose field strengths are either self-dual or anti-self-dual and
are thus associated with an irreducible representation of SO(1,5). Then the question
is whether there exists a Lagrangian whose variation with respect to A2 would pro-
duce only one of the self-duality conditions, e.g. (5). It turns out that to construct
such a Lagrangian without the use of auxiliary fields one should sacrifice manifest
Lorentz invariance. Instead, one might naively try to introduce the self-duality con-
dition (5) into the Lagrangian with the use of a Lagrange multiplier self-dual field
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Λµνρ = Λ ∗
µνρ

L =− 1
3!

Fµνρ Fµνρ +Λ
µνρ(Fµνρ −F∗

µνρ) . (7)

The variation of this Lagrangian density with respect to Λ3 produces the desired self-
duality condition. However, its variation with respect to A2 produces a dynamical
equation of motion of Λ3 which implies that the theory described by (7) contains
two chiral physical fields and not one as we wish. The Lagrangian density (7) is a
starting point for a Lagrangian formulation of chiral p-form fields with the use of
infinite number of auxiliary fields [56, 19, 21]. Alternatively, it is the starting point
of the formulation by Sen [68, 69] (see [17, 53, 44, 48] for latest developments and
references) in which an additional chiral p-form is a ghost-like field (whose kinetic
term has a wrong sign), which however completely decouples from all physical
fields in the theory including gravity. We will not follow these routes, but choose
instead a different one which passes through the Hamiltonian formulation [34, 38,
39, 40, 67].

2.2 Hamiltonian formulation

To get the Hamiltonian associated with the Lagrangian density (3) let us separate
the time and space indices in the latter:

L =− 1
3!

Fµνρ Fµνρ =
1
2

F0i jF0
i j − 1

3!
Fi jkF i jk . (8)

It is now convenient to introduce analogs of electric and magnetic fields

Ei j := F0i j = ∂0Ai j −∂iA0 j +∂ jA0i

Bi j =
1
3!

ε
i jklmFklm =

1
2

ε
i jklm

∂kAlm (9)

in terms of which the Lagrangian density takes the following form

L =
1
2
(Ei jE i j −Bi jBi j) . (10)

Next step is to define the canonical momenta conjugate to the velocities ∂0Aµν :=
Ȧµν . These are

Di j =
δL

δ Ȧi j
= Ei j (11)

and

D0 j =
δL

δ Ȧ0 j
= 0, (12)

since A0 j does not enter the Lagrangian under the time derivative. So (12) is the
primary constraint, using the Dirac terminology.
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Upon the Legendre transform, the canonical Hamiltonian density is

H = Ȧi jDi j −L =
1
2
(Di jDi j +Bi jBi j)−2A0 j∂iDi j , (13)

where the last term was obtained by integrating by parts and skipping the total
derivative (assuming appropriate boundary conditions). The field A0 j plays the role
of the Lagrange multiplier associated with the secondary constraint

∂iDi j = 0, (14)

which is nothing but the Gauss law in this 2-form electrodynamics. The general
solution of (14) (at least in topologically trivial backgrounds) is

Di j =
1
2

ε
i jklm

∂kÃlm, (15)

where Ãlm is a two-form field which is different from Alm in (9). These fields are
independent physical degrees of freedom of the Hamiltonian formulation of the non-
chiral two-form gauge theory.

2.3 First-order form of the Lagrangian density for the two-form
gauge field and its splitting into chiral and anti-chiral part

Using the Hamiltonian density (13) with Di j defined by (15) one gets the first-order
form (in time derivative) of the Lagrangian density (8)

L = E i jDi j −
1
2
(Di jDi j +Bi jBi j) . (16)

Let us now perform the following change of variables

A±
i j = Ãi j ±Ai j, B± i j =

1
2

ε
i jklm

∂kA±
lm = Di j ±Bi j, Ei j =

1
2
(E+

i j −E−
i j )

(17)
with

E±
i j = ∂0A±

i j −∂iA±
0 j +∂ jA±

0i . (18)

In terms of these new variables the Lagrangian density (16) takes the following form
(modulo total derivatives)

L =
1
4
(E+ i jB+

i j −B+
i jB

+ i j)− 1
4
(E− i jB−

i j +B−
i jB

− i j) . (19)

The Lagrangian density splits into the sum of two terms, one of which only depends
on the two-form gauge field A+

2 and another one on A−
2 .
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As we will now show, the first term is the Lagrangian density for the chiral
two-form field A+

2 whose three-form field strength is self-dual on the mass shell,
while the second term is the Lagrangian density for the anti-chiral two-form field
A−

2 whose field strength is anti-self dual on the mass shell.
To see this, let us assume that the self-duality condition (5) holds. By separating

time and space components in (5), one can see that it is equivalent to

Ei j = Bi j . (20)

In the Hamiltonian formulation of the free theory Ei j = Di j, so for the chiral 2-form
field we have the additional Hamiltonian constraint

Di j = Bi j → Ãi j = Ai j +∂iλ j −∂ jλi, (21)

which implies that we now have twice less physical degrees of freedom, as desired.
The above condition means that the two-form field A−

2 defined in (17) is a pure gauge
and, as a consequence, E−

i j and B−
i j are zero. We are thus left with Di j = Bi j =

1
2 B+

i j
and E+

i j depending on A+
2 whose dynamics is described by the first term of (19), i.e.

by the Lagrangian density

Lchiral =
1
4
(E+ i jB+

i j −B+
i jB

+ i j) (22)

and the corresponding Hamiltonian density

Hchiral =
1
4

B+
i jB

+ i j . (23)

These are the Lagrangian and Hamiltonian density for the chiral two-form field
[39, 40] we have been looking for, in which the magnetic field 1

4 B+
i j plays the role of

the canonical momentum. Analogously, the second group of terms in (19) describes
the anti-chiral two-form gauge field.

We will now consider properties of the theory described by (22) and show that
the self-duality condition (5) indeed arises as the general solution of the equation of
motion of A+

i j obtained by varying the Lagrangian density (22). Since in what fol-
lows we will only deal with chiral-form fields, to simplify the notation we will skip
the superscript + from the definition of the corresponding chiral-form quantities,
which should not create any confusion.

3 Properties of the first-order chiral 2-form field Lagrangian

Because of the definition of Ei j and Bi j in eq. (9) (and the corresponding definitions
of E+

i j and B+
i j in (17) and (18)), the components A0 j of the chiral form potential

enter the Lagrangian density (22) only under a total derivative. Therefore, with an
appropriate choice of boundary conditions they do not contribute to the action
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Ichiral =
∫

d6xLchiral =
1
4

∫
d6x(E i jBi j −Bi jBi j) (24)

and to the corresponding equations of motion. This implies that in this formulation
A0 j(x) are pure gauge degrees of freedom under local shifts

A0i(x)→ A0i(x)+Φi(x), (25)

which form an extra local symmetry of the action Ichiral in addition to the gauge
symmetry (2).

Let us now derive the equations of motion by taking the variation of (22) with
respect to Ai j. The result is

ε
i jklm

∂k(Ei j −Bi j) = 0 . (26)

At least in the topologically trivial situation under consideration 1, the general solu-
tion of this equation is

Ei j −Bi j = ∂iΦ j(x)−∂ jΦi(x) . (27)

Using the local shift symmetry (25) we can absorb the right hand side of this equa-
tion into Ei j thus getting the self-duality condition

Ei j = Bi j (28)

as the general solution of the equations of motion. Though (28) does not have a
manifestly Lorentz-invariant form, it actually is equivalent to the Lorentz-covariant
Hodge self-duality condition (5), as we have already discussed.

Let us now consider the issue of the Lorentz invariance of the Lagrangian den-
sity (22). By construction, it is manifestly invariant under the SO(5) subgroup of
SO(1,5). So let us see how the Lagrangian transforms under the Lorentz boosts of
Aµν with a constant parameter λ0

k. Setting for simplicity A0 j = 0 with the use of
the local symmetry (25), we have

δAi j = x0
λ0

k
∂kAi j +λ0kxk

∂0Ai j . (29)

Under these transformations the Lagrangian density (22) varies as follows (modulo
total derivatives)

δLchiral =−1
4

δAi jε
ki jlm

∂k(Elm −Blm) =
1
8

λ0kε
ki jlm(Ei j −Bi j)(Elm −Blm). (30)

As was realized in [38, 39, 40], this variation is canceled by adding an unconven-
tional term to the Lorentz boosts (29) of Ai j as follows

1 For the analysis of the chiral-form equations of motion in topologically non-trivial backgrounds
see [5].
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δ̂Ai j = δAi j −λ0kxk(Ei j −Bi j) = x0
λ0

k
∂kAi j +λ0kxkBi j. (31)

Therefore, the action associated with the Lagrangian density (22) is invariant un-
der the SO(5) rotations and the modified (non-manifest) boosts (31). Note that on
the mass shell (28) the transformations (31) become the standard Lorentz boosts
in compliance with the fact that the self-duality condition (5) is manifestly Lorentz
covariant.

Now we would like to promote the Lagrangian density (22) to a Lorentz covariant
expression. This is achieved with the use of the PST formulation.

4 PST construction of Lorentz-covariant Lagrangians for chiral
forms

The idea of how to covariantize the Lagrangian density (22) was prompted by so-
called ‘Lorentz harmonics’, auxiliary fields taking values in the vector representa-
tion of the Lorentz group used for twistor-like and (super)embedding descriptions
of the dynamics of relativistic particles, strings and branes (see e.g. [71, 13] for re-
views). Let us assume that in the theory under consideration there exists an auxiliary
vector field vµ(x) with the time-like unit norm [62]

vµ vµ =−1 (32)

and that there is a local symmetry which allows to choose the gauge vµ =−δ 0
µ .2 We

use this vµ(x) to promote Ei j and Bi j to Lorentz covariant quantities

Ei j → Eµν = Fµνρ vρ (33)

and
Bi j → Bµν = F∗

µνρ vρ . (34)

In the gauge vµ =−δ 0
µ these reduce to Ei j and Bi j, respectively. Then we generalize

eq. (24) as follows

SPST =
∫

d6xLPST =
1
4

∫
d6x(Eµν Bµν −Bµν Bµν) . (35)

Upon a reordering of its terms, the chiral-form Lagrangian (35) can be written in
the following form [64]:

LPST =− 1
4 ·3!

Fµνρ Fµνρ − 1
8

vµ(Fµνρ −F∗
µνρ)(F

νρλ −F∗νρλ )vλ . (36)

The simplest way to prove the equivalence of (35) and (36) is to use the identity

2 The choice of the minus sign is purely conventional. With this choice Eµν and Bµν reduce to Ei j
and Bi j (rather than to −Ei j and −Bi j) of the Hamiltonian formulation.
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Fµνρ =−3v[µ Eνρ]− 1
2

ε
µνρλδσ vλ Bδσ . (37)

Note that, modulo an overall factor 1
4 which can be removed by re-scaling the fields,

the two Lagrangians (8) and (36) differ by the second term in (36), which is bi-linear
in the anti-self-dual part of the field-strength F3.

Now, let us assume that the local shifts (25) of the 2-form potential take the
following form

δAµν = v[µ(x)Φν ](x) (38)

and require that the Lagrangian density (35) is invariant under these transformations.
One can check that this is the case if and only if

vµ =
∂µ a(x)√

−∂ρ a(x)∂ ρ a(x)
(39)

with a(x) being a scalar field.
Let us now look for a local symmetry of the theory which we need for being able

to fix vµ = −δ 0
µ , or a(x) = −x0 = −t. For this let us consider the variation of the

PST Lagrangian with respect to Aµν and a(x). Modulo total derivative terms, the
result is

δLPST = −1
4

δAµν ε
µνρσκλ

∂ρ [(Eσκ −Bσκ)vλ ]

−1
4

δa(x)√
−(∂a(x))2

ε
µνρσκλ (Eµν −Bµν)∂ρ

[
(Eσκ −Bσκ)vλ

]
. (40)

A simple way to derive (40) is as follows.3 For the variation with respect to Aµν it is
convenient to use the PST Lagrangian density in the form (35). Upon the integration
by parts, this straightforwardly gives the first term in (40). For the variation with
respect to a(x) it is more convenient to use the Lagrangian density in the form (36).
Note also that

δavµ = (δ ν
µ + vµ vν)

∂ν δa(x)√
−(∂a)2

, vµ
δvµ ≡ 0 . (41)

Thus we have

3 I am thankful to Oleg Evnin for the discussion which revealed usefulness to explain this point.
The presentation is based on the Appendix 4 of the Bachelor Thesis of Ginevra Buratti [25]. For
the description of the PST variation procedure in the formalism of external differential forms in
any dimension see Appendix D of [12].
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δa(x)LPST = −1
4

δvµ(Fµνρ −F∗
µνρ)(E

νρ −Bνρ)

=
3
4

δvµ v[µ(Eνρ]−Bνρ])(Eνρ −Bνρ)

+
1
8

δvµ ε
µνρδσλ (Eνρ −Bνρ)(Eδσ −Bδσ )vλ

=
1
8

∂µ(δa(x))√
−∂a)2

ε
µνρδσλ (Eνρ −Bνρ)(Eδσ −Bδσ )vλ

≡ 1
8

∂µ(δa(x))ε
µνρδσλ Eδσ −Bδσ√

−∂a)2

Eνρ −Bνρ√
−∂a)2

∂λ a(x) , (42)

where to pass from the first to the second line we used the identity (37) and its dual,
and to pass from the second to the third equality we used (41) and the fact that
vµ(Eµν −Bµν)≡ 0. Then integrating by parts (42) one gets the second term in (40).

We see that the variation (40) is zero if

δAµν =− ϕ(x)√
−∂ρ a(x)∂ ρ a(x)

(Eµν −Bµν), δa(x) = ϕ(x) . (43)

This is the local symmetry we have been looking for, since the parameter ϕ(x) can
always be chosen to fix a(x) = −x0. In this gauge the PST formulation reduces to
the Hamiltonian one discussed in the previous Section.

It is now instructive to see what is the origin of the modified Lorentz boosts (31).
The gauge a(x)+ x0 = 0 is not invariant under the Lorentz boosts δx0 = λ 0

kxk, but
it is preserved by the Lorentz boosts accompanied by the local symmetry transfor-
mation (43) with the appropriately chosen parameter ϕ(x)

δ̂ (a(x)+ x0) = ϕ(x)+λ
0

kxk = 0 → ϕ(x) =−λ
0

kxk = λ0kxk .

Then, from (43) one can easily see that under these combined transformations the
components Ai j of the gauge two-form transform exactly as in (31).

The following comment is in order. Since a(x) appears in the denominator of
(39), the choice a(x) = const for gauge fixing the local symmetry (43) is inadmis-
sible. As explained in Section 6.1 of [37] this restriction implies non-trivial condi-
tions on the global causal structure of space-time, which must be globally hyper-
bolic [23, 16]. It is known that this space-time property is necessary for defining the
Hamiltonian (ADM) formulation of General Relativity. In the PST formulation it
ensures the existence of the Hamiltonian formulation for chiral p-forms.

Finally, let us consider the equations of motion which follow from (40). The
equation of motion of Aµν is

ε
µνρσκλ

∂ρ

[
(Eσκ −Bσκ)vλ

]
= 0 (44)

and that of a(x) is
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ε
µνρσκλ (Eµν −Bµν)∂ρ

[
(Eσκ −Bσκ)vλ

]
= 0. (45)

Comparing these two equations we see that (45) is identically satisfied if (44) holds.
This implies that a(x) is non-physical pure gauge degree of freedom, in accordance
with the presence of the local symmetry (43).

Regarding the equation of motion of Aµν , its general solution (at least in topo-
logically trivial situations) is

Eµν −Bµν = ∂µ Φν −∂ν Φµ , (46)

where Φµ(x) is a function which must satisfy the condition (∂µ Φν −∂ν Φµ)vµ = 0,
because of the same property of Eµν and Bµν which follows from their definitions
(33) and (34). It can be then shown that with the use of the transformations (38)
one can set the right-hand-side of this equation to zero and thus get the Lorentz-
covariant linear self-duality condition which does not depend on the auxiliary field
a(x)

Eµν = Bµν ⇔ Fµνρ = F∗
µνρ . (47)

To recapitulate, important properties of the Lorentz-covariant PST Lagrangian (35)
(or (36)) which ensure that it consistently describes the dynamics of chiral p-form
fields are the two local symmetries (38) and (43).

5 Coupling to gravity and interacting chiral-form theories

An advantage to have a covariant formulation is obvious, it allows for the straight-
forward coupling of chiral p-form fields to gravity and other gauge and matter fields,
as well as to introduce self-interactions of the chiral-form fields. It thus drastically
simplifies the construction of actions of physical interest, like that of the M-theory
5-brane [9, 1]. The corresponding Hamiltonian formulations of these theories are
obtained by simply imposing a gauge fixing condition in which the auxiliary field
a(x) is identified with a time function.

Let us consider the following generalization of action (35) which includes gravity
and self-interactions of the chiral field

S =
∫

d6x
√
−g
(

1
4

Eµν Bµν −H (Bµν)

)
, (48)

where the space-time indices are contracted with a curved metric gµν(x), g= detgµν

and H (Bµν) (that encodes self-interactions of the chiral two-form field) is a non-
linear function of the components of

Bµν =

√
−g
6

εµνρλ1λ2λ3Fλ1λ2λ3vρ . (49)

The free theory (35) is recovered by setting H = 1
4 Bµν Bµν .
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For consistency, it is required that the action (48) is invariant under the local
symmetry (38) and a generalization of (43). It can be easily seen that the action
(48) is indeed invariant under the transformations (38), since Bµν is invariant. As
far as the transfomrations (43) are concerned, it turns out that they are generalized
as follows

δAµν =− ϕ(x)√
−∂ρ a(x)∂ ρ a(x)

(Eµν −Hµν), δa(x) = ϕ(x) , (50)

where

Hµν = 2
∂H

∂Bµν
. (51)

The action (48) is invariant under (50) provided that the function H (B) satisfies the
differential condition

ε
µνρσκδ vν Hρσ Hκδ = ε

µνρσκδ vν Bρσ Bκδ . (52)

The equations of motion obtained by varying the action (48) with respect to Aµν

result in the non-linear generalization of the self-duality condition (47) which has
the following form

Eµν = Hµν(B) . (53)

In the gauge ∂µ a(x) =−δ 0
µ the function H (Bµν) becomes the Hamiltonian density

of the non-linear theory and the condition (52) ensures that the theory is relativistic
(diffeomorphism) invariant. On the other hand, if we chose the vector vµ to be space-
like instead of being time-like, then we could gauge fix a(x) along a space direction,
e.g. take a(x) = x5. In this case the PST formulation reduces to that of Perry and
Schwarz [65], which is similar to the Hamiltonian formulation but with a space
coordinate x5 playing the role of “time”.

The following important comment is in order. When the auxiliary field is gauge
fixed, the non-linear self-duality condition (53) is not manifestly relativistic covari-
ant anymore. However, as we have already noticed in the free theory case (see the
comment below eq. (31)), since on the shell of the self-duality condition the Lorentz
(or general coordinate) transformation of the gauge field Aµν becomes the standard
(covariant) one, this implies [60] that it should be possible (though non-trivial) to
rewrite eq. (53) in a covariant form which involves only the physical field strength
Fµνλ and its dual F∗

µνλ
. In the case of the M5-brane (briefly described in the next

Section) the relation between the Perry-Schwarz and the PST self-duality condition
on the one side and a covariant self-duality condition which arises in the superem-
bedding description of the M5-brane [41, 42] (or in a closely related construction of
[28]) was established in [43, 10]. For a generic non-linear duality-invariant p-form
theory in D = 2(p+1) a covariant non-linear self-duality condition was derived in
[3, 4] in the following suggestive form

F −F∗ =
∂V (F +F∗)

∂ (F +F∗)
, (54)
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where V (F +F∗) is a generic scalar function of the self-dual part of the Fp+1 field
strength.4 In D = 6 the relation between (54) and the self-duality conditions of the
Perry-Schwarz formulation was established in [4] by a dimensional reduction to
D = 5. Differential equations relating the PST H (B) to V (F +F∗) and vice versa
were obtained in [37].

For more details on the properties of generic non-linear chiral form theories in
the PST formulation see [27, 7, 37].

5.1 M5-brane

An example of H (Bµν) that satisfies (52) is the Born-Infeld-like function that ap-
pears in the M5-brane action [65, 63]

HM5 = T

√
−det

(
gµν +

1√
T

Bµν

)
, (55)

where T is associated with the M5-brane tension.
To promote (48) with H (B) defined in (55) to the full M5-brane action in

eleven-dimensional supergravity [9, 1] one should consider an embedding of the
M5-brane worldvolume parametrized by xµ into an N = 1, D = 11 superspace
parametrized by supercoordinates ZM(x) = (Xm(x),Θ α(x)), where Xm are eleven
bosonic coordinates and Θ α are 32 fermionic ones. One then takes the superfields
of D = 11 supergravity which are the vector supervielbein Ea(Z) = dZMEM

a(Z)
(a = 0,1, . . . ,10) whose leading component is the 11D graviton, the spinor super-
vielbein Eα(Z) = dZMEM

α(Z) whose leading component is the gravitino, the three-
form gauge superfield and its six-form dual

C3(Z) =
1
3!

dZMdZNdZPCPNM(Z), C6(Z) =
1
6!

dZM1 . . .dZM6CM6...M1(Z),

and pull them back on the M5-brane worldvolume regarding ZM(x) to be the func-
tions of xµ .

The six-dimensional worldvolume metric gµν(x) is induced by the embedding
and has the following form

4 An important idea that non-linear interactions in Lagrangians of duality-invariant theories can
be described by an arbitrary function V (Λ+) of an auxiliary self-dual tensor field Λ+ (which is
not subject to any additional condition like (52)) was put forward and realised in four-dimensional
duality-symmetric non-linear electrodynamics in [46, 47, 45]. In [3, 4] this idea was resurrected
in D=4 and extended to higher-dimensional duality-invariant and chiral-form theories within the
approach of Mkrtchyan [57] based on a different set of auxiliary fields. Eq. (54) was obtained
in the latter approach upon the elimination of the auxiliary fields in equations of motion thereof.
Later on, in [37] it was shown that (54) also arises as a consequence of equations of motion in the
(chiral-form generalization of the) Ivanov-Nurmagambetov-Zupnik construction [45].
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gµν(x) =
(
∂µ ZMEM

a) (
∂ν ZMEM

b
)

ηab . (56)

where ηab is the eleven-dimensional tangent space Minkowski metric.
Next, one generalizes the chiral-form field strength (and corresponding fields

Eµν and Bµν defined in (33) and (49)) by subtracting from it the pullback of C3(Z)

Fµνρ = Fµνρ −
√

T ∂µ ZM
∂ν ZN

∂ρ ZPCPNM(Z(x))

→ Eµν = Fµνρ vρ , Bµν = F ∗
µνρ vρ . (57)

Thus the M5-brane action in a generic superbackground of D = 11 supergravity is

SM5 =
∫

M6

d6x
√
−g

(
1
4
EµνBµν −T

√
−det

(
gµν +

1√
T

Bµν

))

+
T
2

∫
M6

(
C6(Z(x))+

1√
T

A2(x)∧C3(Z(x))
)
, (58)

where the second integral describes minimal couplings of the M5-brane to the dual
C6 and C3 gauge fields of D = 11 supergravity.

The action is invariant under the local symmetries (38) and (50) (in which Eµν

and Bµν are replaced with Eµν and Bµν ), and under a fermionic κ-symmetry, a cru-
cial ingredient of all superbrane actions (see [9, 1] for more details on the structure
of the M5-brane action and [20] for its Hamiltonian).

5.2 Non-linear conformal chiral two-form electrodynamics

A more recent peculiar example of the non-linear chiral two-form theory is the six-
dimensional counterpart [7] of the four-dimensional ModMax electrodynamics [6].
This is the unique (classical) conformally invariant theory of the self-interacting
chiral two-form gauge field in D = 6 which contains the free theory (35) as a zero
coupling limit. For this theory the function H (Bµν) in (48), satisfying the condition
(52), has the following form

HMM = cosh(γ)s− sinh(γ)
√

s2 − p2 , (59)

where

s =
1
4

Bµν Bµν ,

pµ = − 1
8
√
−g

ε
µνρλσκ Bρλ Bσκ vν , p =

√
pµ pµ (60)

and γ is a dimensionless parameter. Note that for γ = 0 the function HMM reduces
to that of the free chiral two-form.
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The fact that the action (48) with the function HMM in (59) is conformally in-
variant can be checked by noticing that this action is invariant under the local Weyl
rescaling of the metric gµν → Ω(x)gµν , a criterium for the theory to be conformally
invariant in Minkowski space due to Zumino [76].

The 6D ModMax theory and its Born-Infeld-like generalization have been stud-
ied in the context of T T̄ -like stress-tensor deformations in [37]. Exact pp-wave and
(black) string solutions of this theory coupled to gravity have recently been consid-
ered in [33].

6 Conclusion

In these notes I have described reasoning which led to the construction of the covari-
ant PST formulation of classical chiral p-form theories starting from their Hamilto-
nian formulation and tried to elucidate the main features of this approach. For more
details about this formulation in various dimensions, its variants, applications and
relation to other Lagrangian formulations of chiral p-forms see papers mentioned in
the Introduction and references therein. Important subtle issues of the quantisation
of the chiral-form field theories are beyond the scope of these notes.
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