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1 Mini-courses

1.1 Eduardo Altmann

Billiards as models of physical systems
We will consider different problems in the study of mathematical billiards that arise when viewing them

as models of physical systems such as those appearing in optical microcavities or room acoustics. For
instance, many observable quantities require the consideration of holes or leaks in the billiard’s phase space.
We will address this problem focusing on the extent into which properties of the open billiards can be
explained by properties of the closed billiard. We will focus on billiards which lead to chaotic dynamics,
considering also the effect of mixed phase-spaces (non-ergodicity) and marginally unstable periodic orbits.
Numerical simulations in paradigmatic billiards will be used to explore and illustrate dynamical properties
expected to be observed more generally.

1.2 Vered Rom-Kedar

Geometry and Perturbation Theory in Hamiltonian Impact Systems.

The mini-course develops a geometric framework for perturbation theory in Hamiltonian systems by empha-
sizing the global organization of invariant sets before introducing perturbations. It begins with completely
integrable Hamiltonian systems, where singular Liouville foliations, Energy–Momentum Bifurcation Dia-
grams, and Fomenko graphs provide the geometric skeleton governing perturbative behavior. This perspec-
tive is then extended to Hamiltonian impact systems, where the impact boundary becomes an additional
geometric object, leading to Liouville integrable impact systems, Impact Energy–Momentum Bifurcation
Diagrams, and new perturbation problems associated with boundary deformations and soft impacts, to-
gether with new singular phenomena associated with grazing trajectories and corner singularities. The
remaining lectures develop the corresponding framework for pseudo-integrable impact systems, replacing
Liouville tori by translation surfaces and twist maps by Families of Interval Exchange Maps, culminating in
new perturbative models and applications.

Acknowledgement: The results discussed in these lectures are drawn from a sequence of joint works
with numerous collaborators. Different parts of these lectures originate from collaborations with A. Litvak-
Hinenzon, E. Shlizerman, M. Radnović, D. Turaev, A. Rapoport, M. Pnueli, I. Pazi, A. Zobova and other
collaborators and students over many years. Their contributions are gratefully acknowledged, and the
original papers are cited throughout the lecture notes.

1.2.1 Lecture 1: Near-Integrable Hamiltonian Systems: Geometry, Hierarchy of Bifurcations
and the Parabolic Resonance Instability Mechanism.

This lecture develops the geometric framework that underlies the perturbation theory of near-integrable
Hamiltonian systems. The emphasis is placed on the global geometry of completely integrable systems
and on the singular structures that organize their dynamics. We review Liouville integrability from the
perspective of the momentum map, highlighting the role of singular Liouville fibers as the global obstruction
to action–angle coordinates and the role of resonances in their perturbation. Energy–Momentum Bifurcation
Diagrams are introduced as the natural representation of the singular Lagrangian skeleton, while Fomenko
graphs encode the topology of the corresponding isoenergy foliations. The geometric implications of these
objects are illustrated through the symmetric parabolic resonance normal form, which arises, for example,
from a finite-dimensional reduction of the periodically forced one-dimensional nonlinear Schrödinger equation
near a resonant standing wave. A hierarchy of bifurcations is then developed, distinguishing changes of
level sets, energy surfaces, and parameter space. The lecture concludes with an analysis of the symmetric
parabolic resonance scenario, where a parabolic invariant circle of the unperturbed Hamiltonian becomes
resonant under perturbation. After an appropriate blow-up, this singularity is described as a slow–fast
Hamiltonian system whose adiabatic invariant governs the slow dynamics. The resulting loss of adiabatic
invariance produces a mechanism for chaotic transport that differs fundamentally from the familiar elliptic
and hyperbolic resonance scenarios, providing a geometric perspective on perturbation theory that motivates
the subsequent lectures.
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1.2.2 Lecture 2: Hamiltonian Impact Systems: Integrability, Impact Geometry, and Pertur-
bations

This lecture extends the geometric viewpoint of integrable Hamiltonian systems to Hamiltonian impact
systems, providing a common framework for smooth Hamiltonian dynamics and billiards. After introducing
Hamiltonian impact systems and their two limiting regimes–Liouville-integrable systems and hyperbolic
billiards–we define Liouville Integrable Hamiltonian Impact Systems (LIHIS), in which impacts preserve the
first integrals while the regular invariant leaves remain rotational two-tori. The impact boundary introduces
a new class of singular leaves associated with tangencies, leading naturally to Impact Energy-Momentum
Bifurcation Diagrams, Impact Fomenko graphs, and a hierarchy of impact bifurcations that parallels the
smooth theory. These geometric structures then serve as the organizing framework for perturbation theory
in Hamiltonian impact systems. Smooth coupling perturbations and boundary deformations are shown to
admit a unified description through Poincaré return maps constructed away from the impact boundary,
reducing both problems to smooth perturbations of the same integrable return map. Away from singular
trajectories, this methodology allows the application of classical near-integrable methods, including to steep
repelling potentials. The singular nature of the hard-wall limit near grazing trajectories is illustrated in the
context of soft billiards, motivating a separate local analysis. The lecture concludes with the derivation of a
local normal form for the return map near tangent leaves, providing a geometric framework for the analysis
of grazing dynamics in near-integrable Hamiltonian impact systems.

1.2.3 Lecture 3: Pseudo-Integrable Hamiltonian Impact Systems: Translation Surfaces and
Families of Interval Exchange Maps

This lecture develops a geometric framework for pseudo-integrable Hamiltonian impact systems and in-
troduces Families of Interval Exchange Maps (FIEMs) as their natural return-map model. The partial
energies remain conserved, yet, in contrast to Liouville-integrable impact systems, the topology of the reg-
ular invariant leaves changes from Liouville tori to compact translation surfaces, which become the natural
invariant objects of the pseudo-integrable dynamics. The lecture begins by describing this transition and
the construction of the associated translation surfaces through unfolding and gluing, emphasizing that the
dynamics remain constant directional flows on flat surfaces whose singularities arise from tangencies and
corners. The Energy–Momentum Bifurcation Diagram continues to organize the global geometry, now
parameterizing families of translation surfaces rather than Liouville foliations. Passing to an iso-energy
Poincaré section leads naturally to return maps that restrict, on each invariant surface, to interval exchange
maps. Collecting these maps over the action variable yields a Family of Interval Exchange Maps, provid-
ing the pseudo-integrable analogue of the family of rotations encountered in integrable systems. Smooth
perturbations induce area-preserving and reversible perturbations of FIEMs, coupling neighboring interval
exchange maps while preserving the underlying geometric structure. The lecture concludes by examining
reversibility, symmetry lines, and periodic orbits, and by relating the full perturbative return map to its
truncated FIEM model, thereby establishing FIEMs as a geometric framework for perturbation theory in
pseudo-integrable Hamiltonian impact systems.

1.3 Alfonso Sorrentino

Spectral rigidity questions in billiard-like dynamics
Billiard systems have long fascinated researchers across multiple mathematical disciplines. Their intu-

itive physical interpretation and conceptual simplicity stand in contrast to their rich and varied dynamical
behavior. Moreover, while it is evident that the geometry dictates the motion, a more subtle and compelling
question is to what extent the geometry can be reconstructed from the dynamics. This problem lies at
the heart of numerous rigidity phenomena and longstanding conjectures. One of the most iconic questions
in this framework, with a long and rich history at the intersection of dynamical systems and geometry, is:
“Can one hear the shape of a billiard?” That is, can we recover the shape of the domain from the action
of its periodic orbits? In these lectures, we shall address this question and describe several rigidity results
in the context of four interesting billiard-like models: Birkhoff billiards, outer billiards, symplectic billiards,
and outer-length billiards.
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2 Talks

Maxim Arnold

Introducing Snell’s billiards
I will present the first few steps in the study of Snell’s billiards, a generalization of the classical billiard

setting in which the usual reflection law is replaced by Snell’s law of refraction. I will discuss the resolution
of the classical Fagnano orbit problem in this setting, as well as a generalization of the optical property of
ellipses.

Irene de Blasi

Integrability and chaos in billiards with central forces
The introduction of a central force into a bounded billiard system gives rise to new dynamical phenomena,

radically changing the underlying billiard dynamics. A billiard model with a particle evolving under a
composite central potential, combining a Keplerian term with a strong-force term, is considered. Particular
attention is devoted to the transition from integrable to chaotic dynamics.

Joint work with: S. Baranzini, V. Barutello, A. Cherubini, A. Takeuchi, S. Terracini.
References:

• Baranzini, S., Barutello, V. L., De Blasi, I., Terracini, S. (2025). On the Birkhoff conjecture for Kepler
billiards. arXiv:2507.08446.

• De Blasi, I., Takeuchi, A., Terracini, S. (2025). Chaotic Boltzmann’s Billiard Systems at positive
energy. arXiv:2509.17132.

Vladimir Dragović

From bungee to C1 and C0 Hamiltonian systems and their integrability and nonintegrability
We consider natural Hamiltonian systems with potentials that are C0 or C1 on a hypersurface and

C∞-smooth in the complement and introduce and study corresponding notions of their integrabilty and
non-integrability. As a motivating example, we derive and analyze models of bungee jumping. We provide
prototypical examples of the Liuoville-Arnol’d theorem for C0 and C1 Hamiltonians. The talk is based on
a joint work with Borislav Gajić and Božidar Jovanović (arXiv: 2606.00870).

Vladimir Dragović

The finite groups of random walks in the quarter plane and periodic four-bar links
Abstract: We present our solutions to two long-standing open problems, one from probability theory

posed by Malyshev in 1970 and another from a crossroad of geometry and dynamics, formulated by Darboux
in 1879. For the first problem, we consider maximally space homogeneous random walks as a class of
discrete time homogeneous Markov chains, with the state space being the quarter plane. We describe all the
situations with finite groups of random walks of all orders 2m, for all m > 1. The known results consisted of
m = 2, 3, 4. Then, for the second problem, we describe periodic four-bar link configurations for all periods
m > 1. The known results covered m = 2, 3. This talk is based on a joint work with Milena Radnović
(arXiv: 2512:21976).

Michael Eastwood

Beltrami’s proof of Beltrami’s theorem
Given a Riemannian metric, can we find local coordinates in which the unparameterised geodesics are

straight lines? The usual statement of Beltrami’s theorem is that this is possible if and only if the metric is
constant curvature. But this is only a mild consequence of what Beltrami actually proved.

Sean Gasiorek

Minkowski Billiards on the Hyperboloid of One Sheet
We give a review of Euclidean and pseudo-Euclidean billiards in the plane and in d-dimensional space. If

the billiard table is bounded by confocal quadrics, periodic trajectories can be expressed in algebro-geometric
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terms based on work of Poncelet, Cayley, and others. Our work focuses on a billiard problem for compact
domains on a hyperboloid of one sheet bounded by confocal quadrics using the pseudo-Euclidean metric.
Using a matrix factorization technique of Moser and Veselov, the billiard is shown to be integrable in the
sense of Liouville. Further, we derive a Cayley condition for the billiards under consideration and explore
geometric consequences. This is joint work with Milena Radnović (University of Sydney).

Vered Rom-Kedar

Hovering Dynamics in Near Pseudo-Integrable Hamiltonian Impact Systems.
This talk presents a perturbative framework for pseudo-integrable Hamiltonian impact systems based on

Families of Interval Exchange Maps and introduces a new class of trajectories arising from this perspective.
The starting point is a pseudo-integrable Hamiltonian impact system in which the invariant sets undergo a
transition from Liouville tori to translation surfaces of genus greater than one as the action varies. Restricting
the dynamics to an iso-energy Poincaré section produces a Family of Interval Exchange Maps (FIEM)
parameterized by the conserved action. Smooth perturbations destroy the conservation of the action and
couple neighboring interval exchange maps, leading to a reversible, area-preserving perturbation of the
underlying FIEM. A truncated model retaining the leading-order geometric structure is then introduced
and used to analyze the resulting dynamics. Near the critical action at which the invariant sets undergo the
transition from Liouville tori to higher-genus translation surfaces, the perturbation gives rise to hovering
trajectories. These trajectories repeatedly alternate between two distinct non-impacting passage mechanisms
while avoiding impacts and remaining non-resonant. Such behavior is impossible in the unperturbed system,
where the action is conserved and each trajectory remains on a single invariant surface. The talk concludes
by discussing the role of FIEMs as a possible geometric framework for perturbations of pseudo-integrable
return maps and by outlining several open problems concerning their dynamical and structural properties.

Vera Roshchina

Finite convergence of the Douglas-Rachford method
The Douglas-Rachford method is one of the most successful projection methods. These algorithms are

used to find a point in the intersection of two or more (convex) sets by projecting onto the individual sets.
Such iterative processes can be interpreted as discrete dynamical systems. Understanding the convergence
properties of projection methods and designing efficient algorithms are key research themes in optimisation.
In this talk I will review projection methods and their convergence properties, then focus on the finite
convergence of the Douglas-Rachford method and propose some open questions.

Lei Zhao

Integrable Kepler billiards and the Poncelet porism
In this talk I shall review some recent works in the latest years concerning integrable Kepler billiards in

the plane and some of their very nice geometrical properties. Some of these geometrical properties allow us
to draw a direct link between their dynamics and the Poncelet porism, which in turn allows us to have a a
relatively easy analysis of their dynamics in terms of elliptic curves. We shall work out an example of an
integrable Kepler billiard system inside an ellipse in the plane with negative energy. Based on joint work
with D. Jaud (Holzkirchen near Munich).
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