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Abstract This paper reviews and extends the recently discovered connections be-
tween marginal and irrelevant stress-energy tensor deformations and gravity theo-
ries in arbitrary space-time dimensions. We start by discussing how TT and

√
TT

deformations of two-dimensional field theories can be equivalently interpreted as
the coupling of the undeformed matter sector to a gravity theory. We then extend
this duality to higher-dimensional scenarios by using an approach that relies on the
non-trivial eigenvalue degeneracy characterising the energy-momentum tensor of
specific physical theories. We also explore incorporating dynamical degrees of free-
dom in the gravity sector, and show that the deformed space-time geometry induced
by the TT-like deformations defines a Ricci-Bourguignon flow of the metric tensor,
which reduces to a Ricci flow in four dimensions. Finally, exploiting a dressing-type
mechanism for the action functional characterizing a broad class of TT-like defor-
mations we study explicit examples, such as Einstein-Ricci solitons, (d − 1)-form
field theories, and spherically symmetric electrovacuum solutions.
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1 Introduction

Based on earlier results and observations [105, 92, 106, 48, 49, 29], the TT flow
in the space of two-dimensional quantum field theories was defined in [31, 99]1 as
being self-consistently driven by a composite irrelevant operator [106]2

TT =
1
2
[
(T µ

µ)
2 −T µν Tµν

]
= detTµν , (1)

where Tµν denotes the stress-energy tensor of the theory. Although the irrele-
vant nature of the deformation introduces interactions that grow stronger at high
energies, possibly leading to a loss of control over the theory’s behavior in the
ultraviolet regime, many interesting quantities can be computed exactly and ex-
plicitly in terms of the data of the undeformed theory, including the S-matrix
[92, 49, 29, 31, 99], the deformed classical action [31, 22, 34], the finite volume
spectrum on an infinite cylinder[49, 29, 31, 99] and the torus partition function
[27, 38]. Over the past few years, TT deformations were shown to be linked to
numerous topics in theoretical physics, such as string theory [10, 40, 32, 25], holog-
raphy [88, 69, 70, 85, 78, 74, 83, 82, 72, 64, 79], and generalised hydrodynamics
[46, 28, 47]. We refer the reader to [84] for a pedagogical introduction to the subject.
The flow generated by (1) preserves most of the symmetries of the seed (i.e., unde-
formed) theory, including integrability.3 This feature ultimately originates from the
geometric nature of the TT deformation [36], which can be understood in terms of
a global, field-dependent change of coordinates: from this viewpoint, the conserved
charges of the original theory are mapped into a new set of integrals of motion
by the deformation. Alternatively, the geometrical perspective on TT flows can be
interpreted as a coupling of the undeformed theory to a gravity theory which de-
scribes the evolution of an auxiliary space-time metric under the flow triggered by
(1) [50, 27, 102, 26]. Let us also mention that a powerful method to compute TT
deformed actions is given by the light-cone gauge approach developed in [68, 67].

In recent years, new variants of stress tensor flows inspired by the two-dimensional
TT flow have been studied, mostly at the classical level. Among these several pro-
posals, the two-dimensional

√
TT flow [37, 60, 63, 9, 6], generated by the marginal

operator, √
TT =

√
1
2
(T µ

µ)2 − 1
4

T µν Tµν , (2)

1 See also the earlier comment at the end of Section 2 in [29].
2 As has become customary in the literature, the notation employed for the deforming operators
originates from their conformal limit. Consequently, a precise definition of such objects is neces-
sary in a general setup.
3 This last property is a characteristic of a much larger class of deformations, called double current
deformations [51], and encompassing all the recent two-dimensional generalisations of the TT
deformation.
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have attracted significant attention. While its quantum-mechanical definition re-
mains uncertain,4 the

√
TT deformation displays some rather surprising properties

even at the classical level. Particularly, it commutes with the TT flow, and it was
shown to preserve classical integrability for a class of integrable field theories [23].

Generalisations of stress-energy tensor flows, akin to those defined through the
TT operator, have been proposed in various works [101, 37, 22, 34, 27, 7, 81, 56],
with the aim of extending the TT setup — at least at the classical level — to higher
space-time dimensions. These investigations, alongside the introduction of the so-
called Modified Maxwell (ModMax) theory [13], and the discovery that both Born-
Infeld and ModMax arise from Maxwell theory through a Lagrangian flow involving
TT and

√
TT-like composite fields respectively [34, 7, 62], have sparked a revival

of interest in non-linear electrodynamics [13, 100, 86, 57].
Furthermore, several connections between gravity theories and stress tensor de-

formations of field theories in arbitrary dimensions have recently emerged [91, 8,
103, 66], revealing numerous links between non-linear theories of matter fields and
gravity models beyond General Relativity. The emerging dynamics related to the
gravitational degrees of freedom can admit a broad spectrum of equivalent descrip-
tions, both in terms of bimetric gravity theories and via the Palatini framework of
Ricci-based gravity theories [104, 11, 12, 16, 19, 94, 73, 93, 1, 96, 14, 95, 97].
Specifically, a class of four-dimensional TT-like deformations, frequently associ-
ated with the emergence of Born-Infeld functionals, was shown to admit an anal-
ogous description in terms of coupling of the seed theory to Eddington-Inspired
Born-Infeld gravity [91], described by the Palatini action

SEiBI [g,Γ ] =
1
τ

∫
d4x
[√

−det
(
gµν + τRµν [Γ ]

)
−
√
−g
]
, (3)

where τ denotes the TT-like coupling parameter. Further extensions of the cor-
respondence allowed to achieve a gravitational description of marginal

√
TT-like

flows in arbitrary dimensions [8, 103] in terms of bimetric gravity theories.
In this paper, combining the eigenvalue-based approach to stress tensor defor-

mations of matter action functionals introduced in [8] with the dressing mechanism
associated with TT-like flows [37, 91], we propose an intuitive and accessible pro-
cedure to recover the gravity functionals associated to a class of deformations. An
equivalent Palatini formulation is recovered for the gravity sector corresponding to√

TT deformations in d = 4, characterised by the action

S[g,Γ ] =
1
2

∫
d4x

√
−g
[
gµν Rµν [Γ ]cosh

γ

2
±

sinh
γ

2

√
4Rµν [Γ ]Rµν [Γ ]−

(
gµν Rµν [Γ ]

)2
]
,

4 There have been, however, attempts towards a quantum definition of
√

TT deformations within
the context of two-dimensional CFTs (see, for example, [76]). The perturbative quantization of
root-T T̄ deformed theories, specifically for chiral bosons, has also been investigated in [52].
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where γ is the dimensionless
√

TT coupling. The metric flows associated with a
broad family of stress tensor deformations are then shown to be linked to Ricci-type
flows [77, 30] of the space-time manifold. Particularly, when the deformed matter
sector is coupled to gravity in four space-time dimensions, the deformed metric
satisfies

dh(τ)µν

dτ
= Rµν [h(τ)] , (4)

where h(τ)µν denotes the TT-like deformed metric, Rµν [h(τ)] its Ricci curvature, and
τ is the flow parameter.

We study solitonic configurations of the Ricci flow (4), which, in their simplest
form, are realised by de Sitter and Anti de Sitter spacetimes. Additionally, (d −1)-
form field theories in arbitrary space-time dimensions are analysed, and we show
that when the seed theory has the form L

(0)
m = K, where K ∝ Fµ1...µd Fµ1...µd , the

corresponding deformed Lagrangian is given by

L
(τ)

m =
3

4τ

[
3F2

(
−1

2
,−1

4
,

1
4

;
1
3
,

2
3

;
256
27

τK
)
−1
]
. (5)

The TT/gravity duality is further applied in the study of deformed black hole so-
lutions, whose associated space-time geometries satisfy (4). Within this framework,
TT-like deformations in d = 4 can be alternatively viewed as a mathematical tool to
generate and analyse solutions to Lorentzian Ricci flows.

The remainder of this paper is organised as follows. In Section 2, we focus on
the two-dimensional case, and reproduce the ghost-free massive gravity action as-
sociated with the TT deformation as introduced by Tolley in 2019 [102]. In the
two-dimensional framework, where the conservation laws for the stress-energy ten-
sor allow promoting the local metric deformation to a global change of coordinates,
the geometric viewpoint is extended to the quantum level [5].

√
TT deformations

of two-dimensional field theories are discussed from a purely classical perspective,
and the metric deformation associated with the marginal flow [53] is employed to
recover the gravity functional associated with the deformation [8]. In Section 3,
resting on the peculiar eigenvalue structure of the energy-momentum tensor which
characterises a specific family of physical theories, we lay out a generalisation of the
TT operator (1) to higher-dimensional space-times, which reproduces the proposals
introduced in [34, 56]. By combining the eigenvalue-based approach with a higher-
dimensional version of the dressing mechanism, we derive the gravity action asso-
ciated with a class of TT-like deformations, which, in four dimensions, is shown to
be dynamically equivalent to Eddington-inspired Born-Infeld gravity. We then em-
ploy similar strategies to study

√
TT-like deformations of higher-dimensional field

theories. In Section 4, we show that a broad family of TT-like deformations can be
interpreted in terms of Ricci-Bourguignon flows [30] of the space-time geometry.
In the four-dimensional setting, Ricci flows emerge naturally. We study the simplest
instance of Einstein-Ricci solitons, which correspond to a matter sector describing
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homogeneous vacuum energy contributions, and we discuss singular limits arising
when a TT-like deformation is performed on the model. We also examine the case
of (d − 1)-form field theories in arbitrary space-time dimensions, reproducing and
extending the results of [33]. In Section 5, resting on the metric deformations which
characterise stress tensor deformations in four dimensions, we study static, spheri-
cally symmetric electrovacuum solutions which emerge when the deformed matter
sector is coupled to General Relativity. We analyse extremal black hole solutions,
showing that their associated Bekenstein-Hawking entropy is linked to the Ricci
flow of a two-sphere induced by the TT-like flow parameter.

2 Two-dimensional TT deformations

In this section, we discuss how the established equivalence between TT deforma-
tions and topological gravity in curved space-times [102] can be linked with the
recent interpretation of classical TT deformations as adiabatic flows in the config-
uration space of metrics [37, 91]. The TT/gravity duality is then uplifted to the
quantum level through the existence of a global change of coordinates related to the
metric deformation. Two-dimensional

√
TT deformations and their gravity duals are

discussed by using similar strategies.

2.1 The TT dressing mechanisms and the gravity picture

Consider a family of action functionals denoted by S(τ)m , which depend on a dimen-
sional parameter τ , and satisfy the TT flow equation [31, 99]

∂S(τ)m

∂τ
=

1
2

∫
d2x

√
−g
[(

T (τ)µ
µ

)2
−T (τ)µν T (τ)

µν

]
, g := detgµν , (6)

where T (τ)
µν denotes the Hilbert stress-energy tensor of the theory,

T (τ)
µν =− 2√

−g
δS(τ)m

δgµν
. (7)

The theory S(0)m at τ = 0 is typically referred to as the seed theory of the TT flow.
Notably, it has been demonstrated [37, 91] that the data from the seed theory can
be used to reconstruct the full set of solutions to equation (6) via a field-dependent
deformation of the metric, along with the addition of a dressing term:
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S(τ)m [ϕ,h(τ)] =
{

S(0)m [ϕ,g]− τ

2

∫
d2x

√
−g
[(

T (0)µ
µ

)2
−T (0)µν T (0)

µν

]}∣∣∣∣
g=g(h)

=

{
S(0)m [ϕ,g]− τ

2

∫
d2x

√
−gT (0)µν T̂ (0)

µν

}∣∣∣∣
g=g(h)

, (8)

where we have introduced the auxiliary tensor

T̂ (0)
µν = gαβ T (0)

αβ
gµν −T (0)

µν . (9)

To determine the constraints on the deformed metric h(τ)µν induced by the dynamical
identity (8), we move away from the seed theory, and consider the auxiliary param-
eter s := τ + c, where c is a constant. Then, under an infinitesimal deformation δ s
of the parameter s, the TT flow equation (6) reads

S(s+δ s)
m [ϕ,h(s)] = S(s)m [ϕ,h(s)]+

δ s
2

∫
d2x
√

−h(s) T (s)µν T̂ (s)
µν , (10)

where

T (s)
µν :=− 2√

−h(s)
δS(s+δ s)

m

δ (h−1)(s)µν
, (11)

and h(s) := deth(s)µν . Now let h(s+δ s)
µν = h(s)µν + δ sq(s)µν , where q(s)µν is a dynamical de-

formation of the metric h(s)µν , and consider

S(s+δ s)
m [ϕ,h(s+δ s)] =S(s+δ s)

m [ϕ,h(s)]+
δ s
2

∫
d2x
√
−h(s) q(s)µν T (s)µν

=S(s)m [ϕ,g]+
δ s
2

∫
d2x
√

−h(s) T (s)µν T̂ (s)
µν

+
δ s
2

∫
d2x
√
−h(s) T (s)µν q(s)µν .

(12)

Note that, setting c=−τ for some fixed value of the flow parameter, the equivalence
(8) is satisfied when q(s)µν =−2T̂ (s)

µν . Finally, using the identity

S(s)m [ϕ,h(s)+δ sq(s)µν ] = S(s)m

[
ϕ,h(s+δ s)−δ s

(
dh(s)

ds
−q(s)µν

)]
, (13)

we obtain the condition
dh(s)

ds
=−2T̂ (s)

µν . (14)

In terms of the original coupling τ , the above equation reduces to

dh(τ)µν

dτ
=−2

[
(h−1)(τ)αβ T (τ)

αβ
h(τ)µν −T (τ)

µν

]
=−2 T̂ (τ)

µν , h(0)µν = gµν . (15)
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In two space-time dimensions, a general solution to (15) is provided by [36]

h(τ)µν = gµν −2τT̂ (0)
µν + τ

2T̂ (0)α
µ T̂ (0)

αν . (16)

In what follows, we denote by T(0) = {gµα T (0)
αν }µ,ν=0,1 the matrix associated to

the stress tensor of the seed theory, and we assume that T(0) can be brought into a
diagonal form by a similarity transformation U, such that

T(0) = U
(

λ1 0
0 λ2

)
U−1 , (17)

and the auxiliary matrix T̂(0) can be written in the form:

T̂(0) = U
[(

λ1 +λ2 0
0 λ1 +λ2

)
−
(

λ1 0
0 λ2

)]
U−1 = U

(
λ2 0
0 λ1

)
U−1 . (18)

Introducing the deformation matrix O = {gµα h(τ)αν}µ,ν=0,1, equation (16) can be
equivalently written as

Ω =
(

1− τT̂0

)2
. (19)

Since O is a polynomial function of T(0), the two matrices commute, and they can
be simultaneously diagonalised: using (18), and letting ω1 and ω2 denote the eigen-
values of the deformation matrix, we have

ω1 = (1− τλ2)
2 , ω2 = (1− τλ1)

2 . (20)

In addition, since tr[T(0)T̂(0)] = dλ1λ2, the dressing formula (8) can be expressed in
terms of the eigenvalues of T(0) as

S(τ)m [ϕ,h(τ)] =̇ S(0)m [ϕ,g]− τ

∫
d2x

√
−gλ1λ2 , (21)

where we used the =̇ symbol to emphasise that the above equivalence holds pro-
vided that (15) is satisfied. Using equation (20), one can explicitly introduce the
metric h(τ)µν in (21), by expressing each λi in terms of the eigenvalues of O:

S(τ)m [ϕ,h(τ),g] = S(0)m [ϕ,g]− 1
τ

∫
d2x

√
−g(

√
ω1 −1)(

√
ω2 −1)

= S(0)m [ϕ,g]− 1
τ

∫
d2x

√
−gdet

(√
O−1

)
.

(22)

Equation (22) can be more compactly rewritten in terms of the zweibeins ea
µ and

f a
µ corresponding to the metrics gµν and h(τ)µν , respectively. The result is

S(τ)m [ϕ, f ,e] = S(0)m [ϕ,e]− 1
τ

∫
d2x det( f − e) . (23)
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The bimetric gravity action (23) reproduces Tolley’s ghost-free massive gravity pro-
posal [102]. This demonstrates that a TT deformed classical field theory in d = 2
space-time is equivalent to the original unperturbed model coupled with a topologi-
cal gravity theory.

Fig. 1: On the left, the trajectory followed by a particle described by the unde-
formed theory S(0)m [ϕ,g] over the undeformed space-time geometry defined by gµν .
On the right, the trajectory followed by a particle described by the deformed theory
S(τ)m [ϕ,h(τ)] over the deformed space-time geometry defined by h(τ)µν .

2.2 Global coordinate transformations and the Burgers’ equation

In this section, we briefly discuss an important property that TT deformation of two-
dimensional field theories exhibits on flat geometries, i.e., when the undeformed
metric coincides with the Euclidean metric gµν = δµν .

In a flat background, the auxiliary metric h(τ)µν is equivalent to a global change
of coordinates and, in this scenario, one can derive the famous Burgers’ equation
describing the finite-size spectral flow, whose validity extends to the quantum level.
The Burgers’ equation was initially deduced directly at the quantum level using
Zamolodchikov’s factorisation theorem [106, 99] or proved using the exact S-matrix
combined with thermodynamic Bethe ansatz-type nonlinear integral equation tech-
niques [31].

Building on the geometric interpretation of TT discussed in previous sections, we
take an alternative approach as described in [5]. As shown in [36], any solution to
the classical equations of motion associated with TT-deformed Lagrangians can be
mapped into the corresponding undeformed solution defined on an auxiliary space-
time manifold whose metric is determined by (15). Specifically, from (16), we see
that the dynamical change of coordinates x 7→ y(x) must be induced by the Jacobian5

5 Since the undeformed metric is the flat space-time, the Jacobian (24) and the deformed zweibein
f introduced in (23) are the same object.
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∂yµ

∂xν
= δ

µ
ν − τT̂ (0)µ

ν(x) . (24)

Moreover, the conservation law for the energy-momentum ∂µ T (0)µν = 0 implies that
the Hessian matrix associated to the local coordinate transformation is symmetric,
namely, that

∂ 2yµ

∂x0∂x1 =
∂ 2yµ

∂x1∂x0 , µ = 0,1 . (25)

The above condition ensures that, on-shell, the local change of coordinates can be
promoted to a global one [36]. To simplify our calculations, for the rest of this sec-
tion, we shall set the mass scale of the theory equal to 1, and take the flow parameter
τ to be dimensionless. Following the usual conventions, we switch from Cartesian
to complex coordinates according to{

w = x0 + ix1

w̄ = x0 − ix1 ,

{
z = y0 + iy1

z̄ = y0 − iy1 . (26)

Cartesian and complex components of the stress-energy tensor are related through
[42]

T00 =−T̄ −T +2Θ , T01 = T10 = iT̄ − iT , T11 = T̄ +T +2Θ . (27)

Rewriting (24) in terms of the holomorphic and anti-holomorphic complex coordi-
nates, one can locally express the change of coordinates w 7→ z(w) as

dz = dw−2τ

[
Θ

(0)(w)dw+ T̄ (0)(w)dw̄
]
,

dz̄ = dw̄−2τ

[
Θ

(0)(w)dw̄+T (0)(w)dw
]
.

(28)

We focus on finite-size configurations with a characteristic length L. Using the con-
servation laws,

∂ω̄ T (0) = ∂ωΘ
(0) , ∂ω T̄ (0) = ∂ω̄Θ

(0) , (29)

we can define the “light-cone components” of the bi-momentum in the undeformed
theory as

P(0)(L) =
1
2

∫
Γ

[
dwT (0)(w)+dw̄Θ

(0)(w)
]
,

P̄(0)(L) =
1
2

∫
Γ̄

[
dwΘ

(0)(w)+dw̄ T̄ (0)(w)
]
,

(30)

where the path Γ ⊂ C is chosen such that the integrals are taken over the whole
volume at constant (Euclidean) time. In particular,∫

Γ̄

dw =
∫

Γ

dw̄ := 2L , Γ̄ = Γ
∗ . (31)

Let us denote the total energy and momentum of the system as E = P + P̄ and
P = P− P̄, respectively. Our main goal is to investigate how the characteristic length
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of the system is affected by the deformation. To this end, we will adopt a geometric
perspective on the TT flow. Since we are ultimately dealing with a global change of
coordinates, two equivalent interpretations are possible: one can either make explicit
use of the coordinate transformation or implicitly hide the deformation within new
integration contours, Γ (τ) and Γ̄ (τ).6 The deformed integrals of motion are

P(τ)(L) =
1
2

∫
Γ

[
dzT (τ)(z)+dz̄Θ

(τ)(z)
]
=

1
2

∫
Γ (τ)

[
dwT (0)(w)+dw̄Θ

(0)(w)
]
,

(32)

with a similar formula holding for P̄(τ).
As shown in [5], one can express the net effect of the TT deformation over the

characteristic scale of the system in terms of a rescaling plus a rotation. More pre-
cisely:

(L,L) 7→
(

L̃e−ϑ , L̃eϑ

)
, (33)

where
2L̃e−ϑ =

∫
Γ̄ (τ)

dw =
∫

Γ̄

[
dz+2τ

(
Θ

(τ)(z)dz+ T̄ (τ)(z)dz̄
)]

,

2L̃eϑ =
∫

Γ (τ)
dw̄ =

∫
Γ

[
dz̄+2τ

(
Θ

(τ)(z)dz̄+T (τ)(z)dz
)]

.
(34)

It is now sufficient to use the inverse map, (L̃, L̃) 7→
(
Leϑ ,Le−ϑ

)
, and the related

inverse coordinate transformation, z = z(w), to obtain the relationship between the
dynamics in the undeformed and perturbed theory. Explicitly, one has{

L̃e−ϑ = L+ τE(τ)(L)− τP(τ)(L)
L̃eϑ = L+ τE(τ)(L)+ τP(τ)(L)

{
Leϑ = L̃− τE(0)(L̃)+ τP(0)(L̃)
Le−ϑ = L̃− τE(0)(L̃)− τP(0)(L̃)

.

(35)

Simple manipulations of the relations (35) yield the equation [5]

∂E(τ)(L)
∂τ

= E(τ)(L)
∂E(τ)(L)

∂L
+

P(0)(L)2

L
, (36)

where the total momentum P is explicitly independent of the deformation parameter.
This independence arises directly from the fact that the TT deformation is a zero-
spin perturbation. The hydrodynamic-type equation (36) is the celebrated (inviscid)
Burgers’ equation [71].

The validity of the Burgers’ equation at both classical and quantum levels is a key
insight, suggesting that certain TT phenomenology, such as the presence of branch
singularities in the spectrum, is not confined to the quantum regime. These features
are, in fact, already present at the classical level, at least for the excited states. This
was explicitly observed in specific solutions of the deformed sine-Gordon model

6 In complete generality, we assume Γ̄ (τ) ̸=
(

Γ (τ)
)∗

for excited state configurations.



Stress-energy tensor deformations, Ricci flows and black holes 15

90

80

70

60

50

40

30

20

10

10 20155

Fig. 2: The elliptic solution of the sine-Gordon model has been investigated in detail
[80, 55]. The TT-deformed spectrum, as a function of the characteristic length L,
is presented for various values of the deformation parameter [33, 35]. The study
highlights the emergence of critical phenomena within the classical solutions, such
as shock-wave singularities and square root-type transitions.

[33, 35]. Figure 2 displays the typical behaviour observed for the so-called finite-
gap solutions of the deformed sine-Gordon model.

In addition, the proposed derivation is quite general and finds an intriguing
realization within the framework of the so-called ODE/IM correspondence (see
[45, 15, 44, 43]). In its off-critical variant, this correspondence establishes a precise
dictionary between classical and quantum quantities in two-dimensional integrable
field theories [87]. As demonstrated in [5], and in agreement with the previous anal-
ysis, this quantum/classical aspect of the ODE/IM correspondence is preserved un-
der deformation.

2.3 Combining TT and
√

TT flows

A different deformation of two-dimensional field theories, driven by the so-called√
TT (root–TT) marginal operator, has recently attracted increasing interest. The√
TT deformation is characterised by the flow equation,

∂S(γ)m

∂γ
=
∫

d2x
√
−g

√
1
2

T (γ)µν T (γ)
µν − 1

4
(
T (γ)µ

µ

)2
, (37)

where γ is the dimensionless coupling. Similar to the TT case, the solutions to the
flow equation (37) at finite coupling can be interpreted as a field-dependent defor-
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mation of the original background metric [54]. Introducing the auxiliary tensor

T̃ (0)
µν =

T (0)
µν − 1

2 T (0)α
α gµν√

1
2 T (0)βδ T (0)

βδ
− 1

4

(
T (0)β

β

)2
, (38)

it is possible to verify that

S(γ)m [ϕ,k(γ)] =
{

S(0)m [ϕ,g]
}∣∣∣

g=g(k)
, (39)

provided that the deformed metric k(γ)µν satisfies [54]7

k(γ)µν = coshγ gµν + sinhγ T̃ (0)
µν . (40)

Note that, differently from the standard TT case (cf. equation (8)), the
√

TT defor-
mation does not involve any additional dressing operator in (39).

Let T̃(0) = {gµα T̃ (0)
αν }µ,ν=0,1 denote the matrix canonically associated to the aux-

iliary tensor T̃ (0)
µν , and let M= {gµα k(γ)αν}µ,ν=0,1 denote the deformation matrix asso-

ciated to the
√

TT-deformed metric k(γ)µν . In virtue of (40), the functional relationship
between the above two matrices can be written as

M = coshγ 1+ sinhγ T̃(0) = exp
(

γT̃(0)
)
. (41)

As before, we assume that T(0) = {gµα T (0)
αν }µ,ν=0,1 can be diagonalised through a

similarity transformation, such that

T(0) = U
(

λ1 0
0 λ2

)
U−1 . (42)

Correspondingly, we also have:

T̃(0) = U
(
ℓ+ 0
0 ℓ−

)
U−1 , ℓ± =±sgn(λ1 −λ2) , (43)

where sgn(x) := x/|x|. Assuming λ1 ̸= λ2,8 and, without loss of generality, choosing
U such that λ1 > λ2, equation (43) reduces to

T̃(0) = Uσσσ3U−1 , (44)

where σσσ3 = diag(1,−1) is the third Pauli matrix. Plugging the above equation into
(41), the eigenvalues of the deformation matrix M are obtained as π± = e±γ . Note

7 The notation used in this paper differs from the one used in [54], where T̃ (0)
µν denotes the traceless

part of the stress-energy tensor of the seed theory.
8 Note that, when λ1 = λ2, the deforming operator vanishes at order γ , and the flow is trivial.
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that, in the case λ1 = λ2, the
√

TT operator identically vanishes, and the seed theory
is unaffected by the deformation.

As far as the gravity interpretation of the pure
√

TT deformation is concerned,
the absence of a dressing term in (39) precludes us from directly paralleling the
steps adopted in the TT case, and the perturbation only amounts to a dynamical
modification of the metric.

However, combining the marginal flow (37) with the TT flow (6) can provide a
more interesting perspective. Notably, the two deformations commute and the whole
dressing mechanism is implemented by considering

S(τ,γ)m [ϕ,h(τ,γ)] =
{

S(0,0)m [ϕ,g]− τ

2

∫
d2x

√
−g
[(

T (0,0)µ
µ

)2
−T (0,0)µν T (0,0)

µν

]}∣∣∣∣
g=g(h)

,

(45)

with the deformed metric h(τ,γ)µν obtained from gµν via the action of the composite

deformation matrix A = {gµα h(τ,γ)αν }µ,ν=0,1 defined by

A := M◦O = exp
(

γT̃(0,0)
)(

1− τT̂(0,0)
)2

. (46)

Denoting by {λ1,λ2} the eigenvalues of T(0,0), the dressing formula (45) reduces to

S(τ,γ)m [ϕ,h(τ,γ)] =̇ S(0,0)m [ϕ,g]− τ

∫
d2x

√
−gλ1λ2 , (47)

where, this time, the dynamical equivalence is verified, provided that

α1 = eγ (1− τλ2)
2 , α2 = e−γ (1− τλ1)

2 , (48)

with α1 and α2 denoting the eigenvalues of the composite deformation matrix A.
Solving equation (48) in terms of λ1 and λ2, and plugging the result back into (47),
one finally obtains

S(τ,γ)m [ϕ,h(τ,γ),g] = S(0,0)m [ϕ,g]− 1
τ

∫
d2x

√
−g
(√

α1 − e
γ

2

)(√
α2 − e−

γ

2

)
. (49)

The gravity sector of (49) can be written in terms of the zweibeins ea
µ and f a

µ as-

sociated to the metrics gµν and h(τ,γ)µν respectively: with the notation y1 := tr[e−1 f ],
y2 := tr[(e−1 f )2], one has(√

α1 − e
γ

2

)(√
α2 − e−

γ

2

)
= 1±

√
2y2 − y2

1 sinh
γ

2
−y1 cosh

γ

2
+

1
2
(y2

1−y2) . (50)

The above gravity functional reproduces the proposals from [8, 103]. As expected,
in the limit γ → 0, the gravity action (23) associated with the pure TT deformation
is recovered.
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3 An eigenvalue-based approach to higher-dimensional stress
tensor flows

Since the introduction of TT deformations in two-dimensional field theories, var-
ious generalizations to higher dimensions have been proposed. These generaliza-
tions are motivated by different physical setups and have been studied using diverse
mathematical methods and techniques [22, 101, 34, 37]. In this section, we will use
the eigenvalue-based method outlined in Section 2 to study the higher-dimensional
extensions put forward in [34, 56]. We then proceed by recovering the gravity theo-
ries corresponding to a specific set of stress tensor deformations using the dressing
mechanism.

3.1 Defining TT-like deformations in higher dimensions

Suppose that the stress-energy tensor of the seed theory admits 2 degenerate eigen-
values λ1 and λ2, of multiplicity n and m = d −n respectively, such that

T(0) = U
(

λ11n×n 0
0 λ21m×m

)
U−1 , (51)

where 1 j× j denotes the j× j identity matrix. The framework described in the pre-
vious sections can then be partially generalised to higher space-time dimensions
through the introduction of an auxiliary tensor

T̂ (0)
µν :=

2
d

T (0)α
α gµν −T (0)

µν +
(m−n)√

mnd

√
T (0)αβ T (0)

αβ
− 1

d

(
T (0)α

α

)2gµν . (52)

Assuming, without loss of generality, that λ1 > λ2, we notice that the contribution
from the square root term appearing in (52) becomes

(m−n)√
mnd

√
T (0)αβ T (0)

αβ
− 1

d

(
T (0)α

α

)2
=

m−n
d

(λ1 −λ2) . (53)

Furthermore, since T (0)α
α = nλ1 +mλ2, we have

2
d

T (0)α
α +

(m−n)√
mnd

√
T (0)αβ T (0)

αβ
− 1

d

(
T (0)α

α

)2
= λ1 +λ2 . (54)

Using (54), one can verify that, in matrix notation, the right-hand side of equation
(52) reduces to

T̂(0) = U
(

λ21n×n 0
0 λ11m×m

)
U−1 . (55)
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Building on the analogy with the two-dimensional case, it is natural to consider
stress tensor flows of the form

∂S(τ)m

∂τ
=

1
d

∫
ddx

√
−gT (τ)µν T̂ (τ)

µν . (56)

Note that, due to the boundary conditions (51) and (55), the deforming operator
T (τ)µν T̂ (τ)

µν is simply proportional to the product of the two eigenvalues of the de-
formed stress tensor. When n = d −1, the structure of the stress-energy tensor (51)
reproduces the characteristic degeneracy of standard bosonic field theories, and the
flow equation (56) coincides with the proposal of [56].

Moreover, it is evident from equation (52) that significant simplifications occur in
even-dimensional space-times when n = m = d/2. In this case, the auxiliary tensor
(52) reduces to

T̂ (0)
µν =

2
d

gαβ T (0)
αβ

gµν −T (0)
µν , (57)

and the flow (56) can be shown to admit a dressing-type formulation in terms of a
deformed metric h(τ)µν as [37, 91]

S(τ)m [ϕ,h(τ)] =
{

S(0)m [ϕ,g]− τ

d

∫
ddx

√
−g
[

2
d

(
T (0)µ

µ

)2
−T (0)µν T (0)

µν

]}∣∣∣∣
g=g(h)

=

{
S(0)m [ϕ,g]− τ

d

∫
ddx

√
−gT (0)µν T̂ (0)

µν

}∣∣∣∣
g=g(h)

. (58)

For the dynamical equivalence (58) to hold, the auxiliary metric h(τ)µν must obey the
flow equation

dh(τ)µν

dτ
=−4

d
T̂ (τ)

µν , h(0)µν = gµν . (59)

In even space-time dimensions, the set of differential equations (59) can be inte-
grated [37]. The result can be summarised via the formal expression9

h(τ)µν =

[(
g− τT̂ (0)

) 4
d
]

µν

. (60)

Moreover, note that, differentiating (60) with respect to τ , and comparing the result
with (59), we obtain

dh(τ)µν

dτ
=−4

d
T̂ (0)α

µ

[(
g− τT̂ (0)

) 4
d −1
]

αν

=−4
d

T̂ (τ)
µν , (61)

yielding the consistency condition

9 Note that equation (60) should be understood as a series expansion in τ .
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T̂ (τ)
µν = T̂ (0)α

µ

[(
g− τT̂ (0)

) 4
d −1
]

αν

. (62)

As for the two-dimensional case, we introduce a deformation matrix

O = {gµα h(τ)αν}µ,ν=0,...,d−1 , (63)

and, denoting its eigenvalues by ωi, we have

Ω =
(

1− τT̂(0)
) 4

d
, ω1,2 = (1− τλ2,1)

4
d . (64)

In terms of the eigenvalues of T(0), the dressing formula (58) becomes:

S(τ)m [ϕ,h(τ)] =̇ S(0)m [ϕ,g]− τ

∫
ddx

√
−gλ1λ2 . (65)

Again, the dressing contributions reproduce those of the two-dimensional case. At
this point, one can explicitly introduce the auxiliary metric h(τ)µν into (65) through
(64), obtaining

S(τ)m [ϕ,h(τ),g] = S(0)m [ϕ,g]− 1
τ

∫
ddx

√
−g
(

ω
d
4

1 −1
)(

ω
d
4

2 −1
)
. (66)

Defining the Lorentz invariants x1 := tr[O], x2 = tr[O2], the gravity functional on
the right-hand side of (66) can be equivalently written as

−1
τ

∫
ddx

√
−g

[
d

d
2

(
x1 −

√
dx2 − x2

1

) d
4
−1

][
d

d
2

(
x1 +

√
dx2 − x2

1

) d
4
−1

]
.

(67)
In four space-time dimensions, substantial simplifications allow recasting (66) into
the following compact form:

S(τ)m [ϕ,h(τ),g] = S(0)m [ϕ,g]− 1
τ

∫
d4x
√

det(h(τ)−g) , (68)

reproducing the gravity sector introduced in [8].

3.2 Dynamical gravity theories and the Palatini frame

So far, after introducing a higher-dimensional analogue of the TT operator, we have
been following a similar approach to the two-dimensional setup. However, unlike
in two and three-dimensional scenarios, gravity theories in space-times with dimen-
sions greater than or equal to four can have dynamical degrees of freedom. To in-
corporate these into the theory, we minimally couple the (deformed) theory in the
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h(τ)µν frame to General Relativity via the Einstein-Hilbert term

S[ϕ,h(τ)] = SEH [h(τ)]+S(τ)m [ϕ,h(τ)] , SEH [h(τ)] =
1
2

∫
ddx
√

−h(τ)R[h(τ)] , (69)

where R[h(τ)] = (h−1)(τ)µν Rµν [h(τ)] is the scalar curvature associated to the met-
ric tensor h(τ)µν , and Rµν [h(τ)] is the Ricci tensor, defined through the Levi-Civita
connection Γ [h(τ)] as

Rµν [h(τ)] := ∂αΓ
α

νµ [h
(τ)]−∂νΓ

α
αµ [h

(τ)]+Γ
α

αβ
[h(τ)]Γ β

νµ [h
(τ)]−Γνβ [h

(τ)]αΓ
β

αµ [h(τ)] .
(70)

The Einstein field equations for (69) are given by

Rµν [h(τ)]−
1
2

R[h(τ)]h(τ)µν = T (τ)
µν . (71)

For the rest of this section, we will focus on the n = m = d/2 case in four space-time
dimensions, where further simplifications arise due to the linear structure of (60).
In d = 4, such eigenvalue structure is typical of Abelian gauge theories [62], three-
form field theories [89], and even symmetry breaking models with non-canonical
kinetic terms [93], whose stress-energy tensor can be written as

T(0) = U
(

λ112×2 0
0 λ212×2

)
U−1 , (72)

while the auxiliary tensor (52) reduces to

T̂ (0)
µν =

1
2

gαβ T (0)
αβ

gµν −T (0)
µν . (73)

The deformed metric simply reads

h(τ)µν = gµν − τT̂ (0)
µν , (74)

and, after differentiating (74) with respect to τ and comparing the result with (59),
one obtains the consistency relation

T̂ (0)
µν = T̂ (τ)

µν . (75)

Using the above results in (71), we have

Rµν [h(τ)] =−T̂ (τ)
µν =−T̂ (0)

µν . (76)

Introducing the matrix R = {gµα Rαν [h(τ)]}µ,ν=0,...,3, and denoting by ρi its eigen-
values, the above equation takes the diagonal form ρ1,2 = −λ2,1. This implies that
the eigenvalues of the deformation matrix O are related to those of the Ricci curva-
ture matrix R:
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ωi = 1+ τρi , i = 1,2 . (77)

Considering the additional Einstein-Hilbert term, the dynamical equivalence (66) in
d = 4 now reads

SEH [h(τ),g]+S(τ)m [ϕ,h(τ),g] = SEH [h(τ)]+S(0)m [ϕ,g]− 1
τ

∫
d4x

√
−g(ω1 −1)(ω2 −1) ,

(78)
where SEH [h(τ),g] is simply obtained by rewriting the Einstein-Hilbert action in the
h(τ)µν frame in terms of the eigenvalues the deformation matrix O:

SEH [h(τ),g] =
∫

d4x
√
−g(ρ1ω2 +ρ2ω1) . (79)

Substituting (77) back into (78), one obtains

SEH [h(τ),g]+S(τ)m [ϕ,h(τ),g]

=
∫

d4x
√
−g(ρ1 +ρ2 + τρ1ρ2)+S(0)m [ϕ,g]

=
∫

d4x
√
−g
[

1
2

gµν Rµν [h(τ)]+
τ

4

(
1
2

(
gµν Rµν [h(τ)]

)2
−Rµν [h(τ)]Rµν [h(τ)]

)]
+S(0)m [ϕ,g] .

(80)

The gravity action in (80) mirrors the standard Einstein-Hilbert term, plus higher
order corrections, albeit with a significant difference: the curvature terms do not
depend on the metric gµν , yet on some auxiliary metric h(τ)µν . Interestingly, since
R only admits two independent eigenvalues ρ1 and ρ2, the above action can be
equivalently written as

SEH [h(τ),g]+S(τ)m [ϕ,h(τ),g] =
1
τ

∫
d4x
[√

−det
(
gµν + τRµν [h(τ)]

)
−
√
−g
]

+S(0)m [ϕ,g] . (81)

Note that the auxiliary metric h(τ)µν only enters the action (81) through its Levi-Civita
connection Γ λ

µν . For this reason, the gravity sector on the right-hand side of the
above equation can be expressed as the Palatini action10

SEiBI [g,Γ ] =
1
τ

∫
d4x
[√

−det
(
gµν + τRµν [Γ ]

)
−
√
−g
]
, (82)

with the equations of motion for the independent connection implementing its h(τ)µν -
compatibility:

10 For a rigorous proof of this argument, see [91].
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Γ
λ

µν =
1
2
(h−1)(τ)λα

(
∂ν h(τ)µα +∂µ h(τ)αν −∂α h(τ)µν

)
. (83)

The gravity theory defined by (82) is known as asymptotically flat Eddington-
inspired Born-Infeld gravity, and we refer the reader to [18] for a comprehensive
review of the subject. Note that, despite the contributions of higher-order curvature
invariants, the theory is ghost-free [17]. The above discussion indicates that, in four
space-time dimensions, as long as the stress tensor structure of the field theory obeys
(72), the equations of motion resulting from TT-deformed action functionals cou-
pled to standard General Relativity are equivalent to those obtained by coupling the
undeformed action to the Palatini gravity theory (82).

It is interesting to have a closer look at matter sectors of the form

S(0)m [ϕ,g] = S(0)m [ϕ,g]−
∫

d4x
√
−gΛ , (84)

where the additional term involving Λ accounts for vacuum energy contributions.
Since the cosmological term does not spoil the desired eigenvalue degeneracy of
the stress-energy tensor, the previously discussed results remain applicable in this
scenario, with

h(τ)µν = gµν − τT (0)
µν , T (0)

µν :=− 2√
−g

δS(0)m

gµν
. (85)

Alternatively, since T (0)
µν = T (0)

µν +Λgµν , where T (0)
µν denotes the energy-momentum

tensor associated to S(0)m [ϕ,g], one may alternatively move the cosmological term to
the gravity sector of the theory, and consider the equivalent metric deformation

h(τ)µν = (1+ τΛ)gµν − τT̂ (0)
µν := ηgµν − τT̂ (0)

µν . (86)

In this way, it is easy to include the cosmological contributions into the gravity
sector (82) associated with the TT-like deformation, which now reads

SEH [h(τ)]+S(τ)m [ϕ,h(τ)]≃1
τ

∫
d4x
[√

−det
(
gµν + τRµν [Γ ]

)
−η

√
−g
]

+S(0)m [ϕ,g] ,

(87)

where the notation ≃ is used to emphasise that the equivalence (87) holds when
the equations of motion for the dynamical connection are satisfied. The Palatini
action appearing in (87) reproduces the Eddington-inspired Born-Infeld functional
with a cosmological term, as discussed in [18]. Note that, in terms of the auxiliary
parameter η , one has

Λ =
η −1

τ
, (88)

which is reminiscent of its two-dimensional analogue introduced in [70].
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3.3 Higher-dimensional
√

TT-like flows

Following the steps of the previous section, and assuming that the stress-energy
tensor of the seed theory admits 2 degenerate eigenvalues λ1 and λ2, respectively of
multiplicity n and m, such that it can be diagonalised as

T(0) = U
(

λ11n×n 0
0 λ21m×m

)
U−1 , (89)

we uplift two-dimensional
√

TT flows to higher-dimensional space-times by intro-
ducing the auxiliary matrix

T̃(0) := U
( d

2n 1n×n 0
0 − d

2m 1m×m

)
U−1 . (90)

Assuming λ1 > λ2, the matrix (90) can be obtained according to the following defi-
nition:

T̃ (0)
µν =

(
d T (0)

µν −T (0)α
α gµν

)
2
√

mn
√

d T (0)βδ −T (0)
βδ

(
T (0)β

β

)2
, (91)

ensuring, as for the d = 2 case,

1
d

T (0)µν T̃ (0)
µν =

1
2
(λ1 −λ2) . (92)

When n = m = d/2, the auxiliary tensor (91) reduces to

T̃ (0)
µν =

√
d
(

T (0)
µν − 1

d T (0)α
α gµν

)
√

T (0)βδ T (0)
βδ

− 1
d

(
T (0)β

β

)2
, (93)

and its associated matrix is simply

T̃(0) = U
(

σσσ3 ⊗1 d
2 ×

d
2

)
U−1 . (94)

For the rest of this section, we will focus on the n = m = d/2 case, whose associated
metric deformations have been studied in [59] for d = 4, but a similar approach
can be easily applied to encompass

√
TT-like deformations in arbitrary space-time

dimensions. The marginal flow associated to the auxiliary tensor (93) reads

∂S(γ)m

∂γ
=
∫

ddx
√
−g

√
1
d

T (γ)µν T (γ)
µν − 1

d2

(
T (γ)µ

µ

)2

=
1
d

∫
ddx

√
−gT (γ)µν T̃ (γ)

µν .

(95)
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As in the two-dimensional setting, the solutions to the above equation can be ob-
tained from the seed theory data through a field-dependent metric deformation, with

S(γ)m [ϕ,k(γ)] =
{

S(0)m [ϕ,g]
}∣∣∣

g=g(k)
, (96)

provided that the deformed metric k(γ)µν is related to the undeformed one by [59]

k(γ)µν = cosh
2γ

d
gµν + sinh

2γ

d
T̃ (0)

µν . (97)

Similarly to the d = 2 case, the associated deformation matrix

M = {gµα k(γ)αν}µ,ν=0,...,d−1 (98)

is given by

M = cosh
2γ

d
1+ sinh

2γ

d
T̃(0) = exp

(
2γ

d
T̃(0)

)
. (99)

Note that, since detM = 1, we have
√
−g =

√
−k(γ). Again, the lack of a dressing

term in (96) requires coupling the
√

TT deformation to an irrelevant TT-like de-
formation to compute the associated gravity sector. Combining (96) with (58), the
dressing mechanism for the higher-dimensional

√
TT+TT-like deformation reads

S(τ,γ)m [ϕ,h(τ,γ)] =
{

S(0,0)m [ϕ,g]

− τ

d

∫
d4x

√
−g
[

2
d

(
T (0,0)µ

µ

)2
−T (0,0)µν T (0,0)

µν

]}∣∣∣∣
g=g(h)

,(100)

with the deformed metric h(τ,γ)µν obtained from gµν via the action of the combined

deformation matrix A = {gµα h(τ,γ)αν }µ,ν=0,...,d−1 defined by

A := M◦O = exp
(

2γ

d
T̃(0,0)

)(
1− τT̂(0,0)

) d
4
. (101)

In the diagonal frame, equation (100) can be equivalently written as

S(τ,γ)m [ϕ,h(τ,γ)] =̇ S(0,0)m [ϕ,g]− τ

∫
d4x

√
−gλ1λ2 . (102)

Solving (101) in terms of λ1 and λ2, and plugging the result back into (102), we
obtain

S(τ,γ)m [ϕ,h(τ,γ),g] = S(0,0)m [ϕ,g]− 1
τ

∫
ddx

√
−g
(

α
d
4

1 − e
γ

2

)(
α2 − e−

γ

2

)
, (103)
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where α1 and α2 denote the eigenvalues of A. Introducing the quantities x1 := tr[A],
x2 = tr[A2], the bimetric gravity sector in (103) can be equivalently written as

−1
τ

∫
ddx

√
−g

[
d

d
2

(
x1 ∓

√
dx2 − x2

1

) d
4
− e

γ

2

][
d

d
2

(
x1 ±

√
dx2 − x2

1

) d
4
− e−

γ

2

]
.

(104)
As in the previous section, particularly in d = 4, algebraic simplifications make it
possible to include dynamical degrees of freedom for the gravity theory and recast
the bimetric functionals appearing in (103) within a Palatini framework. To this
purpose, we consider the total action

S[ϕ,h(τ,γ)] = SEH [h(τ,γ)]+S(τ,γ)m [ϕ,h(τ,γ)] , SEH [h(τ,γ)] =
1
2

∫
d4x
√

−h(τ,γ)R[h(τ,γ)] ,

(105)
with the Einstein field equations reading

Rµν [h(τ,γ)] =−T̂ (τ,γ)
µν =−T̂ (0,γ)

µν . (106)

Since the two deformations commute, we can first pull T̂ (0,γ)
µν back to γ = 0, and

subsequently deform the equations of motion. With this idea in mind, the combined
deformation matrix A = M◦O must have the following eigenvalue structure:

α1 = e
γ

2 (1+ τρ1) , α2 = e−
γ

2 (1+ τρ2) . (107)

Reproducing the steps outlined in the previous section, the full action can be written
as

SEH [h(τ,γ),g]+S(τ,γ)m [ϕ,h(τ,γ),g]

=
∫

d4x
√
−g
[
e−

γ

2 ρ1 + e
γ

2 ρ2 + τ

(
2cosh

γ

2
−1
)

ρ1ρ2

]
+S(0,0)m [ϕ,g] .

(108)

More explicitly, the above functional corresponds to the following action:

1
2

∫
d4x

√
−g
[

gµν Rµν [h(τ,γ)]cosh
γ

2
+ τ

(
cosh

γ

2
− 1

2

)
×
(

1
2

(
gµν Rµν [h(τ,γ)]

)2
−Rµν [h(τ,γ)]Rµν [h(τ,γ)]

)
± sinh

γ

2

√
4Rµν [h(τ,γ)]Rµν [h(τ,γ)]−

(
gµν Rµν [h(τ,γ)]

)2
]
+S(0,0)m [ϕ,g] .

(109)

As in (81), since the deformed metric h(τ,γ)µν contributes to the above functional solely
through its Levi-Civita connection, the action (109) can be equivalently expressed
in the Palatini formalism as
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1
2

∫
d4x

√
−g
[
gµν Rµν [Γ ]cosh

γ

2

+ τ

(
cosh

γ

2
− 1

2

)(
1
2
(
gµν Rµν [Γ ]

)2 −Rµν [Γ ]Rµν [Γ ]

)
± sinh

γ

2

√
4Rµν [Γ ]Rµν [Γ ]−

(
gµν Rµν [Γ ]

)2
]
+S(0,0)m [ϕ,g] . (110)

Moreover, introducing the auxiliary parameter

χ := τ

(
2cosh

γ

2
−1
)
, (111)

together with the tensor

Pµν [Γ ] = cosh
γ

2
Rµν [Γ ]−2sinh

γ

2
Rµα [Γ ]gαβ Rβν [Γ ]− 1

4 gαβ Rαβ [Γ ]Rµν [Γ ]√
Rδη [Γ ]Rδη [Γ ]− 1

4

(
gδη Rδη [Γ ]

)2
,

(112)
equation (110) can be written in a form which is reminiscent of the Eddington-
inspired Born-Infeld functional (82):

SEH [h(τ,γ)]+S(τ,γ)m [ϕ,h(τ,γ)]≃ 1
χ

∫
d4x
[√

−det
(
gµν +χPµν [Γ ]

)
−
√
−g
]

+S(0,0)m [ϕ,g] .

(113)

As a final remark, recall that, in (100), we combined the
√

TT and the TT deforma-
tion to provide an explicit dressing sector for the marginal flow. However, setting
τ = 0 in (110), it is now trivial to single out the pure

√
TT-like contributions to the

gravity theory, which yield

1
2

∫
d4x

√
−g
[

gµν Rµν [Γ ]cosh
γ

2
± sinh

γ

2

√
4Rµν [Γ ]Rµν [Γ ]−

(
gµν Rµν [Γ ]

)2
]
.

(114)
Interestingly, the gravity action (114) reproduces the typical structure of

√
TT-

deformed matter theories in d = 4 space-time (see, for example, the ModMax action
(189)).

4 Ricci flows in the space of metrics

Ricci flows, first introduced by Hamilton in 1982 [77], describe the evolution of
space-time manifolds under the geometric flow

dh(σ)
µν

dσ
=−2Rµν [h(σ)] , (115)
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where h(σ)
µν denotes the metric of the manifold, which depends on some flow pa-

rameter σ , and Rµν [h(σ)] is its Ricci curvature. The Ricci flow has been critically
important in advancing our understanding of the geometric structure of manifolds:
one of its most celebrated applications is Perelman’s resolution of the Poincaré con-
jecture [98]. Further generalisations of the flow (115) have been proposed in the past
years, such as the Ricci-Bourguignon flow [30]

dh(σ)
µν

dσ
=−2Rµν [h(σ)]+2κR[h(σ)]h(σ)

µν , (116)

where κ is an arbitrary parameter.11 In this section, we show how Ricci-type flow
equations naturally arise from the metric flows induced by TT-like deformations
when the associated matter sector is coupled to General Relativity.

4.1 Ricci flows from TT-like flows

In Section 3, we focused on the class of functionals

S[ϕ,h(τ)] = SEH [h(τ)]+S(τ)m [ϕ,h(τ)] , (117)

where the matter sector S(τ)m [ϕ,h(τ)] satisfies the TT-like flow

dS(τ)m

dτ
=

1
d

∫
ddx
√

−h(τ)
[

2
d

(
T (τ)µ

µ

)2
−T (τ)µν T (τ)

µν

]
(118)

in arbitrary dimensions. In addition, we also looked into how the deformation of the
matter sector can be interpreted as a distortion of the space-time geometry, even if
the metric itself has dynamical degrees of freedom. Although it does not have a di-
rect quantum interpretation, the higher-dimensional version of the TT flow provides
important geometric insights into the space of classical field theories. All of these
characteristics are ultimately related to the existence of the auxiliary flow (equation
(59)) in the space of metrics, which becomes even more important when a dynamical
theory of gravity is involved. In particular, note that, for generic d > 2, the Einstein
equations (71) can be equivalently written as

Rµν [h(τ)] = T (τ)
µν − 1

d −2
(h−1)(τ)αβ T (τ)

αβ
h(τ)µν . (119)

In addition, one has

T (τ)
µν =−T̂ (τ)

µν +
2
d
(h−1)(τ)αβ T̂ (τ)

αβ
h(τ)µν , (120)

11 The choice of κ allows interpolating between the Ricci flow (115), realised for κ = 0, and the
Yamabe flow, obtained from (116) in the limit of large κ .
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which, combined with (119), yields

Rµν [h(τ)] =−T̂ (τ)
µν +

d −4
d(d −2)

(h−1)(τ)αβ T̂ (τ)
αβ

h(τ)µν . (121)

Taking the trace of the above equation, we see that

(h−1)(τ)αβ T̂ (τ)
αβ

=
2−d

2
R[h(τ)] , (122)

which implies

T̂ (τ)
µν =−Rµν [h(τ)]−

d −4
2d

R[h(τ)]h(τ)µν . (123)

Assuming d > 2, from the flow equation (59), we finally obtain12

dh(τ)µν

dτ
=

4
d

Rµν [h(τ)]+
2(d −4)

d2 R[h(τ)]h(τ)µν , h(0)µν = gµν . (124)

The equation above describes the purely geometric evolution of the space-time man-
ifold, which is known as the Ricci-Bourguignon flow [30]. In this context, the ex-
plicit dependence of the deformed metric h(τ)µν on the matter sector is absent from
the flow equation, suggesting that the evolution of the space-time geometry is self-
regulated to some extent. The residual influence on the matter content is simply
manifested through the boundary condition Rµν [h(0)]− 1/2R[h(0)]h(0)µν = T (0)

µν at
τ = 0. Notice also that, in d = 4, equation (124) simplifies into

dh(τ)µν

dτ
= Rµν [h(τ)] , h(0)µν = gµν , (125)

thus inducing a Ricci flow [77] of the space-time metric. In Section 5, we will see
how Ricci flows emerge once again when studying the thermodynamic properties of
the deformed solutions to the field equations.

To restore the standard conventions used in the context of geometric flows, we
define the auxiliary parameter σ :=−2τ/d, and introduce the variable

κ :=
4−d

2d
. (126)

In this way, equation (124) assumes the familiar form

dh(σ)
µν

dσ
=−2Rµν [h(σ)]+2κR[h(σ)]h(σ)

µν , h(0)µν = gµν . (127)

As shown in [30], as long as κ is below its critical value,

12 In the previous section, we gave extensive importance to the eigenvalue structure of the stress-
energy tensor. However, it should be noted that the metric flow (59) is satisfied independently of
the particular form of T (0)

µν .
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κ <
1

2(d −1)
:= κcrit , (128)

every initial compact Riemannian manifold admits a unique smooth solution for
finite σ . From the definition (126), we see that the condition (128) is indeed satisfied
for every integer value d > 2.

Within this framework, it is moreover possible to prove that, if the undeformed
space-time manifold has vanishing scalar curvature, yet Rµν [h(0)] is non-vanishing,13

the Ricci scalar becomes positive for any given positive value of the auxiliary param-
eter σ , provided that κ ≤ κcrit (see Remark 4.3 of [30]). Again, the latter condition is
always verified for d > 2. This is consistent with the results presented in [37], where
it was shown that higher-dimensional TT-like flows do not preserve, in general, the
original flatness of the space-time manifold.

4.2 Einstein-Ricci solitons and the singular conformal limit

As briefly noted in the previous section, the stress tensor degeneracy (72) charac-
terises a wide range of physical theories in four dimensions. Among such theories,
some show an even greater degeneracy in the eigenvalues of the energy-momentum
tensor: a notable example is that of a vacuum energy term, whose action functional
reads14

S(0)m [g] =−
∫

d4x
√
−gΛ , (129)

where Λ is assumed to be constant throughout space-time. In this short section,
we analyse the evolution of the above matter action under the TT-like flow (56),
exploring its singular limit though the result presented in [3, 2]. The Hilbert stress
tensor associated with (129) is simply computed as

T (0)
µν =−Λgµν , (130)

and the metric deformation (74) reduces to a global rescaling of the original space-
time metric:

h(τ)µν = (1+ τΛ)gµν . (131)

Noting that

−
√
−g
(

Λ + τT (0)µν T̂(0)µν

)
=−

√
−h(τ)

(1+ τΛ)2

(
Λ + τΛ

2) , (132)

13 For simplicity, let d = 4. If Rµν [h(0)] = 0, the flow is trivially static: this merely happens because
the associated matter sector has a vanishing stress-energy tensor. In contrast, consider, for example,
the space-time structure induced by the Einstein-Maxwell equations: the matter sector is conformal
in d = 4, and T (0)

µν is traceless. Since Rµν [h(0)] =−T̂ (0)
µν in τ = 0, one has R[h(0)] = 0, even though

the space-time manifold is not Ricci-flat.
14 The minus sign in (129) is introduced to adhere to the usual conventions.
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the TT-like deformed action is easily obtained by means of equation (58):15

S(τ)m [h(τ)] =−
∫

d4x
√
−h(τ)

(
Λ

1+ τΛ

)
. (133)

When the above action is coupled to general relativity, the Einstein field equations
read

Rµν [h(τ)] =
Λ

1+ τΛ
h(τ)µν := ∆h(τ)µν , (134)

or, in terms of the scalar curvature, R[h(τ)] = 4∆ . Note that, in terms of the Ricci
flows described in the previous section, the above equation defines an Einstein-
Ricci soliton. A Ricci soliton is simply a space-time manifold whose metric h(τ)µν

evolves under the Ricci flow in an inessential manner, in the sense that all the stages
h(τ)µν coincides with h(0)µν = gµν up to diffeomorphisms and multiplications by some
positive constant [41]. In static coordinates, a general solution to equation (134) can
be written as

h(τ)µν dxµ dxν =−
(

1− 2∆r2

3

)
dt2 +

(
1− 2∆r2

3

)−1

dz2 + r2 (dθ
2 + sin2

θdφ
2) .
(135)

The metric (135) presents an event horizon in r =
√

3/(2∆) for positive values of
∆ , whose value is, in turn, determined both by the seed geometry and by the value
of τ . Assuming Λ > 0, there exists a critical value of τ for which the sign of ∆ is
flipped, and the singularity disappears.

Fig. 3: On the left, the evolution of the AdS4 space-time along the flow. As
τ →−1/Λ , the Anti-de Sitter space approaches a conical geometry. On the right, a
similar depiction of the evolution of the dS4 space-time along the flow.

15 It is easy to explicitly verify that (133) satisfies the TT flow. However, remember that in this
context the deformed metric h(τ)µν is considered to be the actual space-time metric, and the matter
sector depends on τ only explicitly.
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Space-times with constant scalar curvature are called maximally symmetric,
since they can accommodate the highest possible number of Killing vectors. More-
over, once a specific metric signature is fixed, such space-times are unique for each
value of R[h(τ)]. Note that the deformation trivialises the geometry in the strong cou-
pling limits τ →±∞, as the symmetry group of space-time trivialises to the Poincaré
group ISO(1,3) = R1,3 ⋊O(1,3), and the space-time manifold itself reduces to the
Minkowski space-time. When the curvature of the manifold is finite and positive (re-
spectively, negative), the solution to the equations of motion is known as the de Sit-
ter (respectively, Anti-de Sitter) space-time, and its associated symmetry groups is
known as the de Sitter (respectively, Anti-de Sitter) group dS4 (respectively, AdS4).
Both dS4 and AdS4 can be defined as hyper-surfaces in R1,4 and R2,3, whose points
in Cartesian coordinates ξ A, A = 0, . . . ,4, satisfy, respectively,

dS4 :
(
ξ

0)2 −
(
ξ

1)2 −
(
ξ

2)2 −
(
ξ

3)2 −
(
ξ

4)2
=−l2 ,

AdS4 :
(
ξ

0)2 −
(
ξ

1)2 −
(
ξ

2)2 −
(
ξ

3)2
+
(
ξ

4)2
= l2 ,

(136)

where l :=−3η44/∆ is known as the de Sitter length parameter.
As the flow parameter τ approaches −1/Λ , the effective cosmological constant

∆ grows towards infinity, the de Sitter length l vanishes, and the group deformation
produces simultaneous changes in the embedding geometries [3, 2]. Specifically,
in the limit of an infinite cosmological term, the de Sitter and the Anti-de Sitter
spaces are both led to a four-dimensional cone-space, singular at the cone vertex
(see Figure 3 for a pictorial visualisation). Note that, as l → 0, the metric h(τ)µν ends
up being singular everywhere on the cone, and the Ricci scalar curvature becomes
infinite.

As shown in [2], in the limit of an infinite cosmological constant, the group which
defines the kinematics of the cone space-time reduces to the so-called conformal
Poincaré group [4], the semi-direct product of Lorentz and the proper conformal
group. Moreover, despite the singular nature of the metric tensor, preventing the
definition of space distances and time intervals, a conformally invariant metric can
be introduced, which allows the definition of conformal concepts of space distances
and time intervals.

Note that the above discussion can be easily extended to arbitrary dimensions.
For generic d, the deformed metric reads

h(τ)µν = (1+ τΛ)
4
d gµν , (137)

and the corresponding deformed matter sector is simply given by

S(τ)m [h(τ)] =−
∫

ddx
√
−h(τ)

(
Λ

1+ τΛ

)
, (138)

reproducing the structure obtained in (133) for the d = 4 case. When the deformed
matter sector is coupled to General Relativity, the Einstein field equations read



Stress-energy tensor deformations, Ricci flows and black holes 33

Rµν [h(τ)] =
2

d −2
∆h(τ)µν , (139)

where, as before, we introduced a deformed cosmological constant ∆ = Λ/(1+
τΛ). Note that we did not discuss the effects of additional

√
TT-like deformations

of the matter sector (129), as they have no effect on the seed theory. This can be
easily seen from the dressing perspective, since Λ does not depend on the space-
time metric, and, due to the unimodularity of the

√
TT deformation matrix, one has

√
−g =

√
−h(0,γ).

4.3 Classical (d −1)-form field theories as vacuum energy theories

A large class of physical models can be expressed in the language of Abelian p-
form field theories, with the scalar (0-form) field and the Maxwell (1-form) field
being some of the most notable examples. The other possibilities in four space-
time dimensions are p = 2 and p = 3-form field theories, and the latter will be
the main focus of this brief section. As pointed out in [89], both the p = 2 and
the p = 3 case inherently produce stress-energy tensors typical of perfect fluids.
Specifically, they can describe non-rotating fluids (p = 2) and rotating fluids (with
a combination of p = 2 and p = 3 fields), while the pure p = 3 case reproduces the
effects of a cosmological constant. This phenomenon can be extended to arbitrary
space-time dimensions [90], with (d − 2)-form field theories being responsible for
non-rotating perfect fluids, and (d − 1)-form field theories accounting for vacuum
energy contributions.

In d space-time dimensions, we consider the rank d −1 potential

A =
1

(d −1)!
Aµ1...µd−1 dxµ1 ∧·· ·∧dxµd−1

, µi = 1, . . . ,d , (140)

and introduce the field strength F = dA. In what follows, we will consider matter
actions S(0)m [A,g] constructed from the Lorentz invariant

K := d!⋆ (F ∧⋆F) = Fµ1...µd Fµ1...µd . (141)

Denoting by L
(0)

m the Lagrangian density of the seed theory, the stress-energy tensor
associated with the (d −1)-form field theory takes the form

T (0)
µν =

(
L

(0)
m −2K

∂L
(0)

m

∂K

)
gµν . (142)

From (60), we immediately see that the TT deformed metric is given by
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h(τ)µν =

(
1− τL

(0)
m +2τK

∂L
(0)

m

∂K

) 4
d

gµν . (143)

In addition, one can show that the equations of motion for the potential Aµ1...µd−1
reduce to [89, 90]

√
K

∂L
(0)

m

∂K
= c(0) , (144)

where c(0) is a constant. If L
(0)

m = a
√

K for some real coefficient a, equation (144)
is trivially satisfied under any configuration of the (d−1)-form field, and the stress-
energy tensor (142) identically vanishes. Furthermore, if we assume that L

(0)
m ̸=

a
√

K, we observe that equation (144) forces K itself to be a constant. Defining

ΛK := 2K
∂L

(0)
m

∂K
−L

(0)
m , (145)

we see that the structure of the energy-momentum tensor (130) is replicated by the
equations of motion of the theory.

Along the TT-like flow, we expect the deformed Lagrangian to depend on the
(d − 1)-form field only through K. In particular, denoting by L

(τ)
m the deformed

Lagrangian density, we will have

T (τ)
µν =

(
L

(τ)
m −2K

∂L
(τ)

m

∂K

)
h(τ)µν , (146)

together with
√

K
∂L

(τ)
m

∂K
= c(τ) . (147)

The implications of (146) and (147) are the same as in the undeformed case, with the
deformed theory in τ reproducing the effects of a (deformed) cosmological constant.
Moreover, one has

dc(τ)

dτ
=
√

K
∂

∂K
∂L

(τ)
m

∂τ
=

1
d

√
K

∂

∂K

(
T̂ (τ)µν T (τ)

µν

)
=

2
d

√
KT̂ (τ)µν

∂T (τ)
µν

∂K
. (148)

Using (146), after some algebraic manipulations, we arrive at

dc(τ)

dτ
=−2

√
K

(
L

(τ)
m −2K

∂L
(τ)

m

∂K

)(
∂L

(τ)
m

∂K
+2K

∂ 2L
(τ)

m

∂K2

)
. (149)

As far as the explicit structure of the deformed theory is concerned, it is important
to note that the initial boundary conditions for the (d−1)-form field theory are gen-
erally different from those encountered when dealing with a pure cosmological con-
stant. Additionally, the extra involvement of the metric tensor gµν in constructing
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the Lorentz invariant K makes the dressing procedure significantly more challeng-
ing than before. Therefore, even though classical (d−1)-form field theories behave
like vacuum energy theories, their deformation does not immediately replicate the
typical structure of the Einstein-Ricci solitons that are characteristic of pure (A)dS
space-times. However, on-shell, the evolution of the deformed space-time geometry
still exhibits self-similarity. Setting L

(0)
m = K and solving the flow perturbatively in

τ , one can verify that the associated deformed action is

S(τ)[A,h(τ)] = 2
∞

∑
n=0

∫
ddx
√
−h(τ)

[
(4n+1)!

(n+1)!(3n+2)!

]
τ

nKn+1 . (150)

The above series can be equivalently expressed in terms of generalised hypergeo-
metric functions, yielding

S(τ)[A,h(τ)] =
3

4τ

∫
ddx
√
−h(τ)

[
3F2

(
−1

2
,−1

4
,

1
4

;
1
3
,

2
3

;
256
27

τK
)
−1
]
. (151)

Among several other models, Maxwell’s theory in d = 2 belongs to the class of
(d − 1)-form field theories, and the action (151) correctly reproduces the results
presented in [33] for the two-dimensional case. There is an intuitive reason behind
the somehow non-trivial observation that the deformation yields the same result
independently of the space-time dimension. Note that, at each perturbative order in
τ , equation (146) ensures that T (τ)

µν = T̂ (τ)
µν . Moreover, being T (τ)

µν proportional to the
metric tensor, at each order the matter action is deformed by the operator

1
d

T (τ)µν T̂ (τ)
µν =

(
L

(τ)
m −2K

∂L
(τ)

m

∂K

)2

, (152)

which does not depend on the specific value of d.
It is also interesting to observe that the coefficients in (150) correspond, for each

n, to the number of rooted 3-connected triangulations with 2n+2 faces.16 As a final
remark since, at any order, the

√
TT-like flow is driven by the difference of the two

independent eigenvalues of the energy-momentum tensor, and given the degenerate
stucture of (146), the marginal deformation does not affect the theory.

5 TT and
√

TT-deformed black holes in d = 4

The discussion in Section 4 focuses on the case of Einstein-Ricci solitons, which
is just one example of how the effects of TT-like deformations on solutions to the
Einstein field equations can be analyzed analytically.

16 A graph is said to be 3-connected if there are no two vertices whose removal would disconnect
the graph, and it is called rooted when one of its vertices, edges, or faces is distinguished in some
way.
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In this section, using the formalism developed in the previous sections, we study
how black hole solutions are modified when a TT-like deformation is induced on the
matter sector of the theory.17 Focusing on the extremal solutions associated with TT-
like deformations of Reissner-Nordström black holes, we show that the evolution
of the Bekenstein-Hawking entropy along the stress tensor flow is governed by a
Ricci flow induced on the horizon surface. Additionally, using the commutativity of
the TT and

√
TT-like perturbation, we illustrate how electrovacuum solutions are

deformed by their combined action.

5.1 TT-deformed electrovacuum solutions

We start by considering Maxwell’s theory of electrodynamics as the seed theory for
the deformation. The initial action is

S(0)m [A,g] =
1
4

∫
d4x

√
−gFµν Fµν , (153)

where Fµν = ∂µ Aν −∂ν Aµ is the field strength associated to the Abelian gauge field
Aµ . The stress-energy tensor of the theory is computed as

T (0)
µν =

1
4

Fαβ Fαβ gµν −Fµ
α Fνα , (154)

and the matrix T(0) admits two distinct eigenvalues λ+ and λ−, each of multiplicity
2, and given by

λ± =± 4
√

detT(0) . (155)

As briefly stated in section 3, this type of degeneracy extends well beyond Maxwell’s
theory and characterizes any Abelian gauge theory in four space-time dimensions.
Therefore, the findings of this section can be readily extended to derive the deformed
version of a much broader class of theories. By implementing the dressing proce-
dure introduced in (58), it is possible to show that the TT-deformed variant of (153)
is the Born-Infeld theory18 [34, 37, 91]

S(τ)m [A,h(τ)] =
1

2τ

∫
d4x
√
−h(τ)

(√
1+ τF − τ2

4
G 2 −1

)
, (156)

17 In the case of d = 4, the dual Palatini description (82) of the gravity sector connected to the
deformation can be used alternatively to study the deformed solutions. This is possible due to the
extensive body of work in cosmology literature concerning Eddington-inspired Born-Infeld black
holes (see, for example, [95]).
18 The full identification is achieved by setting τ =−1/(2β 2), where β is known as the Born-Infeld
parameter, corresponding to the maximal value of the electromagnetic field strength.
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where we introduced the invariants F := Fµν Fµν and G := Fµν (⋆F)
µν

. Coupling
the above functional to General Relativity, one obtains the Einstein-Born-Infeld ac-
tion

S[A,h(τ)] = SEH [h(τ)]+S(τ)m [A,h(τ)] . (157)

As discussed in the previous section, the equations of motion for (157) are equiva-
lent to those obtained by coupling the undeformed theory (153) to the Eddington-
Inspired Born-Infeld functional (82):

S[A,h(τ)]≃ 1
τ

∫
d4x
[√

−det
(
gµν + τRµν [Γ ]

)
−
√
−g
]
+

1
4

∫
d4x

√
−gFµν Fµν ,

(158)
where the two metrics h(τ)µν and gµν are related by (74). We now aim at studying
spherically symmetric, stationary solutions to the Einstein equations for the de-
formed theory, namely,

Rµν [h(τ)] =−T̂ (τ)
µν . (159)

Making the most out of (75), solving the non-trivial system of equations (159) can
be reduced to solving

Rµν [h(τ) ◦g] =−T̂ (0)
µν . (160)

Additionally, the diagonalisation procedure of T̂(0) is automatically implemented
when considering reference frames in which the solutions enjoy spherical symmetry.
In particular, for a given radial function r, we write the gauge field as A = Atdt,
where19

At =−Q
r
+ constant terms , (161)

ensuring that the only non-vanishing component of the field strength Fµν is Frt =
Q/r2. The stress tensor of the seed theory can be compactly written as

T(0) =− Q2

2r4 σσσ3 ⊗12×2 , (162)

and, looking back at (155), we can identify λ± =±Q2/2r4. We then make an ansatz
for the metric gµν , following the proposal of [95]:

gµν dxµ dxν =−A(x)dt2 +
dx2

A(x)
+ r2(x)

(
dθ

2 + sin2
θdφ

2) . (163)

The function r(x) can be alternatively chosen as a radial coordinate, which turns the
above expression into

gµν dxµ dxν =−A(x)dt2 +
dr2

B(x)
+ r2 (dθ

2 + sin2
θdφ

2) . (164)

19 For the rest of this paper, we will assume Q > 0.
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In general, this replacement is possible as long as the relation between the coordinate
x and the radial function r is monotonic [95]. The deformed metric h(τ)µν is then
obtained by acting on gµν with the deformation matrix O = 1− τT̂(0): denoting its
two distinct eigenvalues by ω±, where

ω± = 1± τQ2

2r4 , (165)

such that O = diag(ω−,ω+)⊗12×2, one has

h(τ)µν dxµ dxν =−ω−A(x)dt2 +ω−
dx2

A(x)
+ω+r2(x)

(
dθ

2 + sin2
θdφ

2) . (166)

Note that the action of O deforms the effective radius of the spherical element of the
metric: defining the auxiliary coordinate z :=

√
ω+r, such that

r2 =
1
2

(
z2 +

√
z4 −2τQ2

)
, (167)

it is possible to rewrite equation (166) as

h(τ)µν dxµ dxν =−C(z)dt2 +
dz2

C(z)
+ z2 (dθ

2 + sin2
θdφ

2) , (168)

where we introduced the metric function C(z) := ω−A(x). Note that the square root
term in (167) is well-defined only for negative values of the flow parameter τ . With
the identification τ =−1/(2β 2), requiring τ < 0 corresponds to a positivity condi-
tion for the Born-Infeld bound. For this reason, it is convenient to study the solution
in terms of the auxiliary flow parameter

ε :=−τ . (169)

In the deformed frame, the geometry of space-time is governed by T (ε)
µν : in particular,

with the usual ansatz C(z) = 1−2m(z)/z, the mass term m(z) is required to satisfy20

[24]

m(z) =−
∫ z

0
dξ ξ

2 (h−1)(ε)0α T (ε)
α0 (ξ ) :=−

∫ z

0
dξ ξ

2 H (ε)(ξ ) . (170)

We then define the asymptotic mass m0 := m(∞), which allows us to rewrite (170)
as

m(z) = m0 +
∫

∞

z
dξ ξ

2 H (ε)(ξ ) . (171)

At this point, using the equivalence (75), we see that

20 The minus sign in equation (170) originates from the definition of stress-energy tensor given in
(7), which carries an extra minus sign if compared with the usual definition of energy density.
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(h−1)(ε)µα T̂ (ε)
αν = (Ω−1)µ

β gβγ T̂ (ε)
γν = (Ω−1)µ

β gβγ T̂ (0)
γν , (172)

which explicitly yields

H (ε)(ξ ) =− Q2

2r4(ξ )− εQ2 =− Q2

ξ 4 +ξ 2
√

ξ 4 +2εQ2
. (173)

The mass function m(z) is then obtained as

m(z) = m0 −
∫

∞

z
dξ

Q2

ξ 2 +
√

ξ 4 +2εQ2
, (174)

or, equivalently, by solving the differential equation

dm
dz

=
Q2

z2 +
√

z4 +2εQ2
. (175)

In ε = 0, where z = r, equation (175) reduces to

lim
ε→0

dm
dz

=
Q2

2z2 , (176)

which, upon integration, reproduces the Reissner-Nordström structure of the asso-
ciated undeformed solution, namely,

lim
ε→0

C(z) = 1− 2m0

z
+

Q2

z2 . (177)

The structure of the event horizon associated with the asymptotic solution (177) is
related to the roots of C(z), given by

z± = m0 ±
√

m2
0 −Q2 . (178)

The two solutions coincide in the extremal case, for which z± := z̄ = Q. Conversely,
in the strong coupling regime, for ε → ∞, the energy density (173) vanishes, the
mass function goes to 0, and space-time becomes Minkowskian. For generic values
of ε , solving the differential equation (175), one obtains

C(z) = 1− 2m0

z
+

z2

3ε

1−

√
1+

2εQ2

z4

+
4Q2

3z

∫
∞

z

dξ√
ξ 4 +2εQ2

. (179)

The last term is an elliptic integral of the first kind, which can be written in terms of
hypergeometric functions:∫

∞

z

dξ√
ξ 4 +2εQ2

=
1
z

[
2F1

(
1
4
,

1
2

;
5
4

;−2εQ2

z4

)]
. (180)
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It is worth noting that, with the identification ε = −τ = 1/(2β 2), this result aligns
with the Einstein-Born-Infeld black hole solutions found in the literature [75]. From
the discussion of Section 4, we also conclude that the metric (168), with C(z) given
by (179), is a solution of the Ricci flow equation

dh(ε)µν

dε
=−Rµν [h(ε)] . (181)

The quite complicated structure of the function C(z) associated with the TT-like
deformed metric makes it difficult to study the solution purely relying on analytical
tools. However, the extremal solution corresponding to (179) admits particularly
simple expressions as far as the horizon data are concerned.

5.2 Ricci flows of the extremal Bekenstein-Hawking entropy

For generic values of the flow parameter τ , the black hole solution described by
(179) can have either zero, one or two event horizons, depending on the values of
m0 and Q. In the extremal case, when the two solutions coincide, the horizon radius
z̄ of the TT-deformed black hole is obtained as [75]

z̄ =

√
Q2 − ε

2
. (182)

Identifying Q as the horizon radius r̄ of the (undeformed) extremal Reissner-
Nordström black hole, equation (182) can be written in a more suggestive form
as

z̄ =

√
r̄2 − ε

2
. (183)

Introducing the two-dimensional metric tensor H(ε)
i j associated to the spherical ele-

ment of the four-dimensional metric (168), namely,

H(ε)
i j (z,ψ)dψ

idψ
j := z2 (dθ

2 + sin2
θdφ

2) , (184)

where (ψ1,ψ2) = (θ ,φ), one can observe that equation (183) is a solution to the
flow equation

d
dε

H(ε)
i j (z̄,ψ) =−1

2
Ri j

[
H(ε)(z̄,ψ)

]
, (185)

where Ri j[H(ε)] denotes the Ricci curvature tensor associated to the metric H(ε)
i j .

Together with the boundary condition

H(0)
i j (z̄,ψ) = Hi j(r̄,ψ) , (186)
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which ensures that, in ε = 0, the horizon surface reduces to the Reissner-Nordström-
like one, equation (185) defines a Ricci flow of the event horizon associated with
the TT-deformed extremal black hole. The evolution of the Bekenstein-Hawking
entropy S of the extremal solution, given by the area law

S =
Ahor

4
= π z̄2 , (187)

where Ahor denotes the area of the black hole horizon, is in turn fully governed by
the Ricci flow equation (185). This shows that, for spherically symmetric, static,
electrovacuum solutions, a TT-like deformation of the associated four-dimensional
theory is reflected on the extremal geometry of the black hole’s event horizon in
terms of a Ricci flow, which determines the evolution of the entropy area law (187)
as the coupling parameter ε is varied. In particular, combining (187) with (183), one
has

∂S

∂ε
=−π

2
, ε ≤ 2Q2 . (188)

Flowing towards positive values of ε — or, equivalently, towards negative values
of τ — we observe that there is a critical value of the auxiliary flow parameter,
εcrit = 2Q2, at which the singularity disappears, and the entropy of the black hole
vanishes.

Fig. 4: Evolution of the extremal black hole event horizon along the flow, where
each triangle represents one fundamental domain (induced by the Planck scale, here
taken to be adimensional). Note that, because of (187), four triangles constitute one
bit of Bekenstein-Hawking entropy. Conversely, flowing towards positive values of
ε , the horizon shrinks, and the black hole entropy is reduced.
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5.3
√

TT-deformed electrovacuum solutions

We now examine how static, spherically symmetric electrovacuum solutions to the
Einstein-Maxwell theory are deformed along the marginal

√
TT flow. Notably, it has

been shown [37, 9, 62] that the Maxwell theory (153) is deformed along the
√

TT
flow into ModMax electrodynamics [13], whose action is

S(0,γ)m [A,h(0,γ)] =
1
4

∫
d4x
√
−h(0,γ)

(
coshγ F − sinhγ

√
F 2 +G 2

)
, (189)

where F := Fµν Fµν and G := Fµν (⋆F)
µν

. As in the pure TT case, we start by
making an ansatz for the undeformed metric gµν , which we write as

gµν dxµ dxν =−A(x)dt2 +
dr2

B(x)
+ r2 (dθ

2 + sin2
θdφ

2) . (190)

The
√

TT deformed line element is obtained by acting on (190) with the deformation
matrix M introduced in (99): denoting by π± its eigenvalues, we have

h(0,γ)µν dxµ dxν =−π+A(x)dt2 +π+
dx2

A(x)
+π−r2(x)

(
dθ

2 + sin2
θdφ

2)
:=C(w)dt2 +

dz2

C(w)
+w2 (dθ

2 + sin2
θdφ

2) , (191)

where π± = e±
γ

2 . Note that, similarly as before, in the second line of (191) we
introduced the auxiliary coordinate w :=

√
π−r, as well as the metric function

C(z) := π+A(x) . In particular, we see that r2 = e
γ

2 w2. We now aim to obtain an
expression for the matrix (h−1)(0,γ)µα T (0,γ)

αν in terms of the seed theory data. This is
not easily done in general, but when the undeformed theory is conformal — as in
the case of (153) — one has [54]

T (0,γ)
µν = cosh

γ

2
T (0,0)

µν +
1
2

sinh
γ

2

√
T (0)αβ T (0,0)

αβ
gµν , (192)

which, in turn, implies that the diagonal entries of the matrices gµα T (0,0)
αν and

(h−1)(0,γ)µα Tαν are the same. In particular, we have

(h−1)(0,γ)µα T (0,γ)
αν =− Q2

2r4 σσσ3 ⊗12×2 =−e−γ Q2

2w4 σσσ3 ⊗12×2 . (193)

Assuming C(w) = 1−2m(w)/w, one has

m(z) = m0 +
∫

∞

z
dξ ξ

2 H (0,γ)(ξ ) , (194)
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where

H (0,γ)(ξ ) =− Q2

2r4(ξ )
=−e−γ Q2

2ξ 4 . (195)

The mass function m(w) is then easily obtained once (193) is substituted back into
(194), yielding

m(w) = m0 −
e−γ Q2

w
. (196)

We thus conclude that the metric function C(w) associated to the ModMax black
hole solution is

C(w) = 1− 2m0

w
+

e−γ Q2

w2 , (197)

which reproduces the results presented in [65]. Observe that the global effect of the√
TT deformation simply amounts to a rescaling of the Reissner-Nordström charge,

with
Q2 7→ e−γ Q2 . (198)

Relation (198) can be also obtained by the following argument, proposed in [65],
which directly leads to the deformed solution for the electrically charged black hole:
given the spherical symmetry of the solution, the invariant G vanishes, and, on-shell,
the ModMax Lagrangian reduces to

L
(0,γ)

m =
1
4
(coshγ − sinhγ)F = e−γL

(0,0)
m , (199)

where L
(0,0)

m = F/4 is the Maxwell Lagrangian. From this viewpoint, recalling
that higher-dimensional

√
TT and TT-like flows commute, it is easy to combine the

two deformations. The TT+
√

TT-deformed matter sector reproduces the ModMax-
Born-Infeld theory, described by the action

S(τ,γ)m [A,h(τ,γ)] =
1

2τ

∫
d4x
√

−h(τ,γ)
(√

1−4τL
(0,γ)

m − τ2

4
G 2 −1

)
, (200)

where
L

(0,γ)
m =

1
4

(
coshγ F − sinhγ

√
F 2 +G 2

)
. (201)

Explicitly, after rescaling the black hole charge in (179) by a factor of e−
γ

2 , and
reintroducing the auxiliary parameter ε = −τ , we obtain that the solution to the
Einstein field equations for the matter sector (200) is given by

h(ε,γ)µν dxµ dxν =−C(z)dt2 +
dz2

C(z)
+ z2 (dθ

2 + sin2
θdφ

2) , (202)

where the metric function C(z) reads:
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C(z) = 1− 2m0

z
+

z2

3ε

1−

√
1+

2εe−γ Q2

z4


+

4e−γ Q2

3z2

[
2F1

(
1
4
,

1
2

;
5
4

;−2εe−γ Q2

z4

)]
.

(203)

For any fixed value of γ , the metric (202) satisfies the Ricci flow

dh(ε,γ)µν

dε
=−Rµν [h(ε,γ)] . (204)

From (182), we see that the horizon radius of the extremal solution is obtained as

z̄ =

√
e−γ Q2 − ε

2
, (205)

with the auxiliary TT-like coupling ε inducing a Ricci flow of the horizon surface.
The corresponding Bekenstein-Hawking entropy of the extremal ModMax-Born-
Infeld black hole reads

S = π

(
e−γ Q2 − ε

2

)
. (206)

Note that, for any given value of γ , there exists a critical value εcrit = 2e−γ Q2 such
that S = 0.

5.4 Charged black holes in asymptotically curved space-time

So far, we have studied TT and
√

TT-deformed electrovacuum solutions in asymp-
totically flat geometries. However, this formalism can easily be extended to include
asymptotically (A)dS4 space-times as well. Importantly, adding a cosmological term
to the seed theory does not spoil the desired stress tensor degeneracy. Consider the
action:

S(0)m [A,g] = S(0)m [A,g]−
∫

d4x
√
−gΛ , (207)

where S(0)m [A,g] is defined as in (153), and Λ accounts for vacuum energy contribu-
tions. The stress tensor associated with (207) is simply computed as

T (0)
µν = T (0)

µν −Λgµν , T (0)
µν :=− 2√

−g
δS(0)m

δgµν
, (208)

and the eigenvalues λ± of the matrix T(0) = {gµα T (0)
αν}µ,ν=0,3 are obtained from

the ones of T(0) (see (155)) as

λ± = λ±−Λ . (209)
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A generic solution to the TT-like flow (59) associated to the seed theory (207) can
be written in terms of the deformed metric h(τ)µν as [34]

S(τ)m [A,h(τ)] = S(τ̄)m [A,h(τ)]−
∫

d4x
√

−h(τ)
(

Λ

1+ τΛ

)
, τ̄ := τ(1+ τΛ) , (210)

where S(τ̄)m [A,h(τ)] coincides with the Born-Infeld functional (156) with an effective
flow parameter τ̄ = τ(1+τΛ). Note that the cosmological term gets modified along
the flow, and, in the deformed theory, the full contribution to the vacuum energy of
the system is given by

∆ =
Λ

1+ τΛ
. (211)

From (208), we see that the deformation matrix

O = 1− τT̂
(0)

(212)

admits two independent eigenvalues ω±, such that O= diag(ω−,ω+)⊗12×2, which
are obtained as

ω± = 1± τQ2

2r4 + τΛ . (213)

We can now couple the deformed theory to the Einstein-Hilbert term, and study
spherically symmetric, static solutions of the following action:

S[A,h(τ)] = SEH [h(τ)]+S(τ̄)m [A,h(τ)]−
∫

d4x
√

−h(τ)∆ . (214)

Echoing the ansatz (163) for the metric gµν , we can write the associated deformed
metric h(τ)µν through the action of O as

h(τ)µν dxµ dxν =−C(z)dt2 +
dz2

C(z)
+ z2 (dθ

2 + sin2
θdφ

2) , (215)

where, this time, we introduced C(z) := ω−A(x), together with the auxiliary coor-
dinate z :=√

ω+r. Explicitly, setting ε = −τ , z and r are related by the following
equation:

r2 =
1

2(1− εΛ)

(
z2 +

√
z4 +2ε(1− εΛ)Q2

)
. (216)

Assuming C(z) = 1−2m(z)/z, and computing the deformed energy density as

H (ε)(ξ ) =− Q2

ξ 4 +ξ 2
√

ξ 4 +2ε̄Q2
−∆ , ε̄ := ε(1− εΛ) , (217)

we see that the mass function m(z) is determined by the solution to the differential
equation
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dm
dz

=
Q2

z2 +
√

z4 +2ε̄Q2
+ z2

∆ , (218)

which translates into

C(z)= 1− 2m0

z
− 2∆z2

3
+

z2

3ε̄

1−

√
1+

2ε̄Q2

z4

+
4Q2

3z2

[
2F1

(
1
4
,

1
2

;
5
4

;−2ε̄Q2

z4

)]
.

(219)
Note that the above result is consistent with the Einstein-Born-Infeld black hole
solutions present in the literature (see, for example, [75]).

We conclude by observing that, despite the seed theory being not conformal due
to the presence of Λ , it is still possible to take into account

√
TT-like deformations

of the matter action (207). To this end, it is sufficient to note that the cosmologi-
cal constant produces a homogeneous shift in the stress-energy tensor eigenvalues:
since, at any order, the

√
TT-like deformation is driven by the difference of the two

independent eigenvalues of the energy-momentum tensor, the Λ term is in no way
affected by the deformation, and we find

S(0,γ)m [A,h(0,γ)] = S(0,γ)m [A,h(0,γ)]−
∫

d4x
√

−h(0,γ)Λ . (220)

The energy density associated to the ModMax theory in asymptotically curved space
is then obtained as

H (0,γ)(ξ ) =− Q2

2r4(ξ )
−Λ =−e−γ Q2

2ξ 4 −Λ , (221)

implying that, once again, the global effect of the
√

TT-like deformation of the so-
lution to the Einstein equations comes down to a rescaling of the black hole charge.
Combining this result with (219), we see that the ModMax-Born-Infeld solution in
asymptotically curved space-time is characterised by the metric function

C(z) =1− 2m0

z
− 2∆z2

3
+

z2

3ε̄

1−

√
1+

2ε̄e−γ Q2

z4


+

4e−γ Q2

3z2

[
2F1

(
1
4
,

1
2

;
5
4

;−2ε̄e−γ Q2

z4

)]
.

(222)

6 Conclusions

In this work, primarily focusing on the eigenvalue structure of the stress-energy ten-
sor, together with the dressing mechanism which characterised irrelevant TT and
TT-like deformations, we illustrated a method for associating gravity functionals to
a broad class of stress tensor deformations, both in two and in higher space-time
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dimensions. After coupling the deformed theory to General Relativity, we showed
how the metric flow associated with TT-like deformations in higher-dimensional
space-times can be equivalently interpreted in terms of Ricci and Ricci-Bourguignon
flows of the space-time geometry. Similar strategies were applied in the context of
marginal

√
TT and

√
TT-like flows. We then showed how the metric deformations

arising from the dressing formalism can be employed to study specific solutions
to the field equations, which led us to examine TT and

√
TT-like deformed black

hole solutions in four dimensions, reproducing spherically symmetric, static solu-
tion to the ModMax-Einstein-Born-Infeld theory. In addition, we discussed how the
entropy associated with the extremal TT-deformed solution evolves along the flow,
revealing a connection with the Ricci flow of two-dimensional surfaces.

The newly introduced methods for studying integrable deformations of two-
dimensional non-linear sigma models using auxiliary fields [61, 21, 20] provides
fresh insights within the context of TT and

√
TT-deformed two-dimensional theo-

ries. Understanding how this approach might be related to their gravity interpretation
presents an important challenge that has yet to be fully addressed.

While the dressing-type mechanism associated with the stress-energy tensor
structure (51) are well-understood for the case n = m = d/2, similar frameworks
for generic values of n, m are still under investigation. Among the wide range of
scenarios, we believe the n = d − 1, m = 1 case deserves the most attention, as it
encompasses a large variety of physical theories.

From the gravity side, while the algebraic simplifications which arise in d = 4
space-times allow recasting the bimetric gravity theories associated to TT and

√
TT-

like deformations within a Palatini framework, significant complications show up in
d ≥ 4, and, at the moment, no higher-dimensional counterpart to (82) is known. The
d = 6 case is of particular interest, as chiral two-form theories display the desired
eigenvalue degeneracy of the stress-energy tensor [58, 39].
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