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Abstract We will explain the relationship between one of the most beautiful theo-
rems in topology, namely Fenn’s Table Theorem, and one of the most famous open
problems in topology, namely the Square Peg Problem.

1 Introduction

To introduce the Square Peg Problem, we need the following definition:

Definition 1. The image of an injective continuous map S1 → R2 is called a Jordan
curve. Given a Jordan curve C, we say that a rectangle R is inscribed in C if all
vertices of R lie on C.

The following problem was first stated by Otto Toeplitz [11] in 1911.

Problem 1. (Square Peg Problem) Does every Jordan curve admit an inscribed
square of side length > 0?

This problem, and interesting variations thereof, have fascinated mathematicians
ever since it was formulated. Many partial results have been obtained. For example
it is known that it is possible to inscribe a rectangle in every Jordan curve [8], and
Lev Schnirelmann [10] showed it is always possible to inscribe a square if the Jordan
curve is C2, but the general case of the problem is open. A discussion of the question
and its history is given in [7] and [6].

The following theorem was first formulated and proven by Roger Fenn [4] in 1970.
(An alternative write up of the proof is given in [5, Chapter 133.1].)
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Theorem 1. (Table Theorem) Let D ⊂ R2 be a compact convex non-empty subset.
Let f : R2 → R be a continuous map so that f (x) ≥ 0 for all x ∈ D and such that
f (x) = 0 for all x /∈ D. Let s > 0 be a real number. Then there exist four points
a1,a2,a3,a4 ∈ R2 with the following properties:

1. the points form a square of side length s,

2. the center of the square lies in D,

3. we have f (a1) = f (a2) = f (a3) = f (a4).
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Fig. 1: Illustration of the Table Theorem.

In other words, the Table Theorem says that any given square table can be placed
on the “ground” defined by the graph of f such that all four legs of the table lie on
the ground, the table is horizontal, and the center of the tabletop lies in D.

It has been known for a long time that the Table Theorem 1 has implications for
the Square Peg Problem. It was stated somewhat optimistically in [7, 9] that the
Table Theorem 1 implies the Square Peg Problem for convex Jordan curves. But to
us it seems like that story is more complicated since, as we will see in Section 2,
in many cases the Table Theorem has trivial solutions which do not tell us anything
interesting. This leads us to the following definition.

Definition 2. We say that a subset D of R2 = C is obtuse if, for any x ∈ ∂D, there
exists a v ∈ R2 \{(0,0)}= C\{0} and an angle θ > π

2 such that

Tv,θ (x) := {x+ r · eiφ · v : φ ∈ [0,θ ] and r ∈ [0,1]} ⊂ D.

In this short note we will show in the Main Lemma 1 that the Table Theorem 1 has
a non-trivial solution if and only if D is obtuse. We will use the Table Theorem 1 to
give a new proof for the following theorem.

Theorem 2. (Main Theorem) Let J be a Jordan curve which is the boundary of a
compact convex subset D ⊂ R2. If D is obtuse, then J admits an inscribed square.

Note though that the Square Peg Problem 1 for convex curves has been known for a
long time; in fact, it was proved by K. Zindler [12] and C. M. Christensen [3].
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{x+ r · eiφ · v |φ ∈ [0,θ ] and r∈ [0,1]} for some θ > π

2

obtuse

D

x

x
v

Fig. 2: An obtuse set D together with a picture of Tv,θ (x).

2 Preliminaries

We return to the context of the Table Theorem. Note that given a compact convex
non-empty subset D ⊂R2, for s very large, we can simply place the legs of the table
outside of D (in fact, by continuity of f , outside the interior of D) while keeping
the center of the table in D, since then f (a1) = f (a2) = f (a3) = f (a4) = 0. Mo-
tivated by such a “trivial solution” to the Table Theorem, we make the following
definition:

Definition 3. Let D be a subset of R2 and let s ∈ R. We say D is s-trivial if there
exists a square in R2 with side length t ∈ (0,s] such that the vertices of the square lie
outside the interior of D while the center of the square lies in D. Otherwise, we say
that D is s-nontrivial. In other words, D is s-nontrivial if, for all squares with side
length t ∈ (0,s] with center in D, at least one vertex of the square lies in the interior
of D.

Note that, by our definition, if D is s-trivial for some s, then certainly D is s′-trivial
for all s′> s. Moreover, every non-empty compact set D is s-trivial for all sufficiently
large s; for example, one may take s ≥ diam(D) and center the trivial square of side
length s at any point in D.
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Fig. 1: Example of a subset D ⊂ C that is s-trival for all s > 0.

The following lemma is the main technical result we prove in this note.

Lemma 1. (Main Lemma) Let D ⊂ R2 be a compact, convex, non-empty set. Then
D is obtuse if and only if D is s-nontrivial for some s > 0.
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Thus, Lemma 1 is precisely the condition needed for the Table Theorem to imply a
nontrivial solution to the Square Peg Problem, in the sense that we do not simply
make the square huge enough that all of its vertices lie outside of D.

The next section will be devoted to a proof of the Main Lemma 1. In Section 4, we
will show that the Main Lemma 1 implies Theorem 2.

3 Proof of the Main Lemma 1

Definition 4. Let D ⊂ R2 be compact and convex. We consider the function

fD : D → R≥0
x 7→ sup{∥v∥ : v ∈ R2 such that there exists a γ > π

2 with Tv,γ(x)⊂ D}.

Note that we can always take v = 0, i.e. we take the supremum over a non-empty
set.

Lemma 2. Let D ⊂ R2 be compact and convex. The function fD : D → R defined
above is lower semicontinuous. That is, for any x ∈ D and any ε > 0, there exists a
δ > 0 such that, for all y ∈ D with ∥x− y∥< δ , fD(y)> fD(x)− ε .

Proof. Let x ∈ D and ε > 0 be arbitrary. If fD(x) = 0, then there is nothing to show.
Thus we can now assume that fD(x)> 0. By the definition of fD as a supremum there
exists a non-zero vector v ∈ R2 such that ∥v∥ > fD(x)− ε

2 and an angle γ ∈ (π

2 ,π)
with Tv,γ(x)⊂ D.

It suffices to show that there exists δ > 0 such that, for all y∈D with ∥x−y∥< δ , we
can find a w ∈ R2 with ∥w∥> fD(x)− ε and an angle β ∈ (π

2 ,π) with Tw,β (y)⊂ D.

We set A := x+ v and B := x+ eiγ · v. We consider the map

g : D\{A,B} → [0,π]

y 7→ ∢AyB := arccos
(

⟨A− y,B− y⟩
∥A− y∥ · ∥B− y∥

)
.

It is clear that g is continuous. Since g(x) = γ > π

2 we see that there exists a µ > 0
such that g(y)> π

2 for all y ∈ D with ∥x−y∥< µ . We set δ := min{µ, ε

2}. We claim
that δ has the desired property.

Let y ∈ D with ∥x−y∥< δ . We claim that w := A−y and β := g(y) have the desired
properties. First note that it follows from δ ≤ µ that ∢AyB = g(y)> π

2 .

By convexity of D we know that for each ϕ ∈ [0,γ] the segment from y to z =
x+ eiϕ · v is contained in D. Furthermore note that since δ < ε

2 we see that for each
z = x+ eiϕ · v we have ∥z− y∥ ≥ ∥z− x∥−∥y− x∥> fD(x)− ε

2 −
ε

2 = fD(x)− ε . It
follows from this discussion that Tw,β (y)⊂ D.
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z = x+ eiϕ · v
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Tv,γ(x) y
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v

A

Fig. 1: Illustration for the proof of Lemma 2.

We now turn to the proof of the Main Lemma 1. Thus let D ⊂ R2 be a compact,
convex, non-empty set. We want to show the following:

D is obtuse ⇐⇒ D is s-nontrivial for some s > 0.

We prove the two directions separately.

Proof (Proof of the Main Lemma 1 =⇒). Let D ⊂R2 be a compact, convex, obtuse,
non-empty set. We need to show that there exists a real number s > 0 such that D
is s-nontrivial. We continue with the above notation; in particular, we consider the
function fD : D → R. Note that for any x in the interior of D we evidently have
fD(x) > 0. Furthermore note that it follows from the fact that D is obtuse that for
any x ∈ ∂D we also have fD(x)> 0. In summary we have shown that fD : D →R≥0
is non-zero everywhere. Recall that every lower semicontinuous function on a non-
empty compact subset achieves a global minimum (see e.g. [2, Theorem II.10.1]).
Thus it follows from Lemma 2 that fD : D →R achieves a global minimum. Denote

s := min{ fD(x) : x ∈ D}.

As we mentioned above, fD is non-zero everywhere, thus we see that s > 0.

We claim that D is s-nontrivial. Let x ∈ D. We need to show that every square cen-
tered at x of side length ≤ s has least one vertex lying in int(D).

By definition of fD and by definition of a supremum, we know that there exists a
v ∈R2 with length v > 1√

2
· fD(x) and a β > π

2 such that T(v,β )(x)⊂ D. Since β > π

2 ,
it follows from elementary geometry that any square centered at x with side length
≤

√
2 · ∥v∥ contains a vertex in int(T(v,β )(x)). Since

√
2 · ∥v∥ ≥ fD(x) ≥ s, we see

that any square centered at x of side length ≤ s admits at least one vertex that lies in
int(D).

Proof (Proof of the Main Lemma 1 ⇐=). Let D ⊂R2 be a compact, convex set. We
need to show that if D is non-obtuse, then the subset D is s-trivial for all s > 0.

Thus we assume that D is non-obtuse. Recall that this means that there exists an
x ∈ ∂D such that for all v ̸= 0 and all θ > π

2 we have Tv,θ (x) ̸⊂ D. After a translation
we can assume, without loss of generality, that x = 0.
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Let s > 0. We need to show that D is s-trivial. It suffices to show that there exists a
square in R2 with the following properties:

1. The center of the square is x = 0.

2. The distance from x to the four vertices equals d := 1√
2
s. (Which implies that the

side length is s.)

3. All four vertices lie outside of the interior of D.

We set
B := {v ∈ S1 |R>0 · v∩D ̸= /0}.
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Fig. 2: A depiction of a non-obtuse set D together with the corresponding set B.

If B consists of just two opposite points v,−v, then the desired square is given by
the vertices v · ei(π/4+k·π/2), k = 0,1,2,3. Thus in the following we will assume that
B does not just consist of two opposite points.

Claim. The subset B ⊂ S1 is path-connected.

Let v ̸= w ∈ B. We need to show that v and w are connected by a path in B. First we
consider the case that v ̸=−w. We pick r > 0,s > 0 such that r · v,s ·w ∈ D. We set
ṽ := r · v and w̃ := s ·w. We consider the triangle formed by 0, ṽ, w̃. By convexity of
D this triangle is contained in D. This implies that all points of the form

ṽ · (1− t)+ w̃ · t
∥ṽ · (1− t)+ w̃ · t∥

are contained in B. (The fact that v ̸= −w implies that ṽ · (1− t)+ w̃ · t ̸= 0 for all
t ∈ [0,1].) Thus v and w are connected by a path in B.

Now assume that v = −w. It follows from the discussion preceding the claim that
there exists a u ∈ B with u ̸= {v,−w}. But by the above we can connect v to u by a
path in B and we can connect u to w by a path in B. Thus we can connect v to w by
a path in B. This concludes the proof of the claim.
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Since B ⊂ S1 is connected, there exists an interval I ⊂ R of length ≤ 2π such that

B = {eit | t ∈ I}.

We set ϕ := inf(I) and ψ := sup(I).

Claim. We have ψ −ϕ ≤ π

2 .

Suppose that ψ − ϕ > π

2 . We pick ϕ ′,ψ ′ with ϕ < ϕ ′ < ψ ′ < ψ and such that
ψ ′−ϕ ′ ∈ (π

2 ,π). By definition of supremum and infimum, and since I is an interval,
we know that ϕ ′,ψ ′ ∈ I, which implies that eiϕ ′

,eiψ ′ ∈ B, which in turn implies that
there exist r > 0 and s > 0 such that r · eiϕ ′ ∈ D and s · eiψ ′ ∈ D. By convexity of
D, the triangle given by 0,r ·eiϕ ′

,s ·eiψ ′
is contained in D. An elementary geometric

argument now shows that there exists a λ > 0 such that T
λeiϕ ′ ,ψ ′−ϕ ′(0) ⊂ D. Since

ψ ′−ϕ ′ > 0, this contradicts our choice of x. This concludes the proof of the claim.

Now we consider the square that is given by the vertices d · ei(ϕ+k· π
2 ), k = 0,1,2,3.

It is clear that (1) and (2) are satisfied. Thus it remains to prove the following claim.

Claim. All four vertices lie outside of the interior of D.

We start out with an observation: if r · eiβ lies in the interior of D then, since the
interior of D is open, there exists an ε > 0 such that r ·ei(β+σ) ∈D for all σ ∈ (−ε,ε),
which implies that (β − ε,β + ε)⊂ I. The claim follows from this observation and
the definition of infimum and supremum.

4 Nontriviality implies a solution to the Square Peg
Problem

We can now give a proof of the Main Theorem 2. The key idea behind the argument
we provide is in principle well-known, see e.g. [7]. But note that the role of the
obtuseness has not been elucidated before.

Proof. Let D ⊂R2 be a compact convex obtuse non-empty subset. We need to show
that there exist four points a1,a2,a3,a4 ∈ ∂D which form a square of side length > 0.
After a translation we can assume that the origin 0 is contained in the interior of D.
Given x ∈ D\{0} we set

ρ(x) := sup
{
∥r · x∥

∣∣r ∈ R>0 and r · x ∈ D
}

∈ R>0.

It follows from an elementary argument, see e.g. [1, Chapter 11.3], that ρ is contin-
uous. We consider the map
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f : R2 → [0,1]

x 7→


1−∥x∥ · 1

ρ(x) , if x ∈ D\{0},
1, if x = 0,
0, if x ̸∈ D.

Since ρ is continuous one can easily verify that f is continuous. Since D is obtuse
we obtain from the Main Lemma 1 that there exists a d > 0 such that D is d-non
trivial. By the Table Theorem 1 there exist four points b1,b2,b3,b4 ∈ R2 with the
following properties:

1. the points form a square of side length d,

2. the center of the square lies in D,

3. we have f (b1) = f (b2) = f (b3) = f (b4).

Since D is d-non trivial, we see that at least one vertex lies in the interior of D. But
since f is non-zero on the interior of D, we see that the common f -value, let’s call
it y, lies in the open interval (0,1). It follows immediately from the definition of f
that the four points b1,b2,b3,b4 lie on the subset (1− y) ·∂D. In other words, if we
multiply these four points by 1

1−y , then we obtain the desired four points a1,a2,a3,a4

on ∂D.
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